
The polarization energy of normal liquid 3He
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We present new quantum Monte Carlo calculations of the ground-state energy of liquid 3He
using backflow and 3-body wavefunctions and twist-averaged boundary conditions. We
estimate the effects of the 3-body potential and compare to experimental measurements of the
unpolarized equation of state and the magnetic susceptibility. There is still a large discrepancy
with respect to the magnetic susceptibility, requiring either improved nodal surfaces or going
beyond the fixed-node method.

1. Introduction

The calculation of the ground-state energy of liquid
3He is an important benchmark for the progress of
microscopic theory. The most successful theoretical
approaches are based on simulation methods known
as quantum Monte Carlo (QMC) methods. Fermion
systems are particularly challenging because no exact
general simulation method is known which is able to
treat systems containing more than a small number of
fermions. This is because antisymmetry introduces
minus signs into the sampling probabilities, the so-called
fermion sign problem. The same techniques used to
calculate correlated electronic systems, without the
complication of the ionic background, can be applied
to liquid 3He. However, because liquid 3He is more
strongly correlated it is more challenging. As we will
show in this paper, despite many years of research, the
calculated helium equation of state and magnetic
susceptibility is still in disagreement with experimental
results.
QMC calculations of liquid helium began with work

of McMillan [1] and Levesque et al. [2] who introduced
the variational Monte Carlo method (VMC) and
applied it to liquid 4He. In 1974, Kalos et al. [3]
performed the first exact simulation of hard-sphere
bosons, an accurate model of liquid and solid helium
using the Green’s function Monte Carlo (GFMC)
method. In 1977 Ceperley et al. [4] generalized the
VMC method to many-fermion systems, and performed
simulations of 3He with the Slater–Jastrow (SJ) func-
tion. More accurate calculations [5] both within the

fixed-node (FN) and release node procedure were
developed for fermion systems in 1980 using the
diffusion Monte Carlo scheme (DMC). Schmidt et al.
[6] introduced backflow as well as 3-body correlations
(BF-3B) into VMC and GFMC calculations of liquid
3He. The first exact calculations by Lee et al. [7] using
the transient estimate method established considerable
error in the fixed-node results. Such calculations are
only possible for quite small systems and full estimation
of the convergence error is not possible. In 1995,
Moroni et al. [8] determined more accurate optimized
forms for the BF-3B wavefunction. Casulleras and
Boronat (CB) [9] in 2000 revisited Panoff and
Carlsons’s [10] calculation with a newer potential as
well as a re-optimized set of backflow parameters. Their
results agree with experiments within statistical errors.
Bouchaud and Lhuillier [11] using a pairing wavefunc-
tion obtained promising results for liquid 3He but
further calculations have yet to achieve energies as low
as those obtained starting from a Fermi liquid trial
function.
In addition to this theoretical motivation, there is

considerable interest in understanding the properties of
spin-polarized liquid 3He. It is known that the superfluid
state at very low temperatures is sensitive to an applied
magnetic field [12]. It has been suggested that the critical
temperature for the transition to the superfluid state will
increase at strong fields. Experimental data for highly
polarized liquid 3He has been obtained [13] by sudden
melting of solid 3He.
Over 20 years ago, Levesque [14] applied VMC to

polarized and unpolarized 3He discovering the failure of
VMC to predict the stability of the unpolarized state*Author for correspondence. e-mail: ceperley@uiuc.edu
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observed experimentally. With VMC using SJ trial
functions, the fully polarized state has a lower energy
than the unpolarized state at zero pressure, giving the
wrong sign to the susceptibility. Even including 3-body
correlation in the trial wave function, the Slater–Jastrow
trial wavefunction could not achieve satisfactory agree-
ment with experiments [14]. The incorrect prediction of
spontaneous ferromagnetism in liquid 3He had been
earlier found by Manousakis et al. [15] using a many-
body method based on hypernetted chain equations.
They concluded that backflow is very important for a
good energy at zero polarization but much less so for a
fully polarized system. Using fixed-node DMC using
plane wave nodal surfaces [16], the polarized state’s
energy was found to be slightly higher than the
unpolarized state, but the susceptibility was still much
too large. This behaviour can be easily understood
because the wavefunction of fully polarized helium (with
all helium spins lined up) is simpler than the unpolarized
one and is easier to write down an accurate trial
wavefunction. Thus there is more bias in the unpolarized
energy.
One of the complications of assessing the progress in

QMC calculations of liquid 3He is that various
computational methods, potentials and wavefunctions
have been used over the years. In addition, since the
actual interaction potential is not entirely due to 2-body
interactions, corrections must be made for many-body
electronic effects. It turns out that some of these
complications have an energy scale of the same order
of magnitude as the polarization energy, roughly
0:2Katom�1. This paper reviews the current situation,
reports the most accurate calculations with existing
methods and potentials over a range of densities and
polarizations, and corrects for the effect of the
unknown many-body potential. We hope the assess-
ment of the current state will spur improved fermion
methods and calculations on this important physical
system.
In the next section, we briefly introduce the effective

potentials used in the calculation and estimate the effect
of many-body terms in the interparticle interaction. We
discuss the computational methods and procedures to
correct for finite-size effects. Then, we show the result of
our calculation of the liquid 3He energy as a function of
spin polarization.

2. Effective Hamiltonian

For a system of helium atoms at low densities and
temperatures, the Born–Oppenheimer method is extre-
mely accurate because the lowest lying electronic
excitation is 230 000K above the ground state. The
resulting effective potential energy between the helium
atoms is weak, dominated by a pair interaction and

independent of the nuclear isotope. Our approach is to
start with the best ab initio potential as determined by
theoretical calculations. This potential has been recently
tested for use with liquid 4He and solid 3He and 4He
systems, where the QMC ‘sign problem’ does not exist
or is minimal. We then fit the small difference between
the experimental and the theoretical equation of state by
a polynomial and use this fit to estimate a correction to
the potential. We consider an interaction potential of the
form:

VðRÞ ¼
X
i<j

v2ðrijÞ þ
X
i<j<k

v3ðri; rj; rkÞ þ�Eð�ÞN: ð1Þ

Here v2 and v3 are the 2 and 3-body potentials and
�Eð�Þ is the residual many-body potential, assumed to
depend only on density.
Over the years, various forms of the two-body

potential for helium atoms, obtained from empirical
fitting to experimental data or ab initio calculations,
have been proposed, giving better and better descrip-
tions of helium interactions. We used the recent SAPT2
potential first developed by Korona et al. [17] and then
refined by Janzen and Aziz [18] to consider the
retardation effect in the dipole–dipole dispersion term
as well as short distance behaviour. In addition to
having all the correct theoretical behaviour, it also
agrees with various experimental measurements of the
He–He interaction, e.g. gas phase measurements.
The 3-body potential v3 gives an important contribu-

tion to the total energy, although its precise form is not
as well verified. We used the potential proposed by
Cohen and Murrell (CM) [19], obtained by fitting to
high quality ab initio data. In our simulation, the v3
potential is treated perturbatively, i.e. the Monte Carlo
sampling is determined by the two-body potential only
and we add the 3-body contribution to the total energy
by calculating the average E3B ¼ v3h i over many-body
helium configurations. At the densities of this study, the
CM potential is dominated by the triple-dipole Axilrod–
Teller interaction and is relatively smooth and much
smaller in magnitude than the 2-body potential, justify-
ing the use of the perturbation approach. The 3-body
contribution does depend on helium density. We have
verified that the variation of the 3-body potential with
respect to 3He polarization caused by the change in the
local structure is at most 0.001K atom�1. Note that the
direct spin–spin interaction is extremely small in liquid
3He. Converse to the positive contribution of CM
potential, another form of the v3, the well-known
Bruch–McGee (BM) [20] potential is negative and not
consistent with the experimental data [21].
Calculations [21] have shown that the SAPT2

potential with the CM 3-body term is capable of
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providing an accurate equation of state for solid 4He as
well as solid 3He, provided the reference state for
determining the equation of state (EOS) for 3He is
properly selected. Shown in figure 1 is the magnitude of
the 3-body potential as a function of density and the
difference between the computed 3-body potential and
the experimental energy for the three phases for which
QMC does not have a significant sign problem. As
shown, the residual energy, �E is less than
0:10Katom�1 and is roughly independent of density,
phase and isotope. We then take the liquid 4He residual
energy and fit to a quadratic function in density to
extrapolate to the density range of liquid 3He. We note
that in the density range: 21.58 nm�3 � � � 23.58 nm�3

both 3He and 4He are liquids, so extrapolation of the
residual energy is unnecessary. The results are shown in
table 1. We then add to the experimental 3He energy
versus density [12] our corrections from the 3-body
potential and the residual energy to obtain an estimate
of the ground state energy of a hypothetical 3He liquid
interacting solely with the 2-body SAPT2 potential. This
is tabulated in table 1. We estimate the errors due to the
extrapolation of the residual energy and of the 3He
experimental energy to be less than 0:01Katom�1 at
melting densities and 0:05Katom�1 at zero pressure.

To estimate the experimental magnetic equation of
state, we use the magnetic susceptibility � interpolated
from experimental estimates [23] and shown in
table 1, assuming a quadratic dependence of energy on
polarization. There are recent measurements [24] finding
that these values are too small by roughly 10%.

3. Methods

We use several quantum Monte Carlo methods. First
variational Monte Carlo (VMC) is used to optimize
parameters in trial wavefunctions. The trial wavefunc-
tion has two-body (Jastrow) 3-body and backflow
correlations, shown [8] to provide essential improve-
ments in liquid 3He. We used an 11 parameter function
(five parameters for the 2-body correlation, u2ðrÞ, three
parameters for the three-body term, �ðrÞ and
three parameters for the backflow function �ðrÞ).
Calculations show that such a form is sufficient to
achieve minimum energy and variance for this type of
wavefunction. We use a combination of energy and
variance optimization, with a full optimization of all of
the wavefunction parameters at each density and
polarization.
We then use diffusion Monte Carlo (DMC) with real

wavefunctions (fixed node) or complex wavefunctions
(fixed phase) to obtain a lower energy. This method
gives the lowest upper bound consistent with the
assumed fixed nodes or fixed phases. When extrapolated
to the thermodynamic limit, the fixed node and fixed
phase give the same upper bound if the same trial
function was used. We used a DMC time step so that
more than 99% trial moves are accepted giving a time
step error of less than 0.005K atom�1. As we show
below, the assumption of the fixed nodes with nodes
given by a backflow wavefunction dominates the other
errors of the calculations and overestimates the exact
energy by 	0.25K atom�1.
After the effect of the nodes, the dependence of the

energy on the number of helium atoms is the largest
systematic error. Usually one uses periodic boundary

Figure 1. Our estimate of the 3-body CM potential for liquid
and solid helium as a function of density (upper solid
line). The symbols show the residual energy: the difference
between the DMC computed 2-body þ 3-body energy
and experimental energies of solid 3He and liquid and
solid 4He. The square points are 4He, triangles are 3He,
solid points are crystal and open points are liquid. The
dashed line is a quadratic fit to liquid 4He. The density
ranges of the various phases are shown on the bottom
scale.

Table 1. Energies of liquid 3He at the densities chosen for
this study, in Katom�1. Density is in units of atomnm�3,
Eexp is the experimental energy [22], E3B is our estimate of
the CM 3-body energy and �E is the residual energy
extrapolated from liquid 4He calculations [21]. E2B is our
estimate of the exact energy of a hypothetical Fermi liquid
interacting with the SAPT2 potential. �=C is the inter-
polated estimate of the magnetic susceptibility [23].

� Eexp E3B �E E2B �=C

16.35 �2.481 0.070 0.068 �2.619 2.82
19.46 �2.216 0.108 0.062 �2.386 3.86
23.80 �0.885 0.182 0.027 �1.094 5.90
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conditions to reduce finite size effects. For Fermi liquids,
there are sizable errors coming from the filling of shells
in momentum space. These are typically corrected using
Fermi liquid theory with an effective mass determined
from VMC simulations with a variety of system sizes,
done because DMC calculations with BF wavefunctions
become quite lengthy for large N. However the
correction done this way can have a systematic error if
the size effect is different within VMC and DMC.
Here we employ twist averaged boundary conditions

(TABC). Within periodic boundary conditions, the
phase, picked up by the wavefunction as a particle
makes a circuit across the unit cell, is arbitrary. General
boundary conditions for a wavefunction are

Cðr1þL; r2; . . .Þ ¼ exp ði	ÞCðr1; r2; . . .Þ; ð2Þ

where L is a lattice vector of the supercell. If the twist
angle 	 is averaged over, most single-particle finite-size
effects, arising from shell effects in filling the plane wave
orbitals, are eliminated. This is particularly advanta-
geous for polarization calculations since shell effects
dominate the polarization energy. The extra effort in
integrating over the twist angles is minimal (we use a 103

grid), since the various calculations all serve to reduce
the final variance of the computed properties. With this
technique, one can calculate the energy versus polariza-
tion for systems with a fixed number of particles giving
smooth curves of the polarization energy and much
reduced systematic errors. The effect of boundary
conditions is examined in detail in Lin et al. [25].
Another finite size effect comes from the truncation of

the potential at the edge of the box. Since the 2-body
potential extends beyond the range of the simulation cell
we use a cutoff radius 
 ¼ L=2. The interatomic
potential used in the DMC calculation is truncated
and shifted:

~vv2ðrÞ ¼
v2ðrÞ � v2ð
Þ ; r< 
;

0; r> 
;

(
ð3Þ

We then correct for this truncation by adding the effect
of the truncated potential evaluated within first-order
perturbation theory. The ‘tail’ correction for the
potential energy is

�V ¼ 2�

Z 1

0

r2 drgðrÞ½v2ðrÞ � ~vv2ðrÞ�: ð4Þ

To perform the integral, the pair correlation function,
gðrÞ is extended from 
 to much larger r by fitting the
computed gðrÞ and SðkÞ to an assumed form [26] and
integrating that form. These corrections are on the order

of 0:018Katom�1 at low pressure and 0:038Katom�1

at high pressure for systems of 66 atoms.
The results of two different calculations, with different

codes, one using TABC and the fixed-phase method and
the other using PBC with Fermi-liquid theory size
corrections and fixed nodes, both corrected for time-step
errors, give the same result within 0:01Katom�1,
independent of the polarization. However, the TABC
method allows one to have a more accurate calculation
of the energy versus polarization since the necessity of
extrapolation to large particle numbers is much reduced.

4. Comparison with previous calculations

We have difficulty comparing with many of the
previous calculations because there have been a variety
of integration algorithms, potentials, trial wavefunction,
and size correction methods used. Taking account of
these differences, the present calculations agree with
those of Panoff and Carlson [10] and of Moroni et al. [8]
within 0.01Katom�1. There has been a recent claim
by Casulleras and Boronat [9] (CB) that FN-DMC
calculations are in agreement with experimental
data to experimental precision. They used the HFD-
B(HE) pair potential [27] and a backflow trial wave-
function, re-optimizing the backflow parameters and
found a wavefunction with a fixed-node energy
E ¼ �2:477ð14ÞKatom�1 at zero pressure. Agreement
between the results of CB and the experimental equation
of state extends throughout the range of liquid 3He. As a
test case, we used exactly the same potential, wavefunc-
tion and number of particles as used by CB, but we
could not confirm their result. Our ground state energy
is E ¼ �2:375Katom�1, 0:10Katom�1 higher than
their result. As discussed above, the 2-body calculations
should not be directly compared to experiment because
of important three- and more-body terms in the bulk
helium potential. We estimate that the true ground state
energy for the HFD-B potential to be �2:60Katom�1,
lower by 0.12K atom�1 from their estimate. Although it
is difficult to identify all the sources of the disagreement,
we believe that differences in finite size-effect estimation
are sizeable. The close agreement CB obtained with
experiment is most likely a fortuitous cancellation of the
finite size effects, the fixed-node error and the use of
the HFD-B 2-body potential without correction for the
many-body potential. The calculation, using their
techniques, of the polarization energy as a function of
density and the variational variance could help to
resolve this disagreement.

5. Results

We performed calculations at three densities corre-
sponding roughly to the maximum and minimum
densities of liquid 3He and to an intermediate density.
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(� ¼ 16:35, 19.46 and 23.80 atoms nm�3, corresponding
to pressures equal to 0, 8.4 and 35.3 bar). At each
density we did calculations at six different values of the
spin polarization. The result of our calculations are
given in table 2. The fixed-node error in the unpolarized
energy varies from 0:26K at zero pressure to 0:43K at
freezing density.
Figure 2 shows the spin polarization energy at the

three densities. Also shown are the experimental
estimates. The spin polarization energy of the experi-
mental energies is an extrapolation from the magnetic
susceptibilities in table 1. The magnetic susceptibility at
low pressure is too small by a factor of 2 while at
freezing density it predicts the polarized state is stable, in
contradiction with experiment.
In figure 3 the result of TABC calculations at low

density is shown. The dashed line is drawn assuming the
helium magnetic susceptibility is constant at experi-
mental � ¼ 0 value throughout the polarization range.
Figure 4 shows that the unpolarized trial wavefunc-

tion has a larger variance compared with the polarized
one. This shows the quality of the polarized wavefunc-
tion is better and thus has a smaller bias. For DMC
simulation, the error in the energy of the wavefunction is
limited by the nodal structure. If one could improve the
nodal description of liquid helium, we expect the energy
of the unpolarized state to drop more than that of the

Figure 2. Computed energies of liquid 3He using TA-DMC
as a function of spin polarization. The three full length
lines correspond to the three densities studied (increasing
density corresponds to increasing energy) with the solid
line 16.35 nm�3, dotted line 19.46 nm�3 and dashed line
23.80 nm�3. The lines extending from 0 � � � 0:5 show
the estimated experimental energies corrected for the
interactions beyond the pair potential with the polariza-
tion dependence using the zero-field susceptibility.

Table 2. Energy as a function of density and spin polariza-
tion in Katom�1. Numbers in parenthesis are the
statistical error (one standard deviation) in units of
10�4 K atom�1. Results shown are obtained using twist-
averaged boundary condition and corrected for potential
size effects. The last column shows the intrinsic variance
of the trial wavefunction in K2 atom�1.

� � EDMC(K) EVMC Variance

16.35 0.000 �2.3586(8) �2.1633(9) 23
0.242 �2.3548(10) �2.1614(9) 18
0.485 �2.3433(8) �2.1753(9) 17
0.727 �2.3270(8) �2.1939(8) 14
0.879 �2.2964(6) �2.1904(7) 11
1.000 �2.2544(8) �2.1792(6) 10

19.46 0.000 �2.0685(13) �1.7469(12) 30
0.242 �2.0623(13) �1.7499(12) 28
0.485 �2.0807(11) �1.7984(12) 28
0.727 �2.0898(11) �1.8599(10) 22
0.879 �2.0777(9) �1.8904(10) 19
1.000 �2.0542(9) �1.9088(8) 17

23.80 0.000 �0.6612(20) �0.0184(20) 65
0.242 �0.6619(21) �0.0229(21) 54
0.485 �0.6959(19) �0.1358(20) 62
0.727 �0.7480(18) �0.2585(18) 48
0.879 �0.7611(19) �0.3336(17) 43
1.000 �0.7579(17) �0.4042(15) 40

Figure 3. Energy versus polarization of liquid 3He at
� ¼ 16:35 atomnm�3 with twist-averaged boundary con-
ditions. The symbols are this calculation, the curve is a fit
of the QMC data using a quadratic polynomial in �2. The
dashed line shows an extrapolation of the experimental
data assuming E ¼ E0 þ �2=ð2�=CÞ.
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polarized state since there is more room for improve-
ment of the unpolarized helium. As a result, the
polarization energy curve will be closer to the experi-
mental value. In the 3D electron gas the variance is
roughly independent of the polarization [28].
Figure 5 shows how the variance correlates with the

error in the variational energy, showing that the energy
errors are as expected for wavefunctions of this quality.

In figure 6 it is shown how much the error is reduced in
going from the variational result to the fixed-node
result, with roughly 2=3 of the energy missing at high
pressure but only 1=2 of the energy at low pressure being
recovered using DMC. The nodal contributions are
relatively more important at low density than at high
density.

6. Conclusion

We calculated the polarization energy of liquid 3He. It
is harder to get the nodal surfaces correct for the
unpolarized helium which causes a bias in the polariza-
tion energy curve. Because of the delicate cancellation
(large susceptibility) this small error in energy turns into
a big error in the susceptibility. The accurate calculation
of helium polarization energy remains a challenge for
quantum Monte Carlo. The errors appear larger than
for corresponding calculations of electronic systems.
The question arises as to what terms will be needed to

make a more accurate calculation. We have established
that trial functions beyond the form considered here will
be necessary. Comparison of the variational and fixed-
node result show that the improvement has to come
primarily from the Slater determinant. We have tried
generalizing the 3B-BF trial function by letting the
factors be spin-dependent and k-dependent and did not
significantly lower the energy. Another possibility is to
use a p-wave superfluid wavefunction, as was done in
the work of Bouchaud and Lhuiller [11]. We only
remark that the energies associated with pairing are

Figure 6. Error in energy in diffusion Monte Carlo relative
to that in variational Monte Carlo using the same BF-3B
trial function. Data from top to bottom correspond to
densities of 16.35, 19.46 and 23.80 atomnm�3.

Figure 4. Variance versus spin polarization. The curves from
the bottom to the top are at densities 16.35, 19.46 and
23.80 atomnm�3.

Figure 5. Variance versus the error of the variational energy
with line styles as given in figure 2.
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thought to be on the order of the transition temperature,
namely 1mK, which is several orders of magnitude
smaller than the discrepancies we observe. We do not
know how to improve the trial function to bring it closer
to experimental results.
Other QMC methods can, in principle, achieve lower

energies without improvement in the trial wavefunction.
Exact fermion methods such as transient-estimate or
released-node calculations [6] are quite feasible for small
systems of 54 atoms but hard to improve upon the
accuracy due to the fermion instability at long projec-
tion times. The exact fermion method of Kalos and
Pederiva [29] will be useful in eliminating the fixed-node
error, however, the method has only been applied to
relatively small systems and scaling up to provide a
definitive test remains to be done.
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