
Lecture 1. Reminders Re  BCS Theory

References: Kuper, Schrieffer, Tinkham, De Gennes, 

articles in Parks. AJL RMP 47, 331 (1975); AJL 

Quantum Liquids ch. 5, sections 3-4.

Notations:  ξk = absolute value of kinetic energy for free 

gas, i.e., ħ2k2/2m, 

εk ≡ ξk – µ(T)

Ek reserved for something special to BCS theory. 

N(0) ≡ 
�

�

��

�ε ε�		

=  density of states of one spin at 

Fermi surface, 

vF = Fermi velocity.

1. BCS model

N (= even) spin –1/2 fermions in free space  

(=Sommerfeld model) with weak attraction.
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2. BCS wave function

Fundamental assumption: GSWF  ground state wave function in

class

Antisymmetrizer.                  Note all pairs have the same φ.

Specialize to

(a) spin singlet pairing;

(b) orbital s-wave state;

(c) center of mass at rest.

Then
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φ even in r1 – r2.  F.T.:

≡ � 	

� �
↑

� ��
↓
� �/�

|vac
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Thus up to normalization,

or since

Go over to representation in terms of occupation spaces of k, -k: 

|00>k, |10>k, |01>k, |11>k Then

To normalize multiply by (1 + |χk|
2)–1/2

Normal GS is special case with uk = 0 and = 1 for k<kF and uk = 1,    = 0 

for k > kF. Thus, general form of N-nonconserving BCS wave function is,
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Notes: 

a) very general (for spin singlet pairing), e. g. uk and 

can be f(��).

b) uk → exp iϕ
k
, → exp iϕ

k
has no physical 

effect ⇒ choose all to be real. 

c) → exp iψ no physical effect    

↑

same for all k

d) hence, to obtain N-conserving MBWF, 

TD-5



4. The ‘pair wave function’

Role of the relative wave function of a Cooper pair played at T=0, by

or its Fourier transform F(r) =  Σk Fk exp ikr.

E.g. e.v. of potential energy <V> given by

For BCS w.f. only 3 types of term contribute:

(1) Hartree terms: (q = 0).

(2) Fock terms, corresponding to σ = σ’, p – p’. These give
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Because of the uncorrelated nature of the BCS wave function we can 

replace the right hand side by



,

(3) The pairing terms: p + q/2 = – (p’ – q/2), σ’ = – σ. Writing for 

convenience: p + q/2 = k ’, p-q/2 = k, we have
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We do not yet know the specific form of u’s and ’s in the 

ground state, hence cannot calculate the form of F(r), but we 

can anticipate the result that it will be bound in relative space 

and that we will be able to define a ‘pair radius’ as by the 

quantity ξ≡(∫ r2|F|2dr/ ∫ |F|2 dr)1/2.

Emphasize: everything above very general, true independently 

of whether or not state we are considering is actually ground 

state.

Compare for 2 particles in free spaceV(r) = ∫ dr V (r) |ψ(r)|2. 

Thus, for the paired degenerate Fermi system, F(r) essentially 

plays the role of the relative wave function ψ(r). (at least for the 

purpose of calculating 2-particle quantities). It is a much 

simpler quantity to deal with than the quantity ϕ (r) which 

appears in the N-conserving formalism. [Note however, that 

F(r) is not normalized.]
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~1	 %	
1

ε�

~1/ε2

~|ε|-1
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; see AJL, QL, appendix 5F

(5)
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⇒ to extent Vhh, approx. constant  over ε » ∆, ε&
same	in	S	as	in	
N	state
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The pair wave function
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General behavior of F(r)

A. For r ≲ 	2
��, some of above approximations break down, but 

clear that F(r) ∝ ϕ(r), relative wf of 2 interacting electrons in 

free space with E~EF.

B. For 	2
�� « r « ħvF/ ∆(o), can evaluate explicitly, 

F(r) ∝ ϕfree(r).  (w.f. of two freely moving particles w. zero 

com mom. at Fermi energy)

C. For r	≳ ℏv6/∆(o), F(r) falls off exponentially, F(r) ∝ e-r/ξ with 

7	~ℏv6/∆(o)	and only weakly T-dependent. 

The bottom line:

1. Cooper pair radius always ~ ℏv6/∆(o), ind. of T

2. “number” of Cooper pairs ~	N(∆(o)/EF)  at T = 0, → 0  as 

T → Tc.
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