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Abstract. The path integral Monte Carlo calculated radial distributions of para-hydrogen clusters (p-H2)N

consisting of N = 4−40 molecules interacting via a Lennard-Jones potential at T = 1.5 K show evidence for
additional peaks compared to radial distributions calculated by diffusion Monte Carlo (T = 0 K) and path
integral Monte Carlo at T ≤ 0.5 K. The difference in structures is attributed to quantum delocalization at
the lowest temperature. The new structures at finite temperatures appear to be consistent with classical
structures calculated for an effective Morse potential, which in order to account for the large zero point
energy, is substantially softer than the Lennard-Jones potential.

PACS. 36.40.-c Atomic and molecular clusters – 61.25.Em Molecular liquids – 67.90.+z Other topics in
quantum fluids and solids

1 Introduction

Current interest in p-H2 clusters dates back to 1972
when Ginzburg and Sobyanin predicted that liquid para-
hydrogen would undergo Bose-Einstein condensation be-
low 6 K [1]. However, although the p-H2 molecule is a
spinless boson, and has a lighter mass than the 4He atom,
the stable bulk phase at low temperature is a solid. A
possible way to circumvent this problem is to consider
small p-H2 clusters. In 1991 path integral Monte Carlo
(PIMC) calculations by Sindzingre et al. indicated a siz-
able superfluid fraction below about 2 K in clusters with
N = 13 and 18 molecules [2]. As opposed to 4He clusters,
which exhibit flat unstructured radial density profiles con-
sistent with their being liquid, the superfluid p-H2 clus-
ters have structured radial distributions as expected for
solid clusters. This solid-superfluid opposition has subse-
quently stimulated a large number of theoretical studies
of the structures of small p-H2 clusters [3–21]. Despite this
large number of theoretical results a consensus concerning
their structure has not yet been achieved.

The diffusion Monte Carlo (DMC) analysis of the
(T = 0) ground state [11,14,18] shows that only clusters
with N = 13 and 36 are magic, in the sense that they are
more stable than their neighbors as indicated by the corre-
sponding peaks in the chemical potential. However PIMC
calculations [17] at T = 0.5−3 K indicate other magic

a e-mail: navarro@ific.uv.es

numbers N = 13, 19, 23, 26, 29, 32, and 37, in essential
agreement with icosahedral solid cluster magic numbers.
The differences between PIMC and DMC chemical po-
tentials have been recently explained as due to thermal
effects [21,22], being essentially in agreement when T is
lowered down to 0.25 K. It is worth mentioning that path
integral ground state (PIGS) calculations of Cuervo and
Roy [13,19] indicate magic numbers N = 13, 26, 29, 34,
and 39 despite being a zero-temperature method. In this
paper we explore further thermal effects on the radial den-
sity distributions comparing DMC and PIMC results.

Only three experiments devoted to small pure p-H2

clusters are of relevance [9,23,24]. Raman spectroscopy [9]
confirms the existence of magic 13 while non-destructive
matter-wave diffraction experiments, which are also ide-
ally suited for investigating such fragile species, indicate
that pure p-H2 clusters are magic at N = 13, while the
normal H2 clusters of the same size are not [24].

Here we report a series of PIMC and DMC calcula-
tions of radial density distributions for N = 4−40. On
closer examination some additional small maxima are ob-
served in the PIMC density profiles at T = 1.5 K which
are neither found at T = 0.5 K nor with DMC. The differ-
ence in structures is attributed to quantum delocalization
at the lowest temperature. An analysis based on an effec-
tive potential to account for zero point energy shows that
the new structures are somewhat consistent with classical
solid-like structures. We conclude that small p-H2 clusters
are more quantum delocalized at T = 0 than at higher T .

http://www.epj.org
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2 Method

The relevant quantities for our study are the density
distributions ρ(r)r2 , normalized as

∫ ∞

0

ρ(r)r2dr = 1. (1)

Thus the number density is given by

n(r) =
N

4π
ρ(r). (2)

The ρ(r)r2 distributions presented here have the advan-
tage that they are proportional to the actual number of
molecules at each radius. Their disadvantage is that the
behavior at small r is suppressed so that the molecules at
the cluster center are not seen.

Besides the DMC and standard PIMC calculations,
we also present PIMC results suppressing the intermolec-
ular exchange, which will be referred to as DPIMC (D
stands for “distinguishable” particles). Although it can-
not provide information on the superfluid fraction of the
clusters there is considerable evidence that the effect of ex-
change on many of their physical properties is negligibly
small [25], and in particular this is true for the structural
properties we are interested in. Within the present study
this was confirmed by a number of comparisons with full
PIMC calculations which included exchange. The DPIMC
calculations were carried out with the program written by
Buch [26] and somewhat modified by us. Specific details
on the calculations have been presented in reference [11]
for DMC and in reference [17] for PIMC and DPIMC. In
the latter cases, at the low temperatures considered here,
no confining potential is required for p-H2 clusters to avoid
possible evaporation of molecules.

The results reported were obtained using the simple
Lennard-Jones (12,6) potential model with the parame-
ters ε = 34.2 K, σ = 2.96 Å, which were slightly modi-
fied with respect to the parameters reported in Silvera [27]
to obtain better agreement with the potential energies of
p-H2 clusters [26]. The choice of this simple model, which
is less accurate than the frequently used Silvera and Gold-
man [28] or the Buck et al. [29] potentials, was motivated
by the increased computational speed and the possibility
to compare the results with the classical calculations of
Calvo et al. [30].

Figure 1 shows a comparison of the three potentials. In
view of the small differences in the potentials it is expected
that they have no significant effect on the radial distribu-
tions. Such is indeed the case, as shown in Figure 2, where
the DMC density distributions calculated using the three
mentioned potentials are compared for four selected sizes.
The most significant differences appear at the peak of
the density distributions. Notice that the Lennard-Jones
potential produces density distributions which are in be-
tween those obtained with the interactions of Silvera and
Goldman [28] and of Buck et al. [29]. For the following
discussion we shall only refer to results obtained using the
Lennard-Jones potential.

2 3 4 5 6 7 8
Intermolecular Distance r [A]

-40

-30

-20

-10

0

10

Po
te

nt
ia

l E
ne

rg
y 

V
(r

) 
[K

]

Buck
Silvera
LJ

o

Fig. 1. (Color online) Comparison of the Lennard-Jones po-
tential used in the present calculations with the more realistic
potentials of Silvera and Goldman [28] and Buck et al. [29].
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Fig. 2. (Color online) Comparison of radial density distribu-
tions weighted by r2 calculated with DMC using Buck et al.,
Silvera-Goldman and Lennard-Jones potentials.

3 Results

Figure 3 shows a comparison of the radial density distribu-
tions ρ(r)r2 for 6 different representative sizes calculated
by DPIMC and PIMC at a temperature of 1.5 K, and
by T = 0 DMC. The agreement between the DPIMC and
PIMC calculations is very good for the presented sizes and
therefore the other DPIMC results are also assumed to be
accurate.

PIMC and DPIMC calculations indicate the presence
of new peaks, mostly concentrated in the region between
3.5 and 5 Å, which are especially noticeable between
N = 30 and 40. As in reference [11] the DPIMC density
distributions were analyzed by fitting to a set of overlap-
ping Gaussians

ρ(r)r2 �
∑

k

Ak exp
(
− (r − Rk)2

2σ2
k

)
, (3)

where Rk marks the center position and σk is the stan-
dard deviation. The area under each of the Gauss peaks



S. Warnecke et al.: The structure of para-hydrogen clusters 355

0 2 4 6 8

0

0,1

0,2

0,3

0 2 4 6 8 10

0

0,1

0,2

0,3

0

0,1

0,2

0,3

DPIMC
DMC
PIMC

0

0,1

0,2

0,3

0 2 4 6 8

Radial Distance r [A]

0

0,1

0,2

0,3

R
ad

ia
l D

en
si

ty
 ρ

(r
) 

r2  [
A

-1
]

0 2 4 6 8 10
0

0,1

0,2

0,3

o

o

N=20

N=26

N=35

N=25

N=30

N=40

Fig. 3. (Color online) Comparison of radial density
distributions weighted by r2 calculated with DPIMC
(solid lines) and PIMC (dotted lines), both at T =
1.5 K, and with DMC (dashed lines).
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Fig. 4. (Color online) Best fit decomposition of the
T = 1.5 K DPIMC radial distribution functions in
Figure 3 in separate Gauss distributions.

with index k is thus a measure of the relative number of
molecules in each k-shell. The best fit distributions for the
examples shown in Figure 3 are plotted in Figure 4. For
all sizes equally good fits were obtained.

Since in reference [11] the analysis was based on a
fit of the distributions ρ(r) without the r2 weighting, a
new fit was performed of their data multiplied by r2. Fig-
ure 5 presents a comparison of the centroid radii Rk and
widths σk of the DPIMC data with the new fit of the DMC
data [14]. There are some minor differences between the
centroid radii and widths presented in reference [14] and
the reevaluated data in Figure 5, which result from the
different weighting of the new fit. For N ≤ 17 there is
reasonable agreement between the two sets of data.

For N = 18−31 the new data predicts the existence of
a second shell R2 which lies between r = 3.50 Å increas-
ing with size N up to about 5.0 Å. The slight downward
shift of the first shell with respect to the first shell pre-
dicted by DMC reflects the readjustment resulting from
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Fig. 5. (Color online) The centroid radii and widths from
the DMC calculations (upper panel) are compared with the
DPIMC ones (lower panel). The new shells appearing at finite
T are indicated with diamonds.
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Fig. 6. (Color online) Comparison of the present PIMC and
DMC radial distributions for the same Lennard-Jones potential
at several values of T , and N = 35 and 40.

the presence of the new shell. The DPIMC radii of the first
shell, however, do lie well within the widths of the DMC
fit and can be considered to be reasonably consistent with
the DMC results. Since the new shell, which appears be-
tween r = 3.5 Å and 5 Å, lies between the two shells
found in the DMC fit and is well separated from them its
existence seems to be well established. Beyond N = 32
the first k = 1 peak appears to be split into two peaks
and now there are altogether 4 shells compared to two in
the DMC fit.

To further confirm the origin of the new structures we
have plotted in Figure 6 the PIMC calculated radial dis-
tributions for the sizes N = 35 and 40 for T = 1.54 K and
0.5/0.385 K. The important result is that as T is lowered
the number of shells is reduced, and the density distri-
butions practically coincide with the ground state ones,
as shown in the lower panels. There is a nice agreement
between DMC and PIMC results at lower T , the small
visible differences are probably due to a dependence of
DMC calculations on the trial function.

4 Discussion

The new peaks observed in DPIMC and PIMC radial
distributions at 1.5 K and not in PIMC and DMC at
0.5/0.385 K and 0 K, respectively, are attributed to the
difference in temperatures. Since quantum effects are ex-
pected to gradually disappear with increasing temperature
it is of interest to explore the extent to which the high
temperature structure is related to a classical structure.
Figure 7 shows a comparison of the radial distribution for
six different cluster sizes at T = 1.5 K with the most sta-
ble classical structure for a cluster with the same LJ (12,6)
potential [31]. Because of the large zero point energy the
sharp positions indicated by the bars at the bottom of the
figure have been smeared out with Gauss distributions in
order to approach the width of the DPIMC distribution. It
is interesting to note that the classical structure has about
the same number of peaks and has some similarity. The
outward shift of the DPIMC calculation is in the direc-

Table 1. Average over all cluster sizes of the fitted energy
scaling ε and fitted radial scaling R0 parameters for Morse
potentials with different softness parameters ρ0. In parenthesis
are given the standard deviations of the best fit in the last
significant figures.

ρ0 εfit (K) R0 fit (Å)
3 4.549 (8) 4.26 (44)
6 6.89 (9) 4.14 (49)
10 7.49 (10) 4.37 (67)
14 7.59 (9) 4.39 (68)

tion expected as a result of the large zero point energy. As
a matter of fact it turns out that quantum delocalization
produces a volume expansion of the classical structures by
a factor of about 2 [32]. Curves labelled as classical shifted
in Figure 7 represent the classical densities with the radial
distance shifted with a factor 21/3, keeping of course the
proper normalization.

One way to account for the zero point energy is to
include it as part of an effective potential used in a classical
calculation [33]. Here it is possible to take advantage of
extensive tables of global minima for Morse potentials for
a series of different range parameters ρ0 [31]

Vm(r) = ε eρ0(1−r/R0)
(
eρ0(1−r/R0) − 2

)
. (4)

These potentials encompass soft wide bowl potentials,
ρ0 = 3, extending to sharp narrow potentials with ρ0 = 14.
For each value of ρ0 and cluster size N these tables provide
the global minimum energies and structures. Thus in the
following it is assumed that structures calculated for an ef-
fective Morse potential, which accounts for the weakening
of the LJ potential by the large zero point energy [30,33]
can fit the data. The effective value of the well depth ε
for the Morse potential with the best value of ρ0 was de-
termined from the scaling of the DPIMC total energies
with the tabulated reduced Morse cluster potential ener-
gies. Next the Morse radial distributions were calculated
for the available Morse potentials and smeared by fold-
ing with Gauss distributions until a best fit was obtained.
Table 1 summarizes the best fit values of ε and R0 for
various assumed values of ρ0. Although the shapes of the
radial distributions were not so well reproduced as with
the shifted classical distributions (Fig. 7) the radial posi-
tions and the average shapes were sufficiently duplicated
so that a meaningful fit was possible.

From Table 1 it appears that a soft wide bowl effective
potential with ρ0 = 3 provides the best agreement. The
best fit well depth for ρ0 = 3 is only 13% of the well depth
of the LJ potential and R0 is larger by 28%. As expected
the effective Morse potential is much shallower and more
extended than the LJ potential used in the simulations.
This potential has a much smaller well depth and larger
well distance than the effective potential reported for solid
hydrogen [33].
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Fig. 7. (Color online) Comparison of the
present DPIMC radial distributions with the
classical ones for the same Lennard-Jones poten-
tial. The classical distribution has been smeared
with a Gauss distribution in order to simulate
zero point delocalization.

5 Summary and conclusions

Radial distribution functions have been calculated for
p-H2 clusters with sizes N = 4−40 with a DMC, PIMC
and DPIMC. The results obtained for a Lennard-Jones
potential at a temperature of 1.5 K show significant differ-
ences to (T = 0) DMC calculations for the same potential.
The finite temperature distributions indicate for N = 18
to 31 the presence of an additional shell of molecules in-
terposed between the two shells reported previously and
for N ≥ 32 altogether 4 instead of two shells reported
previously. The extra shells indicated by the new analy-
sis lie within the size range in which the finite temper-
ature PIMC calculations predict magic numbers which
are not found in the DMC calculations. However these
new shells disappear as the temperature is lowered below
1.5 K. The transition is estimated to happen at around
0.75−1 K, at about the temperature where the large clus-
ters also become superfluid [17], although the precise value
could depend on the specific interaction. To explain the
solid-superfluid paradox of p-H2 clusters Mezzacapo and
Boninsegni have suggested that clusters in the size range
undergo quantum melting on lowering the temperature
from about 2 K down to 0.75 K [15,20], an effect which
has also been reported for Ne clusters [30,34,35]. Our re-
sults confirm this interpretation in the sense that small
p-H2 clusters are more quantum delocalized at T = 0 than
at higher T . Further research is required to ascertain the
structure of such small systems, i.e. liquid-like, solid-like
or even a more complex one as liquid-like within a layer
and solid-like radially.

A comparison with energies and structures calculated
for a best fit effective Morse potential which accounts for
zero point energy effects suggests that the new structures
are consistent with a best fit effective potential, which is
greatly weakened and expanded to account for quantum
zero point delocalization.
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viding us with a copy of her program and for several valuable
discussions. RG and JN are supported by Grant No. FIS2007-
60133, DGI Spain (FEDER).
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