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’ INTRODUCTION

Nanodroplets of 4He as nanorefrigerators to study molecules
are widely used in physics and in chemistry. The way was paved
by the pioneering works by Toennies and collaborators1 and by
Scoles and collaborators.2 In the past few years, positive ions in
nanodroplets of 4He have also been studied experimentally.3�9

Actually, the study of charged particles in bulk 4He has a long
history as one of the first microscopic probes that have been
used to study such a superfluid system.10,11 Negatively charged
impurities such as an electron or a He� ion are believed to form a
microscopic bubble in liquid 4He due to the repulsion that arises
from the Pauli exclusion principle between the electrons of the
neutral atoms and those of the charged particle. By contrast, the
local density around a positive ion is expected to increase due to
electrostriction. Using a phenomenological estimate, the local
density turns out to be so large that 4He should solidify around
the ion. This is the “snowball model” developed by Atkins12 and
widely used in the interpretation of the earlier experiments of
ions in bulk superfluid 4He. A similar snowball is expected to be
present also if the ion is captured inside a droplet of He. Recent
experiments of ions such as Agþ, Mgþ, Rbþ, Naþ, Kþ, Csþ, as
well as Pbþ, Cdþ, Znþ, Fþ, Clþ, Brþ, and Iþ have been discussed
in terms of the formation of a snowball.3�9 The first microscopic
treatment of a positive alkali ion in bulk and in nanodroplets of
4He was performed about 10 years ago. Such studies have been
performed at T = 0 K by an advanced variational theory based on
the shadow wave function (SWF) and by a variant of it, the so-
called glue-SWF, that allows one to also treat nanodroplets of
4He.13�15 This variational theory confirmed the formation of a
snowball around the ion with the formation of well-defined shells
of 4He atoms. The major result of those computations is that the

size of the snowball, the number of atoms in the shells, and the
kind of local order depend on the specific ion. This behavior is
completely different from that given by the Atkins’ model: his
snowball only depends on the ionic charge. The presence of
magic numbers for the closure of the shells is supported by recent
experiments, and good agreement between theory and experi-
ment was found when comparison has been possible.7

The attractive interaction between a 4He atom and a positive
ion is much larger than the He�He interaction; this represents a
challenge to any microscopic theory. For example, in the varia-
tional theory it was found15 very important to allow anisotropic
correlations for the radial ion�He motion, since this directly
probes the ion�He potential. This is in contrast to the tangential
motion, which mainly probes the He�He potential. It is
important to go beyond the limitations of the variational
approach in order to get unbiased results. This motivates the
present work in which we have studied some of the alkali and of
the alkali-earth ions in nanodroplets of 4He at finite temperature
by the path integral Monte Carlo (PIMC) methods.16 PIMC has
been already applied to the study of a Naþ ion in a 4He droplet.17

That study gave a snowball structure quite different from the
glue-SWF result and in disagreement with later quantum Monte
Carlo calculations with the path integral ground state (PIGS)
method.18 Here we revisit this system, and additionally we study
Kþ, Csþ, Beþ, and Mgþ. Both the 4He atoms and the ions are
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ABSTRACT: Path integral Monte Carlo calculations of 4He
nanodroplets doped with alkali (Naþ, Kþ and Csþ) and alkali-
earth (Beþ and Mgþ) ions are presented. We study the system
at T = 1 K and between 14 and 128 4He atoms. For all studied
systems, we find that the ion is well localized at the center of the
droplet with the formation of a “snowball” of well-defined shells
of localized 4He atoms forming solid-like order in at least the
first surrounding shell. The number of surrounding helium
shells (two or three) and the number of atoms per shell and the
degree of localization of the helium atoms are sensitive to the
type of ion. The number of 4He atoms in the first shell varies from 12 for Naþ to 18 for Mgþ and depends weakly on the size of the
droplet. The study of the density profile and of the angular correlations shows that the local solid-like order is more pronounced for
the alkali ions with Naþ giving a very stable icosahedral order extending up to three shells.
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treated at a full quantum level using Bose statistics for the 4He
atoms. We study the energetics, the local correlations, the degree
of localization, and the local solid-like order. We confirm that the
ions reside at the center of the droplet for the sizes we have
studied, from 14 up to 128 4He atoms. Overall, the PIMC results
confirm those of the glue-SWF15 with only minor deviations. We
notice that extensive studies of alkali ions in very small clusters of
4He have been performed by Gianturco and collaborators19�21

with the diffusion Monte Carlo method.
The organization of the paper is as follows: In Section II we

give the Hamiltonian and some details on our PIMC computa-
tion, and in Section III we present the results and the discussion.
The conclusions are contained in Section IV.

’SIMULATION DETAILS

The PIMC is a method to calculate the thermodynamic
properties of a quantum system at finite temperature, based on
Feynman’s original idea of mapping path integrals onto a type of
interacting classical ring�polymers. When applied to quantum
systems of bosons, PIMC can provide exact estimates for proper-
ties, within the statistical uncertainties of the Monte Carlo
calculation and other controlled errors. For the clusters consid-
ered here, the only uncontrolled error is the assumed interatomic
potential. The PIMC method has been successfully applied to
bulk liquid helium, and to droplets of pure helium and para-
hydrogen molecules. A detailed review of this method is given in
ref 16, together with a review of results on bulk helium. The
many-body density matrix at a temperature T is

FðR, R0; βÞ ¼ ÆRje�βĤ jR0æ ð1Þ
where β = 1/kBT, Ĥ is the Hamiltonian of anN-body system, and
R represents a 3N-dimensional vector of coordinates, R = {rB1,
rB2, ..., rBN}. The thermal average of an operator Ô is given by

ÆÔæ ¼ 1
Z

Z
dR dR0ÆRjÔjR0æFðR,R0; βÞ ð2Þ

where Z =
R
dRF(R,R;β) is the partition function. The low

temperature density matrix is not known, but we can represent it
with a product (in the coordinate representation by a con-
volution) of M density matrices at higher-temperature MT =
M/kBβ = 1/kBτ:

FðR,R0; βÞ ¼
Z

:::

Z
dR1 dR2:::dRM�1

FðR, R1; τÞFðR1, R2; τÞ:::FðRM�1,R
0; τÞ ð3Þ

For a Bose system, the density matrix should be symmetrized;
this is accomplished by summing over all permutations P of the
particle labels:

FðR,R0;βÞ ¼ 1
N!∑P

FðR, PR0; βÞ ð4Þ

In the present quantum calculations, we usedMT = 1/kBτ = 160
K for the high�temperature density�matrix F(R,R0;τ); this was
sufficient to obtain converged results within the pair-product
approximation.16 In order to calculate the multidimensional
integral of eq 2, coupled with eq 3 and eq 4, we employ a
generalized Metropolis algorithm which includes both spatial
and permutational moves; details can be found in ref 16. The
average of an operator Ô can be determined simply by taking the
average of ÆR|Ô|R0æ over the sampled paths. In our PIMC

simulations, in addition to the N 4He atoms, we have one ion.
The ion is also treated quantum mechanically.

For the potential energy, we use the sum of pair potentials
between helium atoms and between the ion and any helium
atom. Therefore, we have the following system Hamiltonian:

Ĥ ¼ � p2

2m4
∑
N

i¼ 1
r2

i �
p2

2mI
r2

I þ ∑
i < j

vðj rBi � rBjjÞ

þ ∑
N

i
VIðj rBI � rBijÞ ð5Þ

where m4 is the mass of a helium atom, mI is the mass of the ion,
v(r) is the helium�helium interaction potential, and VI(r) is the
ion�helium interaction. We have described the ion�helium
interaction by accurate model potentials developed in the
literature;22�24 For the helium�helium interaction we have
chosen a well-tested Aziz potential.25 All the interactions are
short-ranged. In order tomake a table for the densitymatrix,16 we
truncate all potentials smoothly at a certain distance rc using

v0ðrÞ ¼ vðrÞ � vðrcÞ r e rc
0 r > rc

(
ð6Þ

and a similar expression for VI0(r). The cutoff radius has been
fixed to 8 Å for all interactions. The quantum simulations are
performed with the potentials v0(r) and VI

0(r). The resulting
potential and total energies are corrected by a tail contribution,
ΔV, that is obtained by averaging the missing potential energy
∑i<jδv(|rBi� rBj|)þ ∑iδVI(|rBI� rBi|), where δv = v� v0 and δVI =
VI � VI

0. ΔV can be computed in terms of the density profile,
F(r), around the ion and of the average pair correlation function,
g(r), giving the probability of finding two He atoms at distance r.

We have not added any artificial confinement potential to
prevent the helium atoms from evaporating because the binding
of the 4He atoms to the ion prevents such evaporation. In
Figure 1 we plot the relevant interaction potentials; we notice
that the ion�helium potentials have a very deep attractive well, as
compared with the He�He potential. The well of the potential
and the location of its minimum strongly depends on the specific
ion; for example, in the Naþ�4He case,22 the most attractive, the
well is about�445 K deep, and the minimum is located at about
2.3 Å, while in theMgþ�4He case,24 the less attractive, the well is

Figure 1. The ion�helium interaction potentials,22�24 compared with
the He�He interaction potential,25 which is shown in the inset.
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about�94 K deep with the minimum at about 3.6 Å. This strong
ion�He interaction produces the clustering of helium atoms
around the impurity ion. Notice also that the position of the
minimum in the Kþ�4He potential22 is similar to that in
Beþ�4He,24 and the same happens comparing the Csþ�4He23

potential with the Mgþ�4He one;24 the potential wells between
4He and alkali-earth ions, however, are considerably wider
becauseVI(r) for the alkali-earth ion is less steep at short distance
compared to those of the alkali ions.

Under the influence of the ion electric field the He atoms
become polarized so that, in principle, the He�He interaction
potential is modified for atoms close to the ion; simple estimates
based on the polarizability of the He atoms show that this is a
small effect and we have neglected it. We have done the majority
of the PIMC calculations for the ion�4He droplets at T = 1 K.
We have performed some calculation also at T = 0.5 K, but no
significant effect on the properties under study has been found.

We recall that a PIMC calculation consists of a simulation of
special interacting ring�polymers, one for each atom in the
system; the monomers, which form the ring�polymer associated
with a particular atom, correspond to the positions visited by that
atom along the path in eq 3. In a typical simulation, at least 105

Monte Carlo steps have been performed; one Monte Carlo step
consists of an attempted rigid displacement move of each
polymer and of a fixed number (typically 103) of other attempted
moves: these were either intrapolymer moves or permutation
moves among up to four polymers;16 the number of monomers
affected by suchmoves was 15, corresponding to four levels in the
bisection algorithm. The acceptance ratio for permutation moves
was found to increase with the number of 4He atoms in the
nanodroplet, and the typical acceptance ratio for permutation
moves in nanodroplets withN = 128 4He atoms was about 2% for
two atoms, 1% for three atoms, and 0.5% for a four-atom
permutation move. In order to check that the final statistics
represent equilibrium, for each studied condition a series of
simulations was performed, restarting each simulation from the
last configuration of the previous one. Data blocking was used to
estimate statistical uncertainties.

’RESULTS AND DISCUSSION

The primary quantities studied in our PIMC calculations are
radial density profiles, F(r), of 4He atoms around the different

ions. In Figure 2 we show the density profiles for doped 4He
droplets with N = 128 at T = 1 K. The microscopic structure of
the snowball is strongly dependent on the identity of the ion:
each one produces distinctive modulations (shells) in the helium
density. The shells around alkali ions are the most pronounced
(sharper and higher), whereas the modulations around the alkali-
earth ions have less structure; this is presumably due to the core
of the potential which is steepest in the alkali case. As a
consequence, the attractive well of the ion�He potential is much
narrower in the case of the alkali than in the alkali-earth one. In all
cases, the local density of the first shell is well above the freezing
density of bulk 4He (Ffreeze0.0258 Å�3), so that some kind of
solid order is expected; the local density in the second shell
around Naþ is still well above the freezing density, and its shape
suggests an underlying local solid structure. However, the density
profile by itself is not enough to establish whether such local solid
order is indeed present and the degree of localization of the He
atoms. For this a more elaborate analysis is needed, as discussed
below. Such analysis will show that what appears sometimes as a
unique peak in the density profile corresponds to two shells of
atoms with overlapping densities. From Figure 2, it can also be
noticed that the minimum between the first and the second peak
is lower for the alkali than for the alkali-earth ions. This suggests,
and this we shall prove later, that the 4He atoms in the snowball
of an alkali-earth ion can exchange more easily between the first
and the second shell.

In Table 1 we show the total, kinetic, and potential energies
computed in doped nanodroplets of different sizes. The energies
reported in Table 1 include the tail corrections due to the
truncation of the potentials. In this table the position, rP, of the
peak of the first shell, the value of the distance from the ion, r1,
where the density profiles show aminimum between the first and
the second shell is also shown; by numerical integration of the
density profile up to r1, we have obtained the average number of
atoms in the first shell, N1, around the ion. N1 turns out to
depend not only on the particular ion inside the nanodroplet but
it has also a weak dependence on the number of 4He atoms of the
droplet. The only exception to this last observation is found for
nanodroplets doped with Naþ, that have, in the range N =
32�128 4He atoms, a remarkable stability in the value of N1.

In order to clarify the role of statistics in these systems, we
have also performed PIMC simulations of doped nanodroplets
without sampling permutations among 4He atoms, i.e., for

Figure 2. Radial 4He density, F(r), around ions for the largest 4He droplets studied in this work: number of atoms N = 128.
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distinguishable 4He atoms. We considered only droplets with
N = 64 atoms. The density profiles around the ion, F(r), the peak
position of the first shell, rP, the position, r1, of the minimum in
the density profiles between the first and the second shell, and the
number of 4He, N1 = N(r1), within a sphere of radius r1 around
the ion turn out to be very similar to the values found with
indistinguishable 4He atoms. In Figure 3 we show the density
profiles computed with and without permutations, for nanodro-
plets doped with Naþ and Mgþ at T = 1 K. The kinetic energies
computed in the simulations (with N = 64) for distinguishable
4He atoms turned out to be higher than the value found in the
simulations where the Bose statistics was used. Moreover,
potential energies turned out to be more negative but to a
smaller extent, giving an overall increase of the total energies in
these systems. For example, for Naþ, the kinetic energy per
particle increases by about 0.8 K, and the potential energy
decreases by about 0.4 K; for Mgþ, the increase in the kinetic
energy per particle is about 0.9 K, and the decrease of the
potential energy per particle is about 0.5 K. Considering
the statistical uncertainties in Table 1, it turns out that the effect
of the statistics on the energies is sizable. This effect is reasonable
because distinguishable atoms are more localized than indistin-
guishable ones.

We now discuss the structure of the snowball around each
alkaline or alkaline-earth ions that we studied, starting from the
Naþ case.
Naþ-Doped Nanodroplets. The Naþ ion gives rise to a very

sharp modulation of the density peaks, due to a particular
matching of the ion’s size with the shape of the ion�He and
He�He potentials. By a numerical integration of the density
profiles, we obtain the number of 4He atoms, N(r), within a
sphere of radius r centered around the ion. In Figure 4 we show
the density profiles computed at T = 1 K for different number,N,
of 4He atoms together with N(r) for the same nanodroplets. We
found that the number of He atoms in the first shell around this
ion, N1, is 12 when the number of He atoms in the nanodroplets
is more than 30, but it is 10 for smaller nanodroplets; in Figure 4
the density profile and N(r) for a nanodroplet with N = 20 are
shown as an example. The value N1 = 12 is in agreement with
other quantum Monte Carlo studies of ion-doped nanodroplets,
based on an accurate SWF variational technique,15 and with the
exact PIGS method18 both are zero temperature techniques. By
integration of the density profile in the region of the second
maximum, one finds about 32 He atoms. One can notice in
Figure 4 that this maximum is rather asymmetric, and in fact, as
shown from an angular correlation function analyzed below, this
second maximum represents the overlap of two different shells.
In order to obtain information on the radial localization of 4He

atoms around the ion, one can map theMonte Carlo evolution of
the distance between an helium atom and the ion during the
simulation run. This is shown in Figure 5a where the radial
positions of three 4He atoms started at different radial distances
in a cluster of 64 4He atoms atT = 1K are followed for 104Monte
Carlo steps. What is shown is the evolution of the distances
between some helium coordinates and the ion coordinate at a
fixed time-slice, one of the M time-slices that characterize the
polymers in our simulation; this means that when these distances
change, the changes can be attributed either to a Monte Carlo
move of the ion or the 4He atom or both, or an exchange move
that has swapped one helium atom into another one. As shown in
Figure 5a, we find that atoms started at a particular radial position

Table 1. Total E/N, Kinetic K/N and Potential V/N Energies Per Particle of Alkali and Alkali-Earth 4He-Doped Nanodroplets
with Different Number,N, of 4He Atoms at T = 1 K. The peak position of the first shell, rP, the position, r1, of the minimum in the
density profiles between the first and the second shell together with the number of 4He, N1 = N(r1), within a sphere of radius r1
around the ion are also shown.

ion N E/N (K) K/N (K) V/N (K) rP (Å) r1 (Å) N1

Na þ 32 �108.38 ( 0.28 42.81 ( 0.37 �151.19 ( 0.28 2.58 3.82 11.99( 0.01

Na þ 64 �60.17 ( 0.09 29.50 ( 0.17 �89.67 ( 0.16 2.57 3.78 12.00( 0.01

Na þ 128 �34.03 ( 0.12 19.86 ( 0.20 �53.89 ( 0.10 2.57 3.78 12.00( 0.01

K þ 32 �68.28 ( 0.06 30.81 ( 0.06 �99.09 ( 0.06 3.12 4.31 14.08( 0.04

K þ 64 �39.83 ( 0.05 23.53 ( 0.09 �63.36 ( 0.08 3.11 4.28 14.05( 0.04

K þ 128 �23.53 ( 0.09 17.02 ( 0.11 �40.55 ( 0.09 3.14 4.36 15.00( 0.05

Cs þ 32 �64.62 ( 0.06 29.72 ( 0.09 �94.34 ( 0.06 3.53 4.75 17.1( 0.1

Cs þ 64 �37.91 ( 0.05 23.11 ( 0.09 �61.02 ( 0.08 3.55 4.80 17.9( 0.2

Cs þ 128 �22.90 ( 0.06 16.58 ( 0.07 �39.48 ( 0.05 3.55 4.79 18.0( 0.1

Be þ 32 �60.53 ( 0.06 28.63 ( 0.16 �89.16 ( 0.09 3.16 4.44 14.3( 0.2

Be þ 64 �35.95 ( 0.05 22.05 ( 0.13 �58.00 ( 0.09 3.18 4.43 14.8( 0.2

Be þ 128 �21.94 ( 0.05 15.84 ( 0.07 �37.78 ( 0.11 3.19 4.44 15.0( 0.1

Mg þ 32 �38.78 ( 0.06 21.09 ( 0.09 �59.87 ( 0.09 3.76 5.25 18.2( 0.2

Mg þ 64 �25.37 ( 0.04 17.75 ( 0.08 �43.12 ( 0.09 3.75 5.11 18.2( 0.2

Mg þ 128 �16.07 ( 0.05 13.98 ( 0.11 �30.05 ( 0.09 3.76 5.10 18.4( 0.2

Figure 3. Radial 4He densities F(r) around a Naþ ion and a Mgþ ion in
droplets with N = 64 4He atoms with and without the sampling of
permutations among 4He atoms.
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in the first (r e 3.78 Å) or in the second (3.78 Å < r e 7.03 Å)
peak of the density profile, hardly change their radial position,
continuing to fluctuate around their starting values. Note that the
two atoms in the second peak, one chosen in the inner part of the
second peak and one in the outer part, continue to remain near
their starting positions. The behavior shown in Figure 5a in-
dicates two things: one is that we expect local solid order both in
the first and in the second peak of the density profile, the other is
that the second peak could be composed of two different solid
shells. It should be noticed that although we expect that all theHe
atoms move from one shell to another if the MC dynamics is
followed for long enoughMonte Carlo time, but with a frequency
that depends on the specific ion and on the specific shell.

The study of the local density is not enough to determine
whether order is present in these shells. As some of us did in the
analysis of SWF simulations,13,15 we have carried out an analysis
in terms of the angular correlations within a given shell by
introducing an angular probability distribution P(θ,j) that is
derived from a four-body correlation function of the ion and
three 4He atoms .13 The ion is set at the origin of the coordinates,
and theHe atoms that lie in a chosen radial interval, r∈[rmin,rmax],
are selected. One of the selected He atom is used to define the z
axis, and the position of a second atom defines the xz plane if the
angle θ̂ that it forms with the first He atom and the ion lies in a
chosen angular interval θ̂ ∈ [θmin,θmax]. P(θ,j) gives the
probability to find a third He atom at angular coordinates θ

Figure 4. Radial 4He densityF(r) and number of atomsN(r) within a sphere of radius r around aNaþ ion for droplets with different number,N, of 4He atoms.

Figure 5. (a)Monte Carlo evolution of the distance of three 4He atoms from aNaþ ion, started at different radial distances from the ion in a droplet with
N = 64 4He atoms. The radial density profile (black) in arbitrary units is also shown. The distance is monitored at a fixed time-slice. (b,c,d) Angular
correlations, P(θ,j), among 4He atoms inside spherical shells around a Naþ ion in a 4He droplet withN = 64 4He atoms: θ̂ ∈ [60�,78�] (b) re 3.78 Å
(c) 3.78 Å < r e 5.37 Å (d) 5.37 Å < r e 7.03 Å .

http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-004.png&w=359&h=166
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and j. When the interval [rmin,rmax] encompasses the first
maximum of the density profile, for all the ions considered,
P(θ,j) has modulations extending over the full range of θ and
j, revealing the existence of solid-like order in the first shell. This
order turns out to be specific to the impurity ion and the result for
the Naþ case is shown in Figure 5b for a nanodroplet withN = 64
4He atoms atT = 1K. In Figure 5b the angular correlations among
4He atoms in the first shell are shown. The actual number of peaks
one can see in Figure 5b, 9, is smaller than the number of atoms of
the first shell (N1 = 12). One has to take into account that twoHe
atoms that have been used to define the z axis and the xz plane do
not appear in the plots of P(θ,j). In addition, if there is a particle
along the z axis (θ = 180�), it hardly shows up in the plot, since its
peak is distributed over all j angles. Taking into account these
remarks, there is agreement between the value N1 = 12 found by
integrating F(r) in the first shell and the analysis of the angular
correlations. By considering all the ions, the position of the peak
of the first shell is about 3 Å; having the ion at the origin of the axes
and one atom of the first shell on the z axis, it turns out that
another 4He atom in the first shell and at θ = 60� would form an
equilateral triangle with the previous two particles. Near freezing,
the first maximum in the radial distribution function of bulk 4He is
found at about 3.4 Å; thus we have considered θmin = 60� as a
lower limit to find the 4He atom, nearest neighbor of the one on
the z axis, that defines the xz plane; θmax = 78

o has been chosen in
order to take∼3.7 Å as the maximum distance where one finds a
nearest neighbor in the first shell. This motivates our choice of
θmin = 60� and θmax = 78� in computing P(θ,j). The valueN1 =
12 is compatible with a Platonic solid, and in fact the angles θ and
j of the peaks in Figure 5b correspond to those expected for an
icosahedron as found previously with the SWF technique15 but
also later with the PIGS method.18

The angular analysis has been extended to the He atoms
outside the first shell in different ways. In order to show whether
atoms in the outer shells are correlated with the ones in the first
shell, we study a cross correlation: the position of the ion and of
two 4He atoms of the first shell are used to define the z axis and
the xz plane as discussed above.We then compute the probability
P(θ,j) of finding a third He atom at angular position θ and j
and within a given radial distance corresponding to an outer shell.
By trial and error we have fixed the interval for the second shell
(3.78 Å < r e 5.37 Å) and for the third shell (5.37 Å < r e 7.03
Å), which both belong to the second peak of the density profile.

These angular correlation are shown in Figure 5c for the second
shell, and in Figure 5d for the third shell. Well-defined peaks are
present, so we conclude that atoms in the second and in the third
shell around the ion Naþ also exhibit angular order. Further-
more, the angular probability distributions reveal that the outer
shells are angularly correlated to the first shell. In particular, we
notice that the outer atoms tend to fill in the space left available
by the inner atoms, so that the resulting structure is more
compact: the second solid shell is compatible with a dodecahe-
dron (20 4He atoms) while the third solid shell is compatible
with a icosahedron. Note that because the two 4He atoms which
define the z axis and the xz plane belong to the first shell, all the
atoms in the second and in the third shells show up as peaks in
P(θ,j) except for those atoms at θ = 0 and at θ = 180o, since,
again those peaks are distributed over allj angles. In Figure 5c,d,
one can see the presence of some very weak peaks in addition to
the main ones. Such weak peaks are due to the spilling of atoms
from the second shell into the third one or vice versa.
A PIMC simulation of the Naþ�4He system (N = 30 � 100

4He atoms) has been performed some time ago17 using a
different Naþ�4He potential. They find a shell structure within
the snowball, but these results are different from ours, for
instance they find 16 He atoms in the first shell instead of 12.
This is probably due to the time-step used in the approximated
density-matrix which was not small enough,MT = 1/kBτ = 20 K,
as already suggested in ref 18, so that the full quantum nature of
the helium atoms were not taken into account.
We conclude that the snowball formed by Naþ is particularly

stable and ordered with the presence of three shells of 4He atoms
with a sequence of icosahedral, dodecahedral, and icosahedral
order. Therefore we expect that Naþ in nanodroplets of 4He
atoms will show the most pronounced magic shell effects among
the ions studied in the present paper.
Kþ-Doped Nanodroplets. In Figure 6 the density profiles of

some helium nonodroplets doped with a Kþ ion for different
numbers, N, of 4He atoms are shown. The density profile for the
caseN = 14 consists of a single radial density peak with a small tail
at larger distances. The integration of the density profile for N =
14 indicates that the peak is formed from 13 4He atoms, and the
tail is due to a single atom outside this shell. By increasing the
number of 4He atoms in the nanodroplets, a well-defined second
modulation in the density profile appears, and the first shell
consists of 14�15 4He atoms, going from N = 32 to N = 128.

Figure 6. Radial 4He density F(r) and number of atoms N(r) within a sphere of radius r around a Kþ ion for droplets with different number, N, of
4He atoms.

http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-006.png&w=347&h=160
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There is a lower stability in the number of 4He atoms belonging
to the first shell as opposed to the Naþ case; also the minimum in
the density profile among the first and the second modulation is
higher with respect to the Naþ case. This seems to indicate the
absence of a particular matching between the ion’s size and the
interaction potentials but also a higher probability of exchanges
or substitutions among 4He atoms that belong to the first
modulation with those in the second one. We note that 14 or
15 atoms do not correspond to a Platonic solid. In Figure 7a the
evolution of the distance of 4He atoms from the Kþ ion indicates
the presence of a higher radial mobility in the second peak of the
density profile as opposed to the Naþ case and the absence of
solid-like angular correlations. On the contrary, by measuring
the function P(θ,j), angular correlation and solid-like order
are still found in the first shell. Taking into account the absence of
signal in P(θ,j) coming from the 4He atoms used to define the z
axis and the xz plane, the number of peaks in P(θ,j) is
compatible with the number of 4He atoms estimated to form
the first shell as given by N(r) in Figure 6 (see also N114 in
Table 1 for N = 64).
Csþ-DopedNanodroplets.The density profiles of 4He atoms

around a Csþ ion in doped nanodroplets with different number,
N, of 4He atoms are shown in Figure 8. N(r) for the smallest
nanodroplet shown in Figure 8, N = 20, possesses about 17 4He
atoms in the first shell, and a small modulation composed, on

average, of about 3 4He atoms is also present. The number of
atoms in the first shell increases to 18 4He atoms for N = 64 and
N = 128 droplets. This increase is similar to what has been found
in Kþ-doped nanodroplets and, as we have shown also in Table 1,
this increase in the number of 4He atoms forming the first shell is
essentially shared by all the other cases studied here except for
the very stable Naþ case. By looking at the Monte Carlo
evolution of the radial distance from the Csþ ion shown in
Figure 9a, one can see that, as in the Kþ case, the second peak is
characterized by 4He atoms with a high radial mobility, and solid-
like angular correlations are not present. In Figure 9a, it is
possible to also see a 4He atom moving from the first to the
second shell. It is worth noting that for each atom that moves
from the first shell to the second there is always a second atom
that performs the inverse jump, so these radial exchanges do not
destroy or modify the angular and the solid order. This angular
and solid order in the first shell is, in fact, evidenced in the angular
correlations shown in Figure 9b; also, in this case, the number of
visible peaks in P(θ,j) is compatible with the number of atoms in
the first shell, N118 (see Table 1 for the Cs

þ case with N = 64 or
N(r) in Figure 8).
Beþ-Doped Nanodroplets. The density profiles of 4He

atoms around a Beþ alkali-earth ion in doped nanodroplets with
different number, N, of 4He atoms are shown in Figure 10. With
regard to the first shell, these density profiles are characterized by

Figure 7. (a) Monte Carlo evolution of the distance of three 4He atoms from a Kþ ion, started at different radial distances from the ion in a droplet with
N = 64 4He atoms. The radial density profile (black) in arbitrary units is also shown. The distance is monitored at a fixed time-slice. (b) Angular
correlations, P(θ,j), among 4He atoms inside the first spherical shell around a Kþ ion in a 4He droplet with N = 64 4He atoms: θ̂ ∈ [60�,78�].

Figure 8. Radial 4He density F(r) and number of atoms N(r) within a sphere of radius r around a Csþ ion for droplets with different number, N, of
4He atoms.

http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-007.jpg&w=360&h=128
http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-008.png&w=359&h=166
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a lower and larger peak with respect to the alkali ion cases;
moreover, a higher local density minimum between the first and
the second modulation in the density profiles is present. As
stated above, the former property is due to the helium�alkali-
earth ion potential interactions, which are less steep at low
distances (see Figure 1); the position of the minimum in the
potential interaction among a Beþ alkali-earth ion and the 4He
atoms is similar to the Kþ case. This is at the origin of a similar

number of 4He atoms found in the first shell around the ion, a
result already observed with the variational study in ref 15. Also
the radial mobility of 4He atoms around the ion is similar to the
Kþ case (see Figure 11a). The analysis of the angular correlations
in the first shell (see Figure 11b) reveals the presence of solid-like
order and a number of peaks compatible with the expected
average number of atoms in this shell given by N(r), i.e., N1 = 15
for N = 64 (see Table 1).

Figure 9. (a)Monte Carlo evolution of the distance of three 4He atoms from a Csþ ion, started at different radial distances from the ion in a droplet with
N = 64 4He atoms. The radial density profile (black) in arbitrary units is also shown. The distance is monitored at a fixed time-slice. (b) Angular
correlations, P(θ,j), among 4He atoms inside the first spherical shell around a Csþ ion in a 4He droplet with N = 64 4He atoms: θ̂ ∈ [60�,78�].

Figure 10. Radial 4He density F(r) and number of atoms N(r) within a sphere of radius r around a Beþ ion for droplets with different number, N, of
4He atoms.

Figure 11. (a) Monte Carlo evolution of the distance of three 4He atoms from a Beþ ion, started at different radial distances from the ion in a droplet
with N = 64 4He atoms. The radial density profile (black) in arbitrary units is also shown. The distance is monitored at a fixed time-slice. (b) Angular
correlations, P(θ,j), among 4He atoms inside the first spherical shell around a Beþ ion in a 4He droplet with N = 64 4He atoms: θ̂ ∈ [60�,78�].

http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-009.jpg&w=360&h=128
http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-010.png&w=367&h=170
http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-011.jpg&w=363&h=129
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Mgþ-Doped Nanodroplets. Nanodroplets doped with one
Mgþ ion have the density profile shown in Figure 12. The
Mgþ�He interaction potential is the shallowest among those
studied here. The peak of the first shell, even if well above the
freezing density, is smaller than the previous cases. The density
profile for the case N = 20 consists of a single radial density peak
with a small tail at larger distances. By increasing the number of
4He atoms in the nanodroplets, a well-defined second modula-
tion in the density profile appears; the first shell consists of about
18 4He atoms, which is similar to the Csþ case; note also that
these two cases correspond to a similar position of the minimum
of the ion�He interaction potential. The density minimum
between the first and the second modulation in the density
profile is similar to the Beþ case, but the analysis of the Monte
Carlo evolution of the radial distances of 4He atoms from the ion
reveals a high probability for the 4He atoms to change the shell to
which they belong (see Figure 13a); 4He atoms are seen to visit
all the modulation in the radial density profiles in a few thousand
Monte Carlo steps. The analysis of the angular correlations, P(θ,
j), in the first shell indicates the presence of solid-like order, but
peaks are wider and overlapping, making more difficult their
identification with respect to the other cases (see Figure 13b).
Mgþ in a 4He droplet has been studied at T = 0 K with PIGS,18

and the authors concluded that the structure in the first shell
around the ion is liquid-like. We note that the definition of solid

order for systems with such a limited number of atoms can be
ambiguous, and it is possible that different definitions or different
methods of analysis may lead to different conclusions. In the
literature it has been suggested that Mgþ forms a bubble and not
a snowball.26 From our computation we confirm that Mgþ also
forms a snowball as was found in ref 15. However, the radial
localization of the 4He atoms around Mgþ is significantly smaller
than those around the other ions, and the exchanges between
shells are very frequent, as can be seen in Figure 13a. Due to this
high exchange probability it could be interesting to measure, in
the future, the local superfluid density inside and outside this
snowball to see if such high mobility in the presence of solid-like
order could be coupled with a nonzero local superfluid fraction.

’CONCLUSIONS

In summary, we have performed PIMC calculations for alkali
and alkali-earth ion-doped 4He nanodroplets at low temperatures.

We find that the solid structure around the ion depends on the
position of the minimum of the ion�He potential, whereas the
degree of localization is a function of the depth of this minimum.
For example, by comparing the Kþ and Beþ snowballs, or the
Csþ and Mgþ snowballs, because their potential minimum
positions are about the same, they have a similar number of
particles in the first shell (see Table 1) and a very similar angular

Figure 12. Radial 4He density F(r) and number of atoms N(r) within a sphere of radius r around a Mgþ ion for droplets with different number, N, of
4He atoms.

Figure 13. (a) Monte Carlo evolution of the distance of three 4He atoms from a Mgþ ion, started at different radial distances from the ion in a droplet
with N = 64 4He atoms. The radial density profile (black) in arbitrary units is also shown. The distance is monitored at a fixed time�-slice. (b) Angular
correlations, P(θ,j), among 4He atoms inside the first spherical shell around a Mgþ ion in a 4He droplet with N = 64 4He atoms: θ̂ ∈ [60�,78�].

http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-012.png&w=367&h=170
http://pubs.acs.org/action/showImage?doi=10.1021/jp200617a&iName=master.img-013.jpg&w=363&h=129
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structure, but because the depth of the potential minimum differs,
the 4He atoms show a very different degree of localization. From
the analysis of the evolution of the distances between 4He atoms
and the ion in the nanodroplet, we have deduced that, even if 4He
atoms in the first shell are radially localized, exchanges between
different shells in the nanodroplet are possible. An interesting
question is whether these atoms participate in superfluidity. Of
the studied ions, Naþ is the one with the most pronounced local
order and this is presumably due to the good match between the
minimum positions of the He�He and He�Naþ potentials. We
find that for Naþ, which has the deepest potential minimum
among the studied ions, the snowball has a very pronounced local
order both in the first and in the second modulations of the
density profile; the angular structure of P(θ,j) is the only one
compatible with a platonic solid within the ions studied, and it is
compatible with an icosahedral geometry for the first and the third
solid shells, and a dodecahedral geometry for the second solid
shell, with a strong angular correlation between shells. Such
extended local solid order is remarkable and suggests the presence
of particularly strong magic shell effects for the Naþ ion.

It will be interesting in the future to calculate local superfluid
densities around the ions, especially to measure the local super-
fluid density in the shells where solid-like order is present. The
present results, obtained with an exact numerical method,
confirm previous variational13�15 and PIGS studies18 where it
was found that the snowball depends very much on the ion both
in terms of local order and degree of localization.
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