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The penalty method for random walks with uncertain energies
D. M. Ceperley and M. Dewing
Department of Physics and NCSA, University of Illinois at Urbana-Champaign, Urbana, Illinois 61801

~Received 28 December 1998; accepted 1 March 1999!

We generalize the Metropoliset al. random walk algorithm to the situation where the energy is
noisy and can only be estimated. Two possible applications are for long range potentials and for
mixed quantum-classical simulations. If the noise is normally distributed, we are able to modify the
acceptance probability by applying a penalty to the energy difference and thereby achieve exact
sampling even with very strong noise. When one has to estimate the variance we have an
approximate formula, good in the limit of a large number of independent estimates. We argue that
the penalty method is nearly optimal. We also adapt an existing method by Kennedy and Kuti and
compare to the penalty method on a one-dimensional double well. ©1999 American Institute of
Physics.@S0021-9606~99!50920-3#
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I. INTRODUCTION

As Metropoliset al. showed in 1953,1 Markov random
walks can be used to sample the Boltzmann distribution
thereby calculate thermodynamic properties of class
many-body systems. The algorithm they introduced is one
the most important and pervasive numerical algorithms u
on computers because it is a general method of samp
arbitrary highly-dimensional probability distributions. Sinc
then many extensions have been developed.2 In addition to
the sampling of classical systems, many quantum Mo
Carlo algorithms such as path integral Monte Carlo,3 varia-
tional Monte Carlo,4 and lattice gauge Monte Carlo use
generalization of the random walk algorithm.

In a Markov process, one changes the state of the sys
$s% randomly according to a fixedtransition rule, P (s
→s8), thus generating a random walk through state spa
$s0 ,s1 ,s2 , . . . %. The transition probabilities often satisfy th
detailed balanceproperty~a sufficient but not necessary co
dition!. This means that the transition rate froms to s8 equals
the reverse rate,

p~s!P ~s→s8!5p~s8!P ~s8→s!. ~1!

Here p(s) is the desired equilibrium distribution which w
take for simplicity to be the classical Boltzmann distributio
p(s)}exp(2V(s)/(kBT)), where T is the temperature an
V(s) is the energy. If the pair of functions$p(s),P (s
→s8)% satisfy detailed balance and ifP (s→s8) is ergodic,
then the random walk will eventually converge top. For
more details see Refs. 5 and 6.

In the particular method introduced by Metropolis o
ensures that the transition rule satisfies detailed balanc
splitting it into ana priori sampling distribution T(s→s8) ~a
probability distribution that can be directly sampled such a
uniform distribution about the current position! and anac-
ceptance probability a(s→s8) with 0<a<1. The overall
transition rate is

P ~s→s8!5T~s→s8!a~s→s8!. ~2!
9810021-9606/99/110(20)/9812/9/$15.00
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Metropoliset al.1 made the choice for the acceptance pro
ability,

aM~s→s8!5min@1,q~s8→s!#, ~3!

where

q~s→s8!5
p~s8!T~s8→s!

p~s!T~s→s8!

5exp~2~V~s8!2V~s!!/~kBT!!. ~4!

Here we are assuming for the sake of simplicity thatT(s8
→s)5T(s→s8). The random walk does not simply procee
downhill; thermal fluctuations can drive it uphill. Moves th
lower the potential energy are always accepted but mo
that raise the potential energy are often accepted if the
ergy cost~relative tokBT51/b) is small. Since asymptotic
convergence can be guaranteed, the main issue is whe
configuration space is explored thoroughly in a reasona
amount of computer time.

What we consider in this article is the common situati
where the energy,V(s) needed to accept or reject moves,
itself uncertain. This can come about because of two rela
situations:

~1! The energy may be expressed as an integral,V(s)
5*dxv(x,s). If the integral has many dimensions, on
might need to perform the integral with another subs
iary Monte Carlo calculation.

~2! The energy may be expressed as a finite sum,V(s)
5(k51

N ek(s), whereN is large enough that performin
the summation slows the calculation. It might be des
able for the sake of efficiency to sample only a few ter
in the sum.

A. Mixed quantum-classical simulation

First, consider the typical system in condensed ma
physics and chemistry, composed of a number of class
nuclei and quantum electrons. In many cases the elect
can be assumed to be in their ground state and to follow
nuclei adiabatically. To perform a simulation of this syste
2 © 1999 American Institute of Physics
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we need to accept or reject the nuclear moves based on
Born–Oppenheimer potential energyVBO(s), defined as the
eigenvalue of the electronic Schro¨dinger equation with the
nuclei fixed at positions. In most applications, this potentia
is approximated by a semiempirical potential typically i
volving sums over pair of particles. More recently, in t
Car–Parrinello molecular dynamics method,7 one performs a
molecular dynamics simulation of the ions simultaneous w
a solution of the electronic quantum wave equation. To
feasible one uses a mean field approximation to the
many-body Schro¨dinger equation using the local densi
functional approximation to density functional theory or
variant. Others have proposed coupling a nuclear Mo
Carlo random walk to a LDA calculation.8 Although mean-
field methods such as LDA are among the most accu
methods fast enough to be useful for large systems, they
have known deficiencies.9

We would like to use a quantum Monte Carlo~QMC!
simulation to calculateVBO(s) during the midst of a classica
MC simulation~CMC!.10 QMC methods, though not yet rig
orous because of the fermion sign problem, are the m
accurate methods useful for hundreds of electrons. But Q
simulation will only give an estimate ofVBO(s) with some
statistical uncertainty. It is very time consuming to redu
the error to a negligible level. We would like to take in
account the statistical error without having to reduce it
zero.

Note that we do not wish the new Monte Carlo proc
dure to introduce uncontrolled approximations because
goal of coupling the CMC and QMC is a robust, accura
method. We need to control systematic errors. It has b
noticed by Doll and Freeman,11 after studying a simple ex
ample, that CMC is robust with respect to noise but reco
mend using small noise levels and small step sizes to m
mize the systematic errors. However, this can degrade
overall efficiency. If we can tolerate higher noise levels wi
out introducing systematic errors, the overall computer al
rithm will run faster and more challenging physical syste
can be investigated, e.g., more electrons and lower temp
tures.

B. Long-range potentials

In CMC with a pair potential, to compute the change
energy when particlek is moved to positionr k8 , one needs to
compute the sum

DV~r k8!5(
j 51

N

@v~r k j8 !2v~r k j!#. ~5!

This is referred to as an orderN2 algorithm since the com
puter effort to move all particles once is proportional toN2.
If the interaction has a finite range, neighbor tables12 will
reduce this complexity to orderN. However charged system
with Coulomb interactions are not amenable to this tre
ment. Usually the Ewald image method is used to handle
long-range potentials with a complexity13 of orderN3/2. The
fast multipole method,14 which scales asN for the Coulomb
interaction is not applicable to Monte Carlo since th
Downloaded 28 Apr 2003 to 130.126.9.235. Redistribution subject to A
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method computes the total energy or force and in MC
need the change in potential as a single particle is move

The challenge is to come up with an orderN Monte
Carlo method for charged systems. In the Ewald method,
potential is split into a short-range part and a long-range p

v~r !5vs~r !1v l~r !. ~6!

The short ranged part is a finite ranged and can be han
with neighbor tables, the long range part is usually expan
in a Fourier series, at least in periodic boundary conditio
and is bounded and slowly varying. We suggest that it
possible to estimate the value ofv l(r ) by sampling either
particles at random, or terms in its Fourier expansion. T
question that arises is how to compensate for the noise o
estimate inDV.

In both of these examples one could simply ignore
effect of fluctuations in the estimate ofDV(s). If the errors
are small then clearly the sampled distribution will b
changed only a little. If the acceptance ratio as a function
DV(s) were a linear function there would be no bias, b
because it is nonlinear, fluctuations will bias the asympto
distribution. In this paper we will make a conceptual
simple generalization of Metropolis algorithm, by adjustin
the acceptance ratio formula so that the transition proba
ties are unaffected by the fluctuations in the estimate
DV(s). We end up with a completely rigorous formula in th
sense that if one averages long enough, one will get the e
distribution, even if the noise level is large. The only a
sumption is that the individual energy estimates are indep
dently sampled from a normal distribution whose mean va
is DV(s). One complication is that the estimates of the va
ance ofDV(s) are also needed. We show how to treat th
case as well.

Kennedy, Kuti, and Bhanot15,16 introduced an algorithm
with many of the same aims as the present work but
computations in lattice gauge theory. We will describe th
method and compare it to the new method later in the pa

II. DETAILED BALANCE WITH UNCERTAINTY

From the two examples discussed above, let us supp
that when a move froms to s8 is made, an estimate of th
difference in energy is available, which we denoted(s
→s8). ~We often take units withkBT51 hereafter.! By V(s)
we mean the true potential energy. Leta(s→s8) be a modi-
fied acceptance probability; we assume that it depends
on the estimated of the energy difference. LetP(d;s
→s8)dd be the probability for obtaining a valued. Then the
average acceptance ratio froms to s8,

A~s→s8!5E
2`

`

ddP~d;s→s8!a~d!. ~7!

The detailed balance equation is

e2V(s)/kBTT~s→s8!A~s→s8!

5e2V(s8)/kBTT~s8→s!A~s8→s!. ~8!

Defining,
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



s

e

fo
en
n-
on
e

ug
r

ue
s

ce

th

lis

-

d
io
ef
cu

n
te
u

ar
ep

p-
ob-

ral
the
w

the
ac-

er
ent

ept

e
os-
a

rt,

n-
n

and
es

c-
.

q.

o-
-
the
e-
e

of
-

9814 J. Chem. Phys., Vol. 110, No. 20, 22 May 1999 D. M. Ceperley and M. Dewing
D~s→s8!5@V~s8!2V~s!#/kBT2 ln@T~s8→s!/T~s→s8!#,

~9!
we can rewrite the detailed balance equation as

A~s→s8!5e2DA~s8→s!. ~10!

If the process to estimated is symmetric ins and s8 then
P(d;s8→s)5P(2d;s→s8). Then detailed balance require

E
2`

`

ddP~d;s→s8!@a~d!2e2Da~2d!#50. ~11!

In addition, we must have that 0<a(d)<1 since a is a
probability.17

The difficulty in using these formulas is that during th
MC random walk, we do not know eitherP(d;s→s8) or D.
Hence we must find a functiona(d) which satisfies Eq.~11!
for all P(d) andD.

To make progress we assume a particular form
P(d;s→s8). In many interesting cases, the noise of the
ergy difference will be normally distributed. In fact the ce
tral limit theorem guarantees that the probability distributi
of d will approach a normal distribution if the variance of th
energy difference exists and one averages long eno
Given that ^d &5D, the probability of getting a particula
value ofd is

P~d!5~2s2p!21/2exp~2~d2D!2/~2s2!!. ~12!

In this section only, we will assume that we know the val
of s, that onlyD is unknown. We will discuss relaxing thi
assumption in Sec. IV.

In the case of a normal distribution with known varian
s we have found a very simple exact solution to Eq.~11!,

aP~d;s!5min~1,exp~2d2s2/2!!. ~13!

The uncertainty in the action just causes a reduction in
acceptance probability by an amount exp(2s2/2) for d
.2s2/2. We refer to the quantityu5s2/2 as the noise
penalty. Clearly, the formula reverts to the usual Metropo
formula when the noise vanishes.

To prove Eq.~13! satisfies Eq.~10!, one does the inte
grals in Eq.~7! to obtain

A~D!5 1
2 @e2D erfc~c~s2/22D!!1erfc~c~s2/21D!!#, ~14!

where erfc(z) is the complimentary error function andc
51/A2s2.

Below we apply Eq.~13! to several simple problems an
find that it indeed gives exact answers to statistical precis
The remainder of the paper concerns considerations of
ciency, a comparison to other methods and the more diffi
problem of estimatings.

III. OPTIMALITY

The chief motivation for studying the effect of noise o
a Markov process is for reasons of efficiency. If compu
time were not an issue, we could average enough to red
the noise level to an insignificant level. In this section we
concerned with the question of how to optimize the acc
tance formula and the noise level.
Downloaded 28 Apr 2003 to 130.126.9.235. Redistribution subject to A
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A. Acceptance ratio

We first propose a measure of optimality of an acce
tance formula and relate that to a linear programming pr
lem. It is clear that Eq.~11! can have multiple solutions; its
solution set is convex. For example, ifa(d) is a solution then
so isla(d) for 0,l,1. Even in the noiseless case, seve
acceptance formulas have been suggested in
literature.18,19 To choose between various solutions we no
discuss the efficiency of the Markov process, namely
computer time needed to calculate a property to a given
curacy. It is a difficult problem20 to determine the efficiency
of a Markov chain but Peskun21 has shown that given two
acceptance rules,a1(x) anda2(x), if a1(D)>a2(D) for all
DÞ0, then every property will be computed with a low
variance using rule 1 vs rule 2. Hence the most effici
simulation will have the maximum value ofl. Very roughly
what Peskun has shown is that it is always better to acc
moves, other considerations being equal.

We propose to call anoptimal acceptance formula, on
where the average probability of moving is as large as p
sible. LetW(d)dd be the probability density of attempting
move with a change in actiond, (W(d)>0). In our definition
an ‘‘optimal’’ formula will maximize

j5E
2`

`

ddW~d!~a~d!2aM~d!!. ~15!

It is likely that the optimal functions are, to a large pa
independent ofW and so we setW(x)51. We subtracted
aM(x), the Metropolis formula, so the integral would be co
vergent. Note that for the solution for a normal distributio
aP(d) we havejP52s2/2.

In the noiseless case one can easily show21 that the Me-
tropolis formula is optimal. Without uncertainty, Eq.~10!
only couples values with the sameudu; a(d)5e2da(2d).
For each d .0, one needs to maximizeW(d)a(d)1W
(2d)a(2d). This and the constraint 0<a(x)<1 leads to
the solutiona(d)51 if d<0.

We conjecture that the formula Eq.~13! is nearly opti-
mal; one argument is based on an analysis of the large
small d limits, the other is numerical. First, consider mov
which are definitively uphill or downhilld2@s2. We expect
downhill moves will always be accepted for an optimal fun
tion, soA(D)51; this is its maximum value. Then from Eq
~10!, A(D)5e2D for D@s. Now we must invert Eq.~7!. The
unique continuous solution isa(d)5exp(2d2s2/2) for
d@s. Hence, in the regionudu@s the solution is optimal in
the class of continuous functions.22

Another approach to finding the optimal solution to E
~11! is numerical. We wish to maximize Eq.~15! subject to
equality constraints and the inequality constraints thata(d)
be a probability. This is an infinite dimensional linear pr
gramming~LP! problem, a well-studied problem in optimi
zation theory for which there exist methods to determine
globally optimal solution. To find such a solution, we repr
senta(d) on a finite basis. We used a uniform grid in th
range2y to y and assumed that outside the rangea(d) had
the asymptotic form derived above. The discrete version
Eq. ~7! is Aj5( iKi j ai1cj , wherecj represents the contri
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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bution coming fromudu.y andKi j 5P(d i ;D j ) for the sim-
plest quadrature. The problem is to find a solution maxim
ing ( iai subject to the inequalities; 0<a<1 and the
equalities,

(
i

@Ki , j2e2xjKi ,2 j #ai5e2xjc2 j2cj . ~16!

Figure 1 shows the LP solution, fors51 compared with
aP(d). Note that it is not a continuous function, but for th
most part consists of regions withai51 alternating with re-
gions withai50. The LP solution is a very accurate solutio
to the problem posed, with errors of less than 1025. The
discontinuous nature of the LP solution is to be expec
since the solution must lie on the vertices of the feasi
region, determined by the equalities and inequalities. To
tain the solution to this difficult ill-conditioned problem, w
discretized the values ofd on a grid with spacing 0.01. How
ever we only demanded that Eq.~10! be satisfied on a grid
D with a spacing of 0.2. This implies that there were
times as many degrees of freedom as equality constraints
thus most variables were free to reach the extreme value
0 and 1.

The optimal LP function has a slightly larger value
j, roughly aboutjLP'20.45s2 vs the value forap of
jP520.5s2. As far as we can determine, the LP solutio
survive in the limit dr→0 and are slightly more optima
thanaP . However, given the inconvenience of determini
and programming the LP solutions, and the very limit
improvement inj, we see little reason23 to prefer such
solutions. When we added a factor to penalize discontinui
in a(d) to the objective function proportional to( i(ai

2ai 21)2 ~this makes it a quadratic programming proble!
then the solution converged toaP(d).

B. Noise level

Now let us consider how to optimize the noise levels.
An energy difference with a large noise level can be co
puted quickly, but because of the penalty in Eq.~13! it has a

FIG. 1. The optimal acceptance formula computed using the linear prog
ming method~solid line! and using the penalty method~dotted line!. Both
are fors51. The accuracy of the LP solution is better than 1 part in 1025.
Downloaded 28 Apr 2003 to 130.126.9.235. Redistribution subject to A
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low acceptance ratio, reducing the overall efficiency of t
simulation. We should picks to minimize the variance of
some property with the total computer time fixed. The co
puter time can be written asT5m(nt1t0), where t is the
time for an elementary evaluation of a given energy diff
ence,n is the number of evaluations ofd before an accep-
tance is tried,m is the total number of steps of the rando
walk andt0 is the CPU time in the noiseless part of the cod
But the error in any property converges ase5c(s)m21/2,
wherec is some function ofs and the noise level converge
as s5dn21/2, where d is some constant. Eliminating th
variablesm andn, we write the MC inefficiency,

z215Te25t0c~s!2@ f s2211#. ~17!

Here f 5d2t/t0 , the relative noise parameter, is the CP
time needed to reduce the variance of the energy differe
relative to the CPU time used in the noiseless part of
code; forf !1 noise is unimportant, forf @1 computation of
the noisy energy difference dominates the computer time

To demonstrate how important this optimization step
we consider a one-dimensional double well with a poten
given by

kBTV~s!5a1s21a2s4. ~18!

We picked parameters such the two minima are ats564
and the height of the central peak isp~0!/p~4!50.1, which
corresponds toa1520.288 anda250.009. We used a uni
form transition probability (T(s→s8)) with a maximum
move step of 0.5. This means overcoming the barrier
quires multiple steps, typical of an application which has
probability density with several competing minima. To me
sure the efficiency, we computed the error on the aver
value of^sk& on Markov chains with 107 steps. We examined
values of noise in the range 0<s<6. We also calculated the
density and compared to the exact values obtained by de
ministic integration. Shown in Fig. 2 is the acceptance ra
vs s. We see that it decreases to zero rapidly at large no
levels. The dotted line (}exp@2s2/8#) is the asymptotic
form for larges.

-FIG. 2. The logarithm of the acceptance ratio as a function ofs2 for the
double well potential. The dashed line is proportional to exp(2s2/2) and the
dotted line to exp(2s2/8).
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Figure 3 shows an example of the density obtained w
the noise in the energy wass52. It is seen that ignoring the
noise leads to a much smoother density than the exact re
Using the acceptance formulaaP(d) we recover the exac
result within statistical errors.

Figure 4 shows the inefficiency~relative to its value
when the noise is switched off! vs s andf. In general, as the
difficulty of reducing the noise~as measured byf ) increases,
the calculation becomes less efficient, and the optimal va
of s increases. The two panels show the efficiency of co
puting ^s& and^s2&; the behavior of the error is quite differ
ent for even and odd moments ofs because the error in th
first moment is sensitive to the rate at which the walk pas
over the barrier, while the second is not. The flat behavio
large noise level of the first moment occurs because the n
actually helps passage over the barrier; forf .3 a finite op-
timal value ofs ceases to exist.

On this example, we find thatc(s)}exp(as2) with
a'0.09 for even moments anda'0.025 for odd moments
With this assumption the optimal value of the noise le
equals

s* 25~ f /2!@A112/~ f a!21#. ~19!

Although this formula is approximate~because of the as
sumption onc(s)) it does give reasonable values for th
optimal s.

As this example demonstrates, it is much more effici
to perform a simulation at large noise levels. One c
quickly try very many moves even if most of them get r
jected instead of just a few ones where the energy differe
has been accurately computed. However, there are prac
problems with using larges as will be discussed next.

IV. UNCERTAIN ENERGY AND VARIANCE

Unfortunately there is a serious complication; the va
ance needed in the noise penalty is also unknown. Both
change in energy and its variance need to be estimated
the data. The variance in general will depend on the part

FIG. 3. The density as computed using the Metropolis formula~dotted line!,
the direct penalty~dashed line!, and the Bessel penalty withN516 ~solid
line!. In all cases the noise level wass52.
Downloaded 28 Apr 2003 to 130.126.9.235. Redistribution subject to A
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lar transition: (s→s8); we cannot assume it is independe
of the configuration of the walk. Precise estimates of va
ance of the energy difference are even more difficult to
tain than of energy difference itself since the error is t
second moment of the noise and will fluctuate more. In F
~3! is shown the effect on the double well example of usi
an estimate of the variance in the penalty formula instead
the true variance. The systematic error arises because
acceptance rate formula is a nonlinear function of the v
ance. We will see that we must add an additional penalty
estimating the variance from the data.

Let us suppose we generaten estimates of the change i
action,$y1 , . . . ,yn% where eachyk is assumed to be an in
dependent normal variate with mean and variance,

^yi&5D, ~20!

^~yi2D!2&5ns2. ~21!

Unbiasedestimatesof D ands2 are

FIG. 4. The relative inefficiency of penalty MC as a function ofs and the
noise level,f. From bottom to top the values off are 0.5, 1, 2, 4. The solid
lines are assuming the noise is known, the dashed lines are using the B
formula with n564 independent evaluations.~a! is the first moment,~b! is
the second moment.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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d5
( i 51

n yi

n
, ~22!

x25
( i 51

n ~yi2d!2

n~n21!
. ~23!

By construction̂ d &5D and ^x2&5s2.
The joint probability distribution function ofd andx2 is

the product of a normal distribution for the mean and a c
squared distribution for the variance,

P~d,x2;D,s!5P~d2D,s!Pn21~x2;s!, ~24!

whereP(d2D,s) is given in Eq.~12! and

Pn21~x2;s!5cnxn23e2mx2/s2
~25!

with m5(n21)/2 and

cn5
~m/s2!m

G~m!
. ~26!

The generalization from the previous section is straig
forward. The acceptance probability can only depend on
estimatorsd andx2. The average acceptance probability

A~D,s!5E
2`

`

ddE
0

`

dx2P~d,x2;D,s!a~d,x2!. ~27!

Detailed balance requires

A~D,s!5exp~2D!A~2D,s! ~28!

for all values ofD and s>0. We have two parameters t
estimate and average over instead of one and a t
dimensional homogeneous integral equation fora(d,x2).

In the limit of enough independent evaluations we
cover the one parameter equation since limn→`Pn21(x2)
5d(x22s2) and the equations for differents’s decouple.

Asymptotic solution.We can do the same type o
analysis at largeuDu as we did whens was known. A move
is definitely uphill or downhill ifd2@x2. Assume there ex-
ists a solution withA(D,s)51 for D!2s. Then A(D,s)
5exp(2D) for D@s. Assume this solution can be expand
in a power series inx2, a(d,x2)5(k50

` bkx
2ke2d. Explicitly

performing the integrals we obtain

exp~2s2/2!5(
k

cnbkG~m1k!~s2/m!m1k. ~29!

Matching terms in powers ofs2 we obtainbk . The expan-
sion can be summed to obtain a Bessel function,

a~d,x2!5G~m!e2dF 2

mx2G (m21)/2

Jm21~xA2m!. ~30!

This function is positive forx2,n/4. For larger values ofx2

either the assumption ofA(D,s)51 is wrong or no smooth
solution exists.

Taking the logarithm of the power series expansion,
obtain a convenient asymptotic form for the penalty in po
ers ofh5x2/n,

uB5
x2

2
1

x4

4~n11!
1

x6

3~n11!~n13!
1•••. ~31!
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The ‘‘Bessel’’ acceptance formula is

aB~d,x2,n!5min~1,exp~2d2uB!!. ~32!

The first termx2/2, is the penalty in the case where w
know the variance. The error in the error causes an additio
penalty equal, in lowest order, tox4/(4n). This asymptotic
form should only be used for small values ofh since the
expansion is not convergent forh>1/4. In Fig. 5 we show
errors in the detailed balance ratio as a function ofD ands
for n5128. It is seen that the errors are small but rapid
increasing as a function ofs. We find that the maximum
relative error in the detailed balance ratio approximat
equal to 0.15h2. Good MC work will have the error less tha
1023 requiringh,0.1. Very accurate MC work with error
of less that 1024 requires a ratioh,0.02. This is a limitation
on the noise level.

As an example, we have calculated the deviation of
energy from its exact value for the double well potential. T
results for the relative error in the energy are shown in Fig
for several values ofn ands. As we expect, the error in the
energy depends only onh and is proportional toh2. We also
see that the estimates of limits on the noise level given ab
are correct. There is a dip atn564 for h'0.5, beyond the
region where the Bessel expansion is convergent.

Figure 4 shows the effect on the efficiency of the ad
tional noise penalty. While the effect on the even moment
small, the efficiency of the first moment dramatically i
creases for noise levelss.2, perhaps because rejections f
large dispersions of the energy differences cause difficult
crossing the barrier. The efficiency becomes more sens
to s.

We have not found an exact solution for Eq.~28!. From
numerical searches it is clear that much more accurate s
tions exist than the asymptotic form. We have found su
piecewise exponential forms. But the Bessel formula is
practical way of achieving detailed balance if one can g
erate enough independent normally distributed data.

FIG. 5. The log of the detailed balance ratio vsD using the Bessel penalty
in Eq. ~32! with n5128 points to estimate the variance. From top to botto
the curves are with noise levels ofs52,1.8,1.6,1.4, and 1.2.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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V. DEVIATIONS FROM A NORMAL DISTRIBUTION

We have assumed thatd is normally distributed. In the
case the noise is independent of position but otherwise c
pletely general, we can perform the asymptotic analysis.
us assume that

A~D!5E ddP~d2D!a~d! ~33!

and thatA(D)51 for sufficiently negative values ofD. Then
for large values ofD the unique continuous solution is

a~d!5exp~2d2u!. ~34!

The penaltyu has an expansion in terms of the cumulants
P(d),

u5 (
n52,4, . . .

`

kn /n! 52 lnS E
2`

`

dxP~x!e2xD . ~35!

The odd cumulants vanish becauseP(x)5P(2x). For the
normal distribution this reduces to Eq.~13! and the penalty
form is exact. The contribution of higher order cumulan
could be either positive or negative leading to positive
negative penalties.

Equation ~35! illustrates a limitation of the penalty
method; one can not allow the energy difference to hav
long tail of large values. It is important that the energy d
ference be bounded because a penalty can be defined o
limx→`exP(x)50 so the integral will exist. Suppose the e
ergy difference in Eq.~5! is a sum of an inverse power of th
distances to the other particlesD5( j r j

2m and that r is
sampled uniformly. Then we find~in three dimensions! that
at larged, P(d)}d23/m. For any positive value ofm the
higher order cumulants and the penalty will not exist ev
though the mean and variance ofd exist under the weake
condition,m,3/2. We must arrange things so that large d

FIG. 6. The relative error in the energy for a double well potential vsh for
several values ofn. The circles are forn58, the diamonds are forn516,
the squares are forn532, and the triangles are forn564. The dashed line
has a slope of 2.
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viations of the energy difference from the exact value
nonexistent or exponentially rare, perhaps by bounding
energy error.

VI. COMPARISON WITH OTHER METHODS

A. Method of Kennedy, Kuti, and Bhanot

Kennedy, Kuti, and Bhanot15,16 ~KKB ! have introduced
a noisy MC algorithm for lattice gauge theory. We adapt
that method for the present application by using energy
ferences with respect to an approximate potential,w(s), that
can be determined quickly and exactly. Proposed moves
‘‘prerejected’’ usingw(s) and then the more expensive com
putation of an estimate ofv(s) is done. Let us suppose tha
the deviation between these potentials can be boun
maxudw(s)2dv(s)u<e for somee. We determine an unbiase
estimate of the ratioq needed in Eq.~4! by using the power
series expansion,

q~s→s8!5e2d5 (
n50

`

~2d!n/n! ~36!

whered(s→s8)5v(s8)2w(s8)2v(s)1w(s). With a pre-
defined probability we sample terms in the power series
to ordern and obtain an estimate ofq; this is a variant of the
von Neumann–Ulam method We finally accept the mo
with probability

a5~11q!/~21e!. ~37!

For an appropriate choice of parameters,a is in the range 0
<a<1 most of the time. The revised KKB method is give
by the following pseudocode:

Samples8 from T(s→s8)

If (exp@2w(s8)1w(s)#,random number~prn)) then
reject move

else
q05t051
do n51,̀

pn5min(g/n,1)
if ( pn, prn! exit loop
samplexn52v(s8)1w(s8)1v(s)2w(s)
tn5tn21xn /(npn)
qn5qn211tn

end do

if @(11qn)/(21e).prn# then accept move.

In this procedureg.0 is a parameter which controls th
number of terms sampled. Forg<1 the average number o
evaluations ofx per step isne(e

g21), wherene is the ac-
ceptance ratio of the preliminary rejection step. Each sam
of x must be uncorrelated with previous samples. Ase→0,
one recovers the Metropolis algorithm. The sampling dis
bution, g, and e have to be fixed to ensure thata is in the
interval @0,1# almost all of the time. Violations for whicha
,0 put a limit on the size of the noise and the size of t
sampling step, whilee can be made arbitrarily large to re
move violations wherea.1. This will, however, affect the
efficiency. A recent preprint24 proposed to solve the problem
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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of violating the constraints on the acceptance probabilities
introducing negative signs into the estimators. We have
explored this possibility.

We made a comparison to the penalty method with
double well potential, usingw(s)5a2s4 as the approximate
potential.~It confines the random walk but does not have
central barrier.! For a violation level of 1024, the maximum
noise wass50.4. This is a much smaller noise level than
optimal in the penalty method. For this noise, a transit
step of 0.45 was optimal. To optimizeg ande, we first ad-
justedg until the half the desired number violations occurr
for a,0. Then we adjustede until the total number of vio-
lations equaled 1024. The errors in the first and second m
ments are given in Table I, along with the parameters use
the KKB algorithm. We find that the KKB method is 2.
times slower for the first moment and 3.5 times slower
the second moment than the penalty method~run at the same
noise level, with the same transition step size and compu
the variance withn532 points!. This comparison was don
assumingf is sufficiently small that we do not have to tak
into account the multiple evaluations of the energy diff
ences. Taking that into account would raise the inefficien
of the KKB method by another factor of 2.74, the avera
number of function evaluations.

We also tested the KKB method withw(s)5v(s) ~i.e.,
the argument of the exponential was only noise!. The data
for this case is also given in Table I. The maximum value
allowable noise was stills50.4. For s,0.2, the average
number of function evaluations was less than one, mak
the method more efficient than the penalty method, fo
fixed noise level. For the first moment, KKB was 3.4 tim
more efficient fors50.1 and 1.3 times more efficient fo
s50.2. However, if we consider optimizings as in Sec.
III B, the KKB method is less efficient than the penal

TABLE I. Computed MC inefficiencies for the modified KKB method an
the penalty method.n is the average number of function evaluations p
step. The Bessel penalty method uses 32 data points and a transition s
0.45.

c(s) KKB parameters
s x x2 g e n

KKB, w(s)5a2s4

0.0 273 154 1.07 6.0 1.49
0.1 270 152 1.1 6.0 1.52
0.2 275 151 1.2 6.0 1.61
0.3 282 155 1.2 6.0 1.82
0.4 270 145 2.1 4.9 2.74

KKB, w(s)5a1s21a2s4

0.1 212 92 0.20 2.0 0.20
0.2 209 89 0.59 1.8 0.59
0.3 221 98 0.75 2.3 1.02
0.4 215 98 1.35 2.1 1.93

Penalty
0.0 175 74
0.1 174 78
0.2 184 76
0.3 183 76
0.4 178 78
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method. To be efficient at large values off, larger values of
s must be used, and there the KKB method is less efficie
At small values off, the last term in Eq.~17! dominates, and
the lesser number of function evaluations yields no adv
tage for the KKB method.

The KKB method requires taking enough samples
lower the noise to an acceptable value. In contrast, the p
alty method requires taking enough samples to ensure
distribution is normal. Also, for this problem, the penal
method could have an even higher efficiency becaus
could use larger sampling steps sizes~the maximum KKB
sampling step size depends on the quality of the approxim
function, w!. The advantage of the KKB method is that
makes no assumptions about the normalcy of the noise;
disadvantage is that one cannot guarantee thata is in the
range@0,1#. Knowledge that the noise is normally distribute
allows one to use a much more efficient method.

B. Reweighting

Another alternative noisy MC method is to combine t
stochastic evaluation of an exponential with the reweight
method. One can perform a simulation withw(s), generating
a random walk$si%. Then an exact average can be genera
by reweighting,

^O&5
( iO~si !Qi

( iQi
, ~38!

where Qi exp(2(v(si)2w(si))/kBT). As discussed above a
estimate ofQi can be generated with the von Neumann
Ulam procedure by stochastically summing the power se
expansion of the exponential. In this case we do not c
whether the exponential is between 0 and 1, only its varia
is important. The difficulty is that the exponent of the weig
increases linearly with the size of the system, i.e.,^(v(s)
2w(s))2&}N. Hence the variance of̂O& will increase ex-
ponentially with the size of the system. This method is on
appropriate for small systems, but no assumptions are m
about the distribution ofv(s)2w(s). The advantage of in-
cluding the noise in the random walk rather than reweight
the visited states is that one works with energy differen
only and it is possible to make the fluctuations of differenc
independent of the size of the system.

VII. CONCLUSION

We have shown a small modification of the usual ra
dom walk method by applying a penalty to the energy d
ference can compensate for noise in the computation of
energy difference. If the noise is normally distributed with
known variance, the compensation is exact. If one estim
the variance fromn data points, we show that it suffices t
havex2<0.1n and apply an additional penalty. On a doub
well potential we found that the optimal noise level is typ
cally kBT<s<3kBT.

The penalty method utilizes the power of Monte Car
one can choose the transition rules to obey detailed bala
and to optimize convergence and use only well-control
approximations. We can generalize to other noise distri
tions by using numerical solutions to the detailed balan

p of
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equations as we have shown. We have adapted a me
introduced by Kennedyet al.15 but found it to be much
slower once the noise level becomes high.

We now plan to apply the algorithm to a serious app
cation. As we have shown, very large gains in efficiency
sometimes possible. However, the problem remains of en
ing that the estimates of the energy differences are sta
cally independent and normally distributed.

Codes used in calculations reported here are availab
@http://www.ncsa.uiuc.edu/Apps/CMP/index.html#

Note added in proof.In Fig. 6 we averaged the exac
energy over the random walk. In practice one would aver
the noisy energy over the random walk. Reusing the no
energy used to make the Metropolis decision in the aver
will result in a bias. A new estimate of the energy must
computed for use in the average.
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