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SJITU 6.1

BCS theory (T = 0)

Model: same as in Cooper problem. i.e. Sommerfeld
model plus weak attraction,

V(r) =Vy6(r) (will be mostly interested in V, < 0)

We keep the upper cutoff €. but now want to treat Fermi
sea properly.

In Cooper problem, pair forms in spin singlet state with
COM at rest, i.e. single-electron state |k, T) is paired with
| — k, l). Let’s assume this also holds in the realistic
(many-body) case.

Crucial trick: work in terms not of behavior of individual
electrons, but of occupation of states. Because of Pauli
principle, the pair of states (|k T),| — k 1)) has only four
possible states of occupation: (4D Hilbert space)

0, 0) |1, 1) 11,0) 10, 1),
T T 0
both both k T occupied, k T empty,
empty occupied —k l empty —k | occupied

Guided by Cooper’s solution, neglect for the moment |1,0)

and |0,1). Then the wave function of the pair of states
|k T,—k,1)is

CI)k = uk|00)k + vk|11>k with |uk|2 + |Uk|2 =1
T

~ normalization
and the groundstate of the whole system is

LIJ=1_[ch
k
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Note:

(a) The many-body wave function ¥ does not
correspond to a definite total number of particles! In
fact it is of the form

l‘IJZECNLIJN
N

(However, possible to project off a definite—N state
if we need to).

In any case, we must choose the v;’s so that

(N) = Zz|uk|2 = N < actual number of
X electrons in system

(b) Normal GS is special case, with

uk=O,Uk=1 |k|<kp

(in this case N is definite)
uk:].,Uk:O |k|>kF

(c) Can always take u;, real without loss of generality.
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A useful way of visualizing BCS GSWEF:
Anderson “pseudospin” representation.

Consider specific pair of states (k T, —k 1) = k and think
of states |11) and |00) as analogous to 2 states (g, = +1)
of a spin-1/2 particle. Then the superposition @, =
|uy)|00) + vy |11) corresponds to the “spin” being oriented
(partially) in the xy-plane = described by angles 6y, ¢;..

Quantitatively:

(Ozk) = |Uk|2 - ulzc = cos 0

(0xx) = 2Re(uyvy) = sin 6y cos @y ™

(ayk) = 2Im(uyvg) = sin 6, sin @y,

For simple BCS case in equilibrium, possible without loss of
generality to choose all vy, as well as uy, real = “spins” lie in
xz-plane. ({g,x) = sin 8y,)

occupied

Ittt 1177 .
AT 2T
F N\

Er
energy — empty energy —
N state S state
(T=0)



SITU 6.4
Q: what determines values of uy, v, for physical GS?

A: Energetics! Because N not definite, must minimize not
(ﬁ) but
(H — uN) with u fixed either by leads or by
A condition (N) = Nyye

chemical potential

Kinetic energy contribution:

. h%k?
(T) = 22( o —u) fie = ) (ell?)
k k

T

€k

Potential energy: tricky!

Pauli principle = can only scatter into pair state k if it
is empty, i.e. |0,0),, or out of it if it is full, |1,1), . So for a
given process (k T,—k ) = |k' T,—k' l) the
contribution to (V) is

<V>k—>k/ = (l/}f, thin) = I/, X amplitude for (|1,1); [0,0),) X
amplitude* for (|0,0); |1,1)%,)

= VoUr Uy, * U Vg, = Vo(urvy) - (Ug,Vg,)
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Hence

-~

(H - #N> = Z 2¢i|vgl® + V Z(ukvk)(ukrvizr)
K

kkr

must minimize w.r.t. {u, v, } subject to |uy|? + |vk|? = 1.

In Anderson pseudospin representation,

(Ozk) = 2|Uk|2 — 1, {oxk) = 2uivy

= apart from constant, (Z Ek)

k
. _ 1
(H B MN) = Z ek(azk) + Z VO z(axk><0xk/)
k kkr

Let’s define a quantity 1

A=V ) (G2 3
kr ek
—~/ Ek
then spin k sits in “magnetic field” .
H = _Ek2 + Ax A

of magnitude

E. = (et + IAIZ)l/2
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Since in equilibrium the spin points along the (total) field, this
gives

Vi —ui = cosO, = — €, /Ey,

UpVp = Esin 0, =A/2E, (anduji +vi =1)

with the solution

1/2

’ 1/2 1
U = (E (1+ Ek/Ek)> Vg = (E (1- Ek/Ek))

We still have to fix A. Since (0y,) = sin 8, = A/E}, , df. of
A gives

A = —VOZ A/2Ey,
kr

or in the more general case when matrix element for
scattering (k T,—k 1) » (k' T, —k" 1) is Vi, ,

1/2
Ay = —z Vier Agr / 2Eg, (Ek = EI% + |Ak|2)
kr

0
BCS gap equation



SITU 6.7

In original BCS model (Viy, = Vo, with cutoff £ €.), gap

equation reduces to
€c

:——Voz(ek+|A|2) — W j( de

€2+ (A1) 72

which has no solution for V, > 0 (repulsion). ForV, < 0
(attraction)

Vol S sinh (e /8) = A= e /sinh 5 Vol dn)
=5 IVol——sinh™* (e = €./sin ol | ==

1 dn
~ 2€.exp — 1/5 Vol de (often written
A= 2e.exp —1/N(0)|V|

I
N =
a|a -
m|s
N

So: in S state at T = O, Anderson pseudospins are

tilted away from z-axis over an energy range ~|A| around Fermi
energy. NlAl
|

Mt o M,
/T RN

Er

i.e. state of pair (KT, -&{) is a coherent quantum
superposition of |0, 0); and |1, 1)
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Two important quantities:

(a) Occupation of single-electron states:

~|A|

)

e

€ EF
(note similarity to thermal smearing — but tails more

extensive ~e~?)

(b) The quantity

Fy

1
U V) = E(O-xk> = A/2Ey
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Significance of Fj(or its Fourier transform F(r)):

consider more general model, so that

(V)pcs = z Vier' FicFpor
Kk!

If we define F.T. by

1
F(r E—ZF expik-r
( \/Vk k €XP

then

(VYpes = j VIF () |2dr

Compare for problem of 2 particles in free space

Vs = j V)| 2dr

Hence, at least for the purposes of considering effects of pairing

F(r) plays role of Cooper-pair wave function

(and the quantity

dn
[IF@IRdr = 12~ S2 [ delal/ce + aP)~N o/
k

plays the role of “number of Cooper-pairs”.)
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General structure of F(r):

F(r)~AZ(2Ek)_1 expik-r
K

If we smooth the cutoff at +€,, then forr > kz1,vr /€., the
form of F is

1 dn sinkgpr hvg

Fry=-A—- —r/é& =
() =580 Ty &P T/ VTN

f

wave function of 2 free
particles at Fermi energy

Thus, pair wave function is “bound” in coordinate space, with
“radius” ~hvg/|A] (thus exponentially large for [V,| — 0)

in practice, §'~103 — 10*A for “classical” superconductors
hence, ~10? electrons within pair radius — strongly collective
effect.
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Condensation energy of BCS state (T = 0):
using above formulae, can calculate for arbitrary A

oo ({)n <2%) — %) (w(o) . l(d_">>
- 2 \de

(V) = —=VyN2(0)A%¢n?(2¢e. /1)
Differentiation with respect to A of (T) + (17) gives back gap
equation, and substituting this value gives a condensation
energy relative to the normal ground state of

1 2
Econa = _EN(O)A

Note this is a fraction ~(A/Er)?~1078 of N ground state energy!

Alternative (handwaving) derivation: in S state, energies of
Anderson pseudo spins perturbed by amount ~A over an energy
range itself ~A around Fermi surface, which contains ~N(0)A
states. Hence, total S — N energy difference ~N(0)A?

(?: doesn’t address cancellation of high-energy divergences.)
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Summary of lecture 6

In a Sommerfeld model with weak attraction —|V,|6 (1)
collective bound state formed, with “characteristic energy”
A~exp — —1/N(0|V,]) and radius ~Av;/A. Most of the
“disturbance” to the normal ground state is confined to an
energy region of width ~A around Fermi surface: Number of
pairs occupying bound state is ~N(A/Er), and condensation
energy is ~N(0)A?>~N(A?/ER).



