Atomic pseudo-Hamiltonians for Quantum Monte Carlo
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Abstract

Quantum simulations, successful for simple systems, remain difficult for atoms with
core electrons. We discuss the possibility of replacing core electrons by a local yet angular-
momentum dependent pseudo-Hamiltonian where momentum operators appear only to
the second power, as required by fixed-node Quantum Monte Carlo. We describe two
ways of constructing it from norm-conservin g local-density atoms: a simpler approach,
which works for s-p atoms, and a more sophisticated one, based on a simulated-annealing
technique, which fixes s, p and d states. The use of this new pseudo-Hamiltonian in Green’s
Function Monte Carlo (both fixed-node and release-node) gives accurate electron affinities,
ionization and binding energies for second-row atoms and diatomics. This opens the way

to quantum simulations of many condensed-matter systems.



1. Introduction

Quantum Monte Carlo (QMC) methods, in particular Green’s Function Monte Carlo,
can achieve remarkable accuracy for total ground s tate energies including correlation
effects that are left out or approximated by other computational methods such as Hartree-
Fock, or local-density-functional theory and can treat systems of up to 1000 electrons,
far beyond the capabilities of configuration-interaction methods. Examples of such
calculations include the ground state properties of liquid and solid 3He and “He (Kalos
et al. 1974), the homogeneous electron gas (Ceperley and Alder 1980), solid hydrogen at
high pressures in the molecular and atomic phases (Ceperley and Alder 1987), and many
small molecules (Anderson 1975, Reynolds et al. 1982, Moskowitz et al. 1982). However,
the presence of atomic cores slows the convergence of the simulation to such an extent
that calculations of atoms heavier than neon appear not to be feasible. There are several

related problems (Ceperley 1986):

(i) the distances and energies of the 1s electrons determine the time step of the simulation
and these scale with the atomic number as Z?2

(ii) the statistical errors are proportional to the correlation energy, which, for Z< 20,

increases as Z!'®, while the physically relevant valence energies are more or less
constant throughout the periodic table; finally

(iii) the computational effort per step of the simulation increases as the total number of

electrons cube.

Combining all the effects the total computational effort shows a very strong dependence
on the atomic number Z; estimates are between Z5-5 (Ceperley 1986) and Z%5 (Hammond
et al. 1987). It is then very desirable to eliminate the core electrons completely which will

hopefully allow Monte Carlo (MC) simulations of heavier atoms in extended systems.
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Pseudopotentials, model potentials or frozen core approximations have a very long
history (see e.g. Cohen and Heine 1970, Heine and Weaire 1970, Bassani and Pastori
Parravicini 1974, Schliiter and Sham 1982); the state of the art is such that much more
serious approximations are made today in solving the correlated atom than in reducing
an atom to a pseudoatom. Modern pseudopotentials, born within local-density-functional
or Hartree-Fock theory, (see e.g. Bachelet et al. 1982, and references therein) have been
successfully tested in the context of variational MC calculations by Fahy et al. (1988);
however, being nonlocal (they contain angular-momentum projection operators), they
are generally inappropriate for QMC simulations. To extend the concepts of modern
pseudopotential theory to QMC simulations (and in general beyond single-particle theory)
the development of entirely new theoretical and computational tools is required (Bachelet
et al. 1988, Hammond et al. 1988). What we present in this paper is the possibility of
totally replacing the core electrons by a local yet angular-momentum dependent atomic

Hamiltonian in such a way that the methods developed for QMC are still applicable.

2. Green’s Function Monte Carlo

In Green’s Function Monte Carlo (Ceperley and Kalos 1979) one begins by sampling
an ensemble of configurations R (R is the set of 3N coordinates and N is the number of
electrons) from some arbitrary probability distribution f,(R). This probability distribution

is then iterated:

fuin (R) = / G(R, R':t)fu(R) dR' . (1)

where n is the iteration number and G the Green’s function:



G(R,R';t) = W(R)WW(R) < R| exp|-t(H — E;)] | R' > . 2)

Here W(R) is the trial function, H the Hamiltonian, ¢ the time-step (the imaginary
or thermal time-step) and F,. the trial energy. At large n, f,(R) approaches ¥(R)®,(R)
where @,(R) is the ground state wave function. As the trial function approaches the
ground state wave function the variance of the estimate of the ground state vanishes. This
is the chief motivation for applying importance sampling and makes QMC simulations of
large systems practical.

The main limitation of Green’s Function Monte Carlo arises from the need to keep the
Green’s function non-negative (Schmidt and Kalos 1984) so that it can be sampled as a
probability distribution. One can, in fact, treat Green’s functions with negative pieces; one
simply samples the ab solute value of G and carries along the sign as a weight. However,
for large values of n this gives rise to an exponentially growing noise. In condensed matter
physics, this procedure is known as either the release-node (Ceperley and Alder 1984) or the
transient-estimate (Schmidt and Kalos 1984) method. Such methods are not appropriate
for large systems, since the statistical error grows rapidly with the number of particles.

Any fermion system will have a Green’s function with negative pieces because the trial
function changes sign whenever two electrons with the same spin exchange. The fixed-node
approximation (Anderson 1975, Ceperley and Alder 1980, Reynolds et al. 1982, Moskowitz
et al. 1982) is made in order to treat these systems. There one divides the configuration
space into two volumes: a region where W(R) is positive, and a region where ¥(R) is
negative. The fixed-node Hamiltonian equals H for matrix elements within the same
region but matrix elements from one region to the other are set to zero. There are three

important properties of this approximation:



