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are the dielectric 
 functions equal?

Note on the inconsistency of the dielectric function in the cuprates

Abbamonte’s group made a measurment of the dynamic charge susceptibility (or density-density response function),
�(q,!), in the normal state of Bi-2212 cuprate superconductors [1]. Orginally, we wanted to calculate the optical
conductivity, �(!), using this �(q,!). However, we found that �(!) from the density-density response function is
inconsistent with �(!) previously obtained using other techniques. We are interested in understanding why is this
happening.

I. OPTICAL CONDUCTIVITY AND DIELECTRIC FUNCTION IN THE NORMAL STATE OF THE
CUPRATES

Optical conductivity in the normal state of the cuprates [2, 3] is a power law of frequency,

�(!) / (�i!)�↵, (1)

in the energy range approximately between 0.06 eV to 0.9 eV (500 cm�1 to 7500cm�1) (see Fig 1). At optimal doping,
↵ ⇡ 2

3 .
Optical conductivity is not directly measured in the actual experiment. First, the complex dielectric function "(!)

is measured from the optical measurments (reflectance and ellipsometry). Then "(!) can be converted to �(!) using
a relation

"opt(q,!) = "1 +
i4⇡�(q,!)

!
. (2)

Here "1 represents the screening due to core electrons. The subscript opt refers to the fact that "(q,!) is obtained
through the optical measurement. Using this relation we can see that at optimal doping

"opt(!) / !� 5
3 . (3)

Note that both "opt and � are measured at q = 0.

II. DENSITY-DENSITY RESPONSE FUNCTION

The density-density response �(q,!) is related to the corresponding 1PI density-density response ⇧(q,!) by

�(q,!) =
⇧(q,!)

"1 � V (q)⇧(q,!)
(4)

FIG. 1. Log-log plot of |�(!)| vs. ! at optimal doping [2]
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FIG. 2. Plot of ⇧
00
(q,!)/⇧0(q) vs. !/!c(q) at optimal doping [1]. Here ⇧0(q) = Aq2 for some positive constant A and !c(q)

is approximately 1 eV.

where V (q) is the coulomb interaction. ⇧00(q,!) = Im ⇧(q,!) extracted from �(q,!) at optimal doping is shown in
Fig. 2. At energy above ⇡ 0.1 eV, ⇧00(q,!) has a functional form

⇧00(q,!) = �⇧0(q) tanh
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. (5)

The denominator of Eq. 4 can be interpreted as the dielectric function,

"⇢⇢(q,!) = "1 � V (q)⇧(q,!) (6)

The subscript ⇢⇢ means "(!) is obtained through the density-density response function. Taking the limit q ! 0 of
this equation1, we find that "00⇢⇢(!) is constant in the energy range approximately between 0.1 eV to 1 eV. This means
"opt 6= "⇢⇢.

III. POSSIBLE EXPLANATION

1. One still maintains that "opt = "⇢⇢. This is true if the bare interaction is a function of frequency V (q,!).

2. One accepts that "opt 6= "⇢⇢. This leads to the following considerations.

I. To relate � and �, one usually assumes "opt = "⇢⇢. This equality between the two dielectric function leads
(setting Eq. 2 equals to Eq. 6) to (see for example [4])

�(q,!) = i
V (q)

4⇡
!⇧(q,!). (7)

This assumption usually works for the case of weakly scattering electrons leading to the relationship between
the Mermin response [5] and the Drude formula in the limit q ! 0. The Mermin response [5], ⇧M (q,!), is given
term of the Lindhard function, ⇧0(q,!), as

⇧M (q,!) =
⇧0(q,! + i/⌧)

1� 1
(1�i!⌧)

⇣
1� ⇧0(q,!+i/⌧)

⇧0(q,0)

⌘ (8)

1
One needs to require that V (q) ! 1

q2
at least when q ! 0.

"||(q,!) = 1�V(k)⇧(k,!)

"opt? (q,!) = "1 + 4⇡i�(q,!)/!

⇡ !�5/3
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This equality doesn’t hold even in limit of zero q in BSCCO!! 
 What’s the discrepancy in Cuprates?

Cuprates
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Does this discrepancy 
offer a window  
into the strange 

metal? 
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Order of limits
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longitudinal dielectric function is debatable. Legitimate
as these objections might be, the question of whether,
in principle, eq 1 is valid for anisotropic systems with a
fixed driving field still remains.

Order of limits: In experiments, finite momentum lon-
gitudinal (transverse) dielectric response measurements
are performed by setting the transverse (longitudinal)
wave vector q? (qk) transfer to zero or close to zero (af-
ter oblique angle corrections etc). Therefore, the zero
momentum transfer in the longitudinal (transverse) case
is obtained by taking qk (q?) to zero after one sets the
perpendicular (parallel) component to zero. At an oper-
ational level, this is equivalent to taking the limits of the
transverse and longitudinal momenta to zero in di↵erent
order. Our goal here will be to uncover the circumstances
under which the commutator

⇥
limqk!0, limq?!0

⇤
of lim-

its of the response function does not vanish.
Drude case: That the equality in eq 1 holds for simple

metals can be argued directly from the Mermin formula
[9] for the susceptibility in the presence of weak impurity
scattering. The longitudinal conductivity is related to
the polarization function through the relation �k(q,!) =
i!
4⇡Vq⇧(q,!), where Vq = 4⇡e2

q2 . The Mermin suscepti-

bility is given by �M (~q,!) =
�0(~q,!+ i

⌧ )

1+(1�i!⌧)�1

✓
�0(~q,!+ i

⌧
)

�0(~q,0) �1

◆ ,

where �0(q,!) is the Lindhard function and ⌧�1 is the
scattering rate. Replacing the polarization above with
the Mermin susceptibility, and noting that the Lind-
hard function for small momentum transfers behaves as
�0(q,!) =

nq2

M!2 (n,M are the electron density and mass
respectively, with M set to unity henceforth), it is easy
to see that the longitudinal conductivity reduces to the
Drude formula. The fact that long wavelength optical
measurements that are predominantly sensitive to the
transverse optical conductivity (like ellipsometry), also
observe [10] a Drude response, points to an important
symmetry between the longitudinal and transverse opti-
cal conductivities that characterizes simple metals, and
there is no reason to expect this symmetry to hold in the
presence of interactions. To make this symmetry more
transparent, we write the finite momentum, i-th compo-
nent current-current response of a disordered electron gas
minimally coupled to the electromagnetic field as [11]

Ki(q?, qk,!) =
1

4⇡

Z +1

�1
d⌫ F (⌫,!)

Z
dp (2p+ q)2i

⇥G�
p (⌫)G

+
p+q(⌫ + !). (2)

Here the function F (⌫,!) contains thermal factors, and
the impurity averaged retarded and advanced Green
functions are given by [G±

p (⌫)]
�1 = ⌫ � ⇠p ± i

2⌧ where
⇠p is the free electronic dispersion measured with respect
to the chemical potential. The direction of the momen-
tum transfer i appearing in the electromagnetic vertex
is fixed by the driving field, while the momentum trans-
fer q in the Green function contains components both

along and perpendicular to the driving field. It is ev-
ident from eq 2 that one gets the same value of the
conductivity regardless of which component of the mo-
mentum transfer (q? or qk) is taken to zero first, i.e,⇥
limqk!0, limq?!0

⇤
Ki(q?, qk,!) = 0. For a fixed direc-

tion of the driving field i, this statement is true even in

the presence of anisotropy (in ⇠p, for example). On the
other hand, when q is taken to zero along a fixed direction
and the driving field is rotated to be either longitudinal
or transverse, as per our expectations eq 2 gives di↵erent
results only when there is anisotropy.
Interactions: The frequency of the driving field and

the scattering rate form two important energy scales in
the Drude problem, and together are responsible for the
commutation of the two zero momentum limits. Since all
energy scales originating from the external field coupling
to electrons are compared to these scales, it does not
matter along what direction the momentum transfer is
taken to zero. This conclusion is robust to the addition
of fields with power law type propagators, as the scales
are simply transferred over the new degrees of freedom.
One possible way interactions could modify this result is
through electron-boson vertices of the form

L = L0 +

Z
ds⇥2

p,p�s  ̄(p� s)�(s) (p) (3)

where ⇥2
p,p�s are the interaction matrix elements and

 (p) and �(p) are electron and boson fields respectively.
To obtain non-commutativity of the two limits, the in-
teraction vertex above cannot originate from electrons
interacting with the electromagnetic field or phonons.
This is because the vertex interaction between electrons
and light is strictly determined by minimal coupling, and
electron-phonon vertices diverge at low momenta (screen-
ing of these interactions only introduces an additional
scale, and the electron-phonon vertex vanishes in the zero
momentum limit) making them unviable.
In this work, we envisage electron-boson interactions

emerging from electron correlations with matrix elements
that depend only the angles between the incoming and
outgoing electron momenta. The simplest forms of such
coupling are functions that depend on the projection
of one electron scattered momentum on the other, i.e
f(ŝ.p̂). The matrix elements cannot be odd in either of
the momenta (else the contribution vanishes due to anti-
symmetry), hence we require vertices at least quartic in
electron momentum. Vertices of such sort originate from
electron correlations that depend on gradients of elec-
tron fields and have been used frequently in literature to
study interaction-driven spontaneously broken rotational
symmetries [12] and coupling spinless electrons to Gold-
stone modes [13]. In our case, the bosons are obtained
as Hubbard-Stratonovich fields through mean field solu-
tions of interactions of the form Lint = g(r̂ ̄(r).r̂ (r))2,
where the hat denotes unit vectors along gradients. In
other words, we consider interactions where the scat-
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where �0(q,!) is the Lindhard function and ⌧�1 is the
scattering rate. Replacing the polarization above with
the Mermin susceptibility, and noting that the Lind-
hard function for small momentum transfers behaves as
�0(q,!) =
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M!2 (n,M are the electron density and mass
respectively, with M set to unity henceforth), it is easy
to see that the longitudinal conductivity reduces to the
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observe [10] a Drude response, points to an important
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cal conductivities that characterizes simple metals, and
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where �0(q,!) is the Lindhard function and ⌧�1 is the
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hard function for small momentum transfers behaves as
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M!2 (n,M are the electron density and mass
respectively, with M set to unity henceforth), it is easy
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Drude formula. The fact that long wavelength optical
measurements that are predominantly sensitive to the
transverse optical conductivity (like ellipsometry), also
observe [10] a Drude response, points to an important
symmetry between the longitudinal and transverse opti-
cal conductivities that characterizes simple metals, and
there is no reason to expect this symmetry to hold in the
presence of interactions. To make this symmetry more
transparent, we write the finite momentum, i-th compo-
nent current-current response of a disordered electron gas
minimally coupled to the electromagnetic field as [11]

Ki(q?, qk,!) =
1

4⇡

Z +1

�1
d⌫ F (⌫,!)

Z
dp (2p+ q)2i

⇥G�
p (⌫)G

+
p+q(⌫ + !). (2)

Here the function F (⌫,!) contains thermal factors, and
the impurity averaged retarded and advanced Green
functions are given by [G±

p (⌫)]
�1 = ⌫ � ⇠p ± i

2⌧ where
⇠p is the free electronic dispersion measured with respect
to the chemical potential. The direction of the momen-
tum transfer i appearing in the electromagnetic vertex
is fixed by the driving field, while the momentum trans-
fer q in the Green function contains components both

along and perpendicular to the driving field. It is ev-
ident from eq 2 that one gets the same value of the
conductivity regardless of which component of the mo-
mentum transfer (q? or qk) is taken to zero first, i.e,⇥
limqk!0, limq?!0

⇤
Ki(q?, qk,!) = 0. For a fixed direc-

tion of the driving field i, this statement is true even in

the presence of anisotropy (in ⇠p, for example). On the
other hand, when q is taken to zero along a fixed direction
and the driving field is rotated to be either longitudinal
or transverse, as per our expectations eq 2 gives di↵erent
results only when there is anisotropy.
Interactions: The frequency of the driving field and

the scattering rate form two important energy scales in
the Drude problem, and together are responsible for the
commutation of the two zero momentum limits. Since all
energy scales originating from the external field coupling
to electrons are compared to these scales, it does not
matter along what direction the momentum transfer is
taken to zero. This conclusion is robust to the addition
of fields with power law type propagators, as the scales
are simply transferred over the new degrees of freedom.
One possible way interactions could modify this result is
through electron-boson vertices of the form

L = L0 +

Z
ds⇥2

p,p�s  ̄(p� s)�(s) (p) (3)

where ⇥2
p,p�s are the interaction matrix elements and

 (p) and �(p) are electron and boson fields respectively.
To obtain non-commutativity of the two limits, the in-
teraction vertex above cannot originate from electrons
interacting with the electromagnetic field or phonons.
This is because the vertex interaction between electrons
and light is strictly determined by minimal coupling, and
electron-phonon vertices diverge at low momenta (screen-
ing of these interactions only introduces an additional
scale, and the electron-phonon vertex vanishes in the zero
momentum limit) making them unviable.
In this work, we envisage electron-boson interactions

emerging from electron correlations with matrix elements
that depend only the angles between the incoming and
outgoing electron momenta. The simplest forms of such
coupling are functions that depend on the projection
of one electron scattered momentum on the other, i.e
f(ŝ.p̂). The matrix elements cannot be odd in either of
the momenta (else the contribution vanishes due to anti-
symmetry), hence we require vertices at least quartic in
electron momentum. Vertices of such sort originate from
electron correlations that depend on gradients of elec-
tron fields and have been used frequently in literature to
study interaction-driven spontaneously broken rotational
symmetries [12] and coupling spinless electrons to Gold-
stone modes [13]. In our case, the bosons are obtained
as Hubbard-Stratonovich fields through mean field solu-
tions of interactions of the form Lint = g(r̂ ̄(r).r̂ (r))2,
where the hat denotes unit vectors along gradients. In
other words, we consider interactions where the scat-
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longitudinal dielectric function is debatable. Legitimate
as these objections might be, the question of whether,
in principle, eq 1 is valid for anisotropic systems with a
fixed driving field still remains.

Order of limits: In experiments, finite momentum lon-
gitudinal (transverse) dielectric response measurements
are performed by setting the transverse (longitudinal)
wave vector q? (qk) transfer to zero or close to zero (af-
ter oblique angle corrections etc). Therefore, the zero
momentum transfer in the longitudinal (transverse) case
is obtained by taking qk (q?) to zero after one sets the
perpendicular (parallel) component to zero. At an oper-
ational level, this is equivalent to taking the limits of the
transverse and longitudinal momenta to zero in di↵erent
order. Our goal here will be to uncover the circumstances
under which the commutator

⇥
limqk!0, limq?!0

⇤
of lim-

its of the response function does not vanish.
Drude case: That the equality in eq 1 holds for simple

metals can be argued directly from the Mermin formula
[9] for the susceptibility in the presence of weak impurity
scattering. The longitudinal conductivity is related to
the polarization function through the relation �k(q,!) =
i!
4⇡Vq⇧(q,!), where Vq = 4⇡e2
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where �0(q,!) is the Lindhard function and ⌧�1 is the
scattering rate. Replacing the polarization above with
the Mermin susceptibility, and noting that the Lind-
hard function for small momentum transfers behaves as
�0(q,!) =

nq2

M!2 (n,M are the electron density and mass
respectively, with M set to unity henceforth), it is easy
to see that the longitudinal conductivity reduces to the
Drude formula. The fact that long wavelength optical
measurements that are predominantly sensitive to the
transverse optical conductivity (like ellipsometry), also
observe [10] a Drude response, points to an important
symmetry between the longitudinal and transverse opti-
cal conductivities that characterizes simple metals, and
there is no reason to expect this symmetry to hold in the
presence of interactions. To make this symmetry more
transparent, we write the finite momentum, i-th compo-
nent current-current response of a disordered electron gas
minimally coupled to the electromagnetic field as [11]

Ki(q?, qk,!) =
1

4⇡

Z +1

�1
d⌫ F (⌫,!)

Z
dp (2p+ q)2i

⇥G�
p (⌫)G

+
p+q(⌫ + !). (2)

Here the function F (⌫,!) contains thermal factors, and
the impurity averaged retarded and advanced Green
functions are given by [G±

p (⌫)]
�1 = ⌫ � ⇠p ± i

2⌧ where
⇠p is the free electronic dispersion measured with respect
to the chemical potential. The direction of the momen-
tum transfer i appearing in the electromagnetic vertex
is fixed by the driving field, while the momentum trans-
fer q in the Green function contains components both

along and perpendicular to the driving field. It is ev-
ident from eq 2 that one gets the same value of the
conductivity regardless of which component of the mo-
mentum transfer (q? or qk) is taken to zero first, i.e,⇥
limqk!0, limq?!0

⇤
Ki(q?, qk,!) = 0. For a fixed direc-

tion of the driving field i, this statement is true even in

the presence of anisotropy (in ⇠p, for example). On the
other hand, when q is taken to zero along a fixed direction
and the driving field is rotated to be either longitudinal
or transverse, as per our expectations eq 2 gives di↵erent
results only when there is anisotropy.
Interactions: The frequency of the driving field and

the scattering rate form two important energy scales in
the Drude problem, and together are responsible for the
commutation of the two zero momentum limits. Since all
energy scales originating from the external field coupling
to electrons are compared to these scales, it does not
matter along what direction the momentum transfer is
taken to zero. This conclusion is robust to the addition
of fields with power law type propagators, as the scales
are simply transferred over the new degrees of freedom.
One possible way interactions could modify this result is
through electron-boson vertices of the form

L = L0 +

Z
ds⇥2

p,p�s  ̄(p� s)�(s) (p) (3)

where ⇥2
p,p�s are the interaction matrix elements and

 (p) and �(p) are electron and boson fields respectively.
To obtain non-commutativity of the two limits, the in-
teraction vertex above cannot originate from electrons
interacting with the electromagnetic field or phonons.
This is because the vertex interaction between electrons
and light is strictly determined by minimal coupling, and
electron-phonon vertices diverge at low momenta (screen-
ing of these interactions only introduces an additional
scale, and the electron-phonon vertex vanishes in the zero
momentum limit) making them unviable.
In this work, we envisage electron-boson interactions

emerging from electron correlations with matrix elements
that depend only the angles between the incoming and
outgoing electron momenta. The simplest forms of such
coupling are functions that depend on the projection
of one electron scattered momentum on the other, i.e
f(ŝ.p̂). The matrix elements cannot be odd in either of
the momenta (else the contribution vanishes due to anti-
symmetry), hence we require vertices at least quartic in
electron momentum. Vertices of such sort originate from
electron correlations that depend on gradients of elec-
tron fields and have been used frequently in literature to
study interaction-driven spontaneously broken rotational
symmetries [12] and coupling spinless electrons to Gold-
stone modes [13]. In our case, the bosons are obtained
as Hubbard-Stratonovich fields through mean field solu-
tions of interactions of the form Lint = g(r̂ ̄(r).r̂ (r))2,
where the hat denotes unit vectors along gradients. In
other words, we consider interactions where the scat-

??1) The answer to this question lies in 
the order in which the momentum 
transfer q is taken to zero, i.e., 
whether the parallel component is 
taken to zero first or the 
perpendicular.


2)  In the case of optics: parallel first 
and then perpendicular and 
opposite for MEELS


3) Typically these two are the same i.e., 
the commutator is zero.


4) But is it always true??
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(Normal metals)
N.D. Mermin PRB (1970)

"?(~q ! 0,!) = "||(~q ! 0,!)



Drude case
In the last line we have used the density of states for parabolic dispersion, N(✏) = N0✏

(d�2)/2.
The second part of the integral can be done by parts,

I2 =
2

d

Z
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d/2
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2
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h
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Z
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(d�2)/2
Gn(✏) = �I1 . (1.12)

what happened to the boundary part?. Substituting this in the original integral we get K(0, 0) =

0.

Accounting for all the discussions above we obtain

�(q,!) =
1

⇡

Z +1

�1
d⌫ F (⌫,!)

Z
dp

(2p+ q)2i
(2m)2

G
�
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+
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Here !F (⌫,!) = nF (⌫)� nF (⌫ + !). Note for ! ! 0 this can be simplified to

F (⌫) = lim
!!0

F (⌫,!) = �
dnF (⌫)

d⌫
= �e

�⌫
nF (⌫)

2
. (1.14)

2 Different limits

Two ingredients to obtain a non-trivial result:
a) The incident light has a q vector at an angle to the normal. This must mix qpara and qperp

b) A scalar field with no energy scale so the Greens function has an infra-red divergence.

To obtain a) we must note that the E and A fields which drive �long are in plane (since the deriva-
tive of the action is w.r.t to the Gauge field in plane). This means that the incident q vector has a
component parallel and perpendicular to E and A if it is incident at an angle.

2.1 Things needed are

Scale Free Interaction It has to transfer no energy or momenta.

Angle Dependent In order to end up with a dot product.

No UV divergence The resulting interaction must not diverge at |q| ! 0.

2.2 Things that can’t work

Non-abelian gauge It just makes the Green functions matrices.

Self-energy correction Can’t do it since the fermions transfer a scale to the boson.

Phonos Divergence at q ! 0, since the vertices are 1/q. Not even screened one can help since it
comes with a scale.
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FIG. 1. Feynman diagrams contributing to the current re-
sponse in the presence of impurities and electron-boson inter-
actions. The thick (thin) lines denote impurity averaged (free)
electron Green functions and the single solid dot denotes ver-
tex corrections from impurities. The dashed line denotes the
bosons and the cross symbols are the electron-boson interac-
tion vertices described in the text.

tering amplitude depends only on the direction of the
scattered momenta and not their magnitude. This en-
forces the electron-boson matrix elements to take the
form ⇥p,p�s = p̂.(p̂ � ŝ). Angular vector interactions
of this type are generalizations of e↵ective interactions
that have frequently appeared in literature in the con-
text of dielectric functions on a lattice [14–17]. In these
scenarios, angular terms arise due to coupling of long
range Coulomb interactions with either elastic lattice vi-
brations [17] or modulations of the Wigner lattice [14].
However, it must be noted that both the longitudinal
and transverse ’modes’ studied in these works are de-
fined with respect to polarization of the lattice vibra-
tions. Hence, both the longitudinal and transverse limits
are obtained entirely from the density response, unlike
our case where the transverse limit can only be obtained
from the current response.

Fig 1 shows a set of bubble diagrams that contribute
to the current response in the presence of impurities and
electron-boson interactions. The Drude formula at finite
momentum transfer (appearing in eq 2) is described in
Fig 1(a), and gives the response of impurity averaged
electrons (thick lines) to the external electromagnetic
field. Note that this diagram does not include impu-
rity vertex corrections of the form shown in Fig 1(b)
(black solid dot), i.e., the Drude formula neglects im-
purity lines connecting Green functions across the bub-
ble. This assumption is justified in the limit of zero mo-
mentum transfer since the diagram vanishes [11] in this
limit; diagrams of such type will also not be of interest to
us as they do not contribute to the non-commutativity.
The diagram in Fig 1(d) contains two kinds of perturba-
tive corrections�one from impurities and the other from
electron-boson interactions�and hence can be neglected
to lowest order. It now remains to evaluate the diagram
in Fig 1(c).

The lowest order correction to the i-th component of
the current response, �Ki(q?, qk,!q), due to the afore-

mentioned interactions is given by

�Ki(q?, qk,!q) =

Z
ds dpV i

p,q,s M(s,p; q), (4)

M(s,p; q) =
1

�

X

i!p

G(p)G(p+ q)M̄(s; p, q),

M̄(s; p, q) =
1

�

X

i!s

G�(s)G(p+ q � s)G(p� s).

Here we have used italic variables to denote both mo-
mentum and Matsubara frequency, q = (q,!q), and the
non-interacting electronic and bosonic (with mass m)
Green functions are denoted by G(p) = (i!n � ⇠p)�1 and
G�(s) = (!2

n + ✏2s)
�1 respectively with ✏2s = m2 + |s|2.

The function V i
p,q,s contains all the vertices originating

from electrons coupling to the external electromagnetic
field and the bosonic field �(s), and is given by

V i
p,q,s = 4

⇥
(p)2i � si (p)i

⇤
⇥2

p,p�s⇥
2
p+q,p+q�s (5)

Computing �Ki(q?, qk,!q) for generic values of fre-
quency and momentum transfer is fairly complicated,
especially at non-zero temperatures. Hence we wish to
make some simplifying assumptions to maintain analyti-
cal tractability. It will be evident later that lifting these
assumptions will not qualitatively change the conclusions
of our result. To begin, we will assume that the energy
cuto↵ for the boson (✏D) is much smaller that the Fermi
energy (✏F ), and ignore the contributions from fast mov-
ing bosons (or large momentum exchanges of the order
of Fermi momentum, pF ). This allows us to define a mo-
mentum cuto↵ for the bosons, sD, such that |sD| ⌧ |pF |.
We will also assume that the frequency of the external
field is an intermediate scale in the problem such that
|pF |2 >⇠ ! � |pF ||sD|. Such an assumption is justified
since we are interested in energies of the order of plasma
frequency. Using these assumptions and after analyti-
cally continuing i!q, we simplify the integrand at zero
temperature,

M(s,p; q) ' � (|p|� |pF |)
vF ✏s !2

(
1 +

(p · s)2

!2

)
. (6)

In arriving at this form we have dropped contributions
from momenta larger than |pF | since they can be ne-
glected compared to those from momenta of the order
of |pF |. Since the momentum transfer q appearing in
M(s,p; q) does not contribute to the discontinuity in the
order of limits, we have also set q to zero in the above
expression. The Supplemental Material contains details
of the calculations.
We can now substitute the integrand appearing in

eq 6 back into �Ki(q?, qk,!q) in eq 4, and perform in-
tegrals over the momenta p and s. In doing so, odd
powers in either p or s vanish due to angular aver-
ages, and terms independent of q̂ do not contribute

Finite q and T
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longitudinal dielectric function is debatable. Legitimate
as these objections might be, the question of whether,
in principle, eq 1 is valid for anisotropic systems with a
fixed driving field still remains.

Order of limits: In experiments, finite momentum lon-
gitudinal (transverse) dielectric response measurements
are performed by setting the transverse (longitudinal)
wave vector q? (qk) transfer to zero or close to zero (af-
ter oblique angle corrections etc). Therefore, the zero
momentum transfer in the longitudinal (transverse) case
is obtained by taking qk (q?) to zero after one sets the
perpendicular (parallel) component to zero. At an oper-
ational level, this is equivalent to taking the limits of the
transverse and longitudinal momenta to zero in di↵erent
order. Our goal here will be to uncover the circumstances
under which the commutator

⇥
limqk!0, limq?!0

⇤
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its of the response function does not vanish.
Drude case: That the equality in eq 1 holds for simple

metals can be argued directly from the Mermin formula
[9] for the susceptibility in the presence of weak impurity
scattering. The longitudinal conductivity is related to
the polarization function through the relation �k(q,!) =
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4⇡Vq⇧(q,!), where Vq = 4⇡e2
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where �0(q,!) is the Lindhard function and ⌧�1 is the
scattering rate. Replacing the polarization above with
the Mermin susceptibility, and noting that the Lind-
hard function for small momentum transfers behaves as
�0(q,!) =

nq2

M!2 (n,M are the electron density and mass
respectively, with M set to unity henceforth), it is easy
to see that the longitudinal conductivity reduces to the
Drude formula. The fact that long wavelength optical
measurements that are predominantly sensitive to the
transverse optical conductivity (like ellipsometry), also
observe [10] a Drude response, points to an important
symmetry between the longitudinal and transverse opti-
cal conductivities that characterizes simple metals, and
there is no reason to expect this symmetry to hold in the
presence of interactions. To make this symmetry more
transparent, we write the finite momentum, i-th compo-
nent current-current response of a disordered electron gas
minimally coupled to the electromagnetic field as [11]

Ki(q?, qk,!) =
1

4⇡

Z +1

�1
d⌫ F (⌫,!)

Z
dp (2p+ q)2i

⇥G�
p (⌫)G

+
p+q(⌫ + !). (2)

Here the function F (⌫,!) contains thermal factors, and
the impurity averaged retarded and advanced Green
functions are given by [G±

p (⌫)]
�1 = ⌫ � ⇠p ± i

2⌧ where
⇠p is the free electronic dispersion measured with respect
to the chemical potential. The direction of the momen-
tum transfer i appearing in the electromagnetic vertex
is fixed by the driving field, while the momentum trans-
fer q in the Green function contains components both

along and perpendicular to the driving field. It is ev-
ident from eq 2 that one gets the same value of the
conductivity regardless of which component of the mo-
mentum transfer (q? or qk) is taken to zero first, i.e,⇥
limqk!0, limq?!0

⇤
Ki(q?, qk,!) = 0. For a fixed direc-

tion of the driving field i, this statement is true even in

the presence of anisotropy (in ⇠p, for example). On the
other hand, when q is taken to zero along a fixed direction
and the driving field is rotated to be either longitudinal
or transverse, as per our expectations eq 2 gives di↵erent
results only when there is anisotropy.
Interactions: The frequency of the driving field and

the scattering rate form two important energy scales in
the Drude problem, and together are responsible for the
commutation of the two zero momentum limits. Since all
energy scales originating from the external field coupling
to electrons are compared to these scales, it does not
matter along what direction the momentum transfer is
taken to zero. This conclusion is robust to the addition
of fields with power law type propagators, as the scales
are simply transferred over the new degrees of freedom.
One possible way interactions could modify this result is
through electron-boson vertices of the form

L = L0 +

Z
ds⇥2

p,p�s  ̄(p� s)�(s) (p) (3)

where ⇥2
p,p�s are the interaction matrix elements and

 (p) and �(p) are electron and boson fields respectively.
To obtain non-commutativity of the two limits, the in-
teraction vertex above cannot originate from electrons
interacting with the electromagnetic field or phonons.
This is because the vertex interaction between electrons
and light is strictly determined by minimal coupling, and
electron-phonon vertices diverge at low momenta (screen-
ing of these interactions only introduces an additional
scale, and the electron-phonon vertex vanishes in the zero
momentum limit) making them unviable.
In this work, we envisage electron-boson interactions

emerging from electron correlations with matrix elements
that depend only the angles between the incoming and
outgoing electron momenta. The simplest forms of such
coupling are functions that depend on the projection
of one electron scattered momentum on the other, i.e
f(ŝ.p̂). The matrix elements cannot be odd in either of
the momenta (else the contribution vanishes due to anti-
symmetry), hence we require vertices at least quartic in
electron momentum. Vertices of such sort originate from
electron correlations that depend on gradients of elec-
tron fields and have been used frequently in literature to
study interaction-driven spontaneously broken rotational
symmetries [12] and coupling spinless electrons to Gold-
stone modes [13]. In our case, the bosons are obtained
as Hubbard-Stratonovich fields through mean field solu-
tions of interactions of the form Lint = g(r̂ ̄(r).r̂ (r))2,
where the hat denotes unit vectors along gradients. In
other words, we consider interactions where the scat-
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1) We can quickly check to see if this 
holds in the case of normal metals 
microscopically. 


2) This is the bubble diagram that 
contributes to the conductivity, with 
vertices given by the momenta


3) For finite q and T this is the form of 
the conductivity. Describe the 
equation.


4)  Typically q is simply set to zero here 
and the order doesn’t matter.. show 
that in words.




Reconsidering interactions: Angular Vertex

s

p

p + q

q

p - s

p + q - s

q

Figure 2: Diagram for evaluating the expression in Eq. (3.2).

Anisotropy Drude Making dispersion anisotropic has nothing to do with choice of q. It just makes
� different along different axes.

Iso Drude In drude see pi doesn’t do anything because there’s no angle in F . Doesn’t matter what
direction q is taken to zero, since q̂ doesn’t appear.

3 Vertex Correction

Notation: bold face letters, p, q denote spatial momenta and !p,!q denote their corresponding
(discrete) thermal frequencies. Unbolded p, q refer to four momenta (p,!p) or (q,!q). p̂ denote
unit vector along p and |p| denote the magnitude of p. We use calligraphic G(p) for thermal Green
functions and reserve G(p) for disorder averaged Green function.

We perform a 1-loop vertex renormalization by introducing the following interaction between
the fermions and a fast moving (relativistic) (Goldstone? Critical?) boson

L = L0 +

Z
ds⇥2

p, p�s  ̄(p� s)�(s) (p) , ⇥p, p�s = (p̂� ŝ) · p̂ . (3.1)

Here the interaction strength is proportional to the cosine of the angle between the incoming and
outgoing fermion momenta. We will later see that an even power of the cosine ensures a non-zero
correction. This correction doesn’t affect the diamagnetic term (density response) coming from L0,
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FIG. 1. Feynman diagrams contributing to the current re-
sponse in the presence of impurities and electron-boson inter-
actions. The thick (thin) lines denote impurity averaged (free)
electron Green functions and the single solid dot denotes ver-
tex corrections from impurities. The dashed line denotes the
bosons and the cross symbols are the electron-boson interac-
tion vertices described in the text.

tering amplitude depends only on the direction of the
scattered momenta and not their magnitude. This en-
forces the electron-boson matrix elements to take the
form ⇥p,p�s = p̂.(p̂ � ŝ). Angular vector interactions
of this type are generalizations of e↵ective interactions
that have frequently appeared in literature in the con-
text of dielectric functions on a lattice [14–17]. In these
scenarios, angular terms arise due to coupling of long
range Coulomb interactions with either elastic lattice vi-
brations [17] or modulations of the Wigner lattice [14].
However, it must be noted that both the longitudinal
and transverse ’modes’ studied in these works are de-
fined with respect to polarization of the lattice vibra-
tions. Hence, both the longitudinal and transverse limits
are obtained entirely from the density response, unlike
our case where the transverse limit can only be obtained
from the current response.

Fig 1 shows a set of bubble diagrams that contribute
to the current response in the presence of impurities and
electron-boson interactions. The Drude formula at finite
momentum transfer (appearing in eq 2) is described in
Fig 1(a), and gives the response of impurity averaged
electrons (thick lines) to the external electromagnetic
field. Note that this diagram does not include impu-
rity vertex corrections of the form shown in Fig 1(b)
(black solid dot), i.e., the Drude formula neglects im-
purity lines connecting Green functions across the bub-
ble. This assumption is justified in the limit of zero mo-
mentum transfer since the diagram vanishes [11] in this
limit; diagrams of such type will also not be of interest to
us as they do not contribute to the non-commutativity.
The diagram in Fig 1(d) contains two kinds of perturba-
tive corrections�one from impurities and the other from
electron-boson interactions�and hence can be neglected
to lowest order. It now remains to evaluate the diagram
in Fig 1(c).

The lowest order correction to the i-th component of
the current response, �Ki(q?, qk,!q), due to the afore-

mentioned interactions is given by

�Ki(q?, qk,!q) =

Z
ds dpV i

p,q,s M(s,p; q), (4)

M(s,p; q) =
1

�

X

i!p

G(p)G(p+ q)M̄(s; p, q),

M̄(s; p, q) =
1

�

X

i!s

G�(s)G(p+ q � s)G(p� s).

Here we have used italic variables to denote both mo-
mentum and Matsubara frequency, q = (q,!q), and the
non-interacting electronic and bosonic (with mass m)
Green functions are denoted by G(p) = (i!n � ⇠p)�1 and
G�(s) = (!2

n + ✏2s)
�1 respectively with ✏2s = m2 + |s|2.

The function V i
p,q,s contains all the vertices originating

from electrons coupling to the external electromagnetic
field and the bosonic field �(s), and is given by

V i
p,q,s = 4

⇥
(p)2i � si (p)i

⇤
⇥2

p,p�s⇥
2
p+q,p+q�s (5)

Computing �Ki(q?, qk,!q) for generic values of fre-
quency and momentum transfer is fairly complicated,
especially at non-zero temperatures. Hence we wish to
make some simplifying assumptions to maintain analyti-
cal tractability. It will be evident later that lifting these
assumptions will not qualitatively change the conclusions
of our result. To begin, we will assume that the energy
cuto↵ for the boson (✏D) is much smaller that the Fermi
energy (✏F ), and ignore the contributions from fast mov-
ing bosons (or large momentum exchanges of the order
of Fermi momentum, pF ). This allows us to define a mo-
mentum cuto↵ for the bosons, sD, such that |sD| ⌧ |pF |.
We will also assume that the frequency of the external
field is an intermediate scale in the problem such that
|pF |2 >⇠ ! � |pF ||sD|. Such an assumption is justified
since we are interested in energies of the order of plasma
frequency. Using these assumptions and after analyti-
cally continuing i!q, we simplify the integrand at zero
temperature,

M(s,p; q) ' � (|p|� |pF |)
vF ✏s !2

(
1 +

(p · s)2

!2

)
. (6)

In arriving at this form we have dropped contributions
from momenta larger than |pF | since they can be ne-
glected compared to those from momenta of the order
of |pF |. Since the momentum transfer q appearing in
M(s,p; q) does not contribute to the discontinuity in the
order of limits, we have also set q to zero in the above
expression. The Supplemental Material contains details
of the calculations.
We can now substitute the integrand appearing in

eq 6 back into �Ki(q?, qk,!q) in eq 4, and perform in-
tegrals over the momenta p and s. In doing so, odd
powers in either p or s vanish due to angular aver-
ages, and terms independent of q̂ do not contribute

3

(a) (b)

(c) (d)

FIG. 1. Feynman diagrams contributing to the current re-
sponse in the presence of impurities and electron-boson inter-
actions. The thick (thin) lines denote impurity averaged (free)
electron Green functions and the single solid dot denotes ver-
tex corrections from impurities. The dashed line denotes the
bosons and the cross symbols are the electron-boson interac-
tion vertices described in the text.

functions that depend on the projection of one electron
scattered momentum onto the other, i.e f(ŝ.p̂). The ma-
trix elements cannot be odd in either of the momenta
(else the contribution vanishes due to antisymmetry);
hence we require vertices at least quartic in the elec-
tron momentum. Vertices of such sort originate from
electron correlations that depend on gradients of electron
fields and have been used frequently to study interaction-
driven spontaneously broken rotational symmetries [21]
and coupling between spinless electrons and Goldstone
modes [22]. In our case, the bosons are obtained as
Hubbard-Stratonovich fields through mean field solutions
of interactions of the form Lint = g(∇̂ψ̄(r).∇̂ψ(r))2,
where the hat denotes unit vectors along gradients. In
other words, we consider interactions where the scatter-
ing amplitude depends only on the direction of the scat-
tered momenta and not their magnitude. This motivates
a generalized vertex interaction using functions of the
form Θ(p,q; s) = (p̂ + q̂).(p̂ + q̂ − ŝ). Using this def-
inition, the matrix elements appearing in Eq. 3 can be
written as Θ(p, s) ≡ Θ(p, 0; s). Angular vector interac-
tions of this type are generalizations of effective interac-
tions that have frequently appeared in the literature in
the context of dielectric functions on a lattice [23–26]. In
these scenarios, angular terms arise due to coupling of
long-range Coulomb interactions with either elastic lat-
tice vibrations [26] or modulations of the Wigner lat-
tice [23]. However, it must be noted that both the longi-
tudinal and transverse ’modes’ studied in these works are
defined with respect to polarization of the lattice vibra-
tions. Hence, both the longitudinal and transverse limits
are obtained entirely from the density response, unlike
our case where the transverse limit can only be obtained
from the current response.

Fig. 1 shows a set of bubble diagrams that contribute
to the current response in the presence of impurities and
electron-boson interactions. The Drude formula at finite
momentum transfer (appearing in Eq. 2) is described

in Fig. 1(a), and gives the response of impurity aver-
aged electrons (thick lines) to an external electromag-
netic field. Note that this diagram does not include im-
purity vertex corrections of the form shown in Fig. 1(b)
(black solid dot). That is, the Drude formula neglects im-
purity lines connecting Green functions across the bub-
ble. This assumption is justified in the limit of zero mo-
mentum transfer since the diagram vanishes [20] in this
limit; diagrams of such type will also not be of interest to
us as they do not contribute to the non-commutativity.
The diagram in Fig. 1(d) contains two kinds of perturba-
tive corrections−one from impurities and the other from
electron-boson interactions−and hence can be neglected
to lowest order. All that remains now is to evaluate the
diagram in Fig. 1(c).
The lowest order correction to the i-th component of

the current response, δKi(q⊥, q∥,ωq), due to the afore-
mentioned interactions is given by

δKi(q⊥, q∥,ωq) =

!

ds dpV i
p,q,sM(s,p; q), (4)

M(s,p; q) =
1

β

"

iωp

G(p)G(p + q)M̄(s; p, q),

M̄(s; p, q) =
1

β

"

iωs

Gφ(s)G(p+ q − s)G(p− s).

Here we have used italic variables to denote both mo-
mentum and Matsubara frequency, q = (q,ωq), and the
non-interacting electronic and bosonic (with mass m)
Green functions are denoted by G(p) = (iωn− ξp)−1 and
Gφ(s) = (ω2

n + ϵ2s)
−1 respectively, with ϵ2s = m2 + |s|2.

The function V i
p,q,s contains all the vertices originating

from electrons coupled to the external electromagnetic
field and the bosonic field φ(s), and is given by

V i
p,q,s = 4

#

(p)2i − si (p)i
$

Θ(p, s)2Θ(p,q; s)2. (5)

Computing δKi(q⊥, q∥,ωq) for generic values of fre-
quency and momentum transfer is fairly complicated,
especially at non-zero temperatures. Hence we wish to
make some simplifying assumptions to maintain analyti-
cal tractability. It will be evident later that lifting these
assumptions will not qualitatively change the conclusions
of our result. To begin, we will assume that the energy
cutoff for the boson (ϵD) is much smaller that the Fermi
energy (ϵF ), and ignore the contributions from fast mov-
ing bosons (or large momentum exchanges of the order
of the Fermi momentum, pF ). This allows us to de-
fine a momentum cutoff for the bosons, sD, such that
|sD| ≪ |pF |. We will also assume that the frequency of
the external field is an intermediate scale in the problem
such that |pF |

2 >
∼ ω ≫ |pF ||sD|. Such an assumption is

justified since we are interested in energies on the order of
the plasma frequency. Using these assumptions and after
analytically continuing iωq, we simplify the integrand at

18

scale-invariant interaction

L = L0 +

Z
ds⇥(p, s)2  ̄(p� s)�(s) (p)



Angular Vertex

19

V̄ i
p,q,s = 4(q̂ · ŝ)2
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 a power law?
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FIG. 1. A schematic of possible experimental geometries for
self-energy measurement in a two dimensional sample. (a)
photon-in, photon-out process as measured in ellipsometry
and FTIR spectroscopy, (b) photon-in, electron-out process as
measured in ARPES, and (c) electron-in, electron-out process
as measured in M-EELS (this work).

momentum dependence of the e↵ective interaction to the
decay rates. We find that, independent of doping levels,
the kink and peak like features at 50 meV and 100 meV
respectively, become evident only in the presence of both
phonons and e↵ective electron interactions that decay
in momentum space over a certain inverse length scale
(obtained from experiment). Hence, purely phonons or
magnetic excitations cannot be the origin of a scale in
the scattering rate, contrary to existing wisdom [3–5, 7–
9]. Moreover, since these features are obtained above Tc,
they cannot be related to superconductivity, consistent
with existing literature [5]. We also find increased decay
rates for under-doped BSSCO due to the enhancement
of the imaginary part of the density response below 0.5
eV. At very low energies (< 30meV), the scattering rate
can be fit to a power law with an exponent of about 1.7,
independent of doping or any contribution from phonons.
In the following paragraphs, we describe our model and
the results we obtain.

Model and methods: The imaginary part of the den-
sity response function, �2(q,!), in BSCCO can be mea-
sured from M-EELS as previously reported in [6]. In this
Letter, we use �2(q,!) from four di↵erent doping con-
centrations of BSCCO to compute the imaginary part
of the self-energy. The four dopings include underdop-
ing with Tc = 50 K and Tc = 70 K, optimal doping
with Tc = 91 K, and overdoping with Tc = 50 K. The
generic features of �2(q,!) as shown in Fig 2(b) include
two phonon peaks at energies about 40 meV and 70 meV
and plasmon edge at about 1 eV. The plots of �2(q,!)
for the four dopings at various values of q = |q| can be
found in the Supplemental Materials (SM). In Fig 2(a),
we display �2(q,!) for all four dopings at fixed q = 0.5 re-
ciprocal lattice units (r.l.u.) to demonstrate the doping-
dependent feature of �2. Comparing to the flat back-
ground from 100 meV to 1 eV in the optimally doped
case, there is a suppression (an enhancement) of �2 at
about 300 - 500 meV in the overdoped (underdoped) case.

From �2(q,!), one can calculate the imaginary part of
the self-energy, ⌃2(k,!), within the GW approximation

(a)

(b)

FIG. 2. (a) Plots of the imaginary part of the density-density
response function, �2, at momentum q = 0.5 r.l.u., for four
dopings of BSCCO. The plots are rescaled so that high energy
tails (> 1 eV) are aligned. (b) Schematic plot of the imaginary
part of the density-density response function, �2, displaying
two phonon peaks (in blue) and electronic background (in
red). In calculating the imaginary part of the self-energy, the
phonon peaks and background are weighted by a factor of �
and ↵, respectively.

from the formula [1],

⌃2(k,!) =
X

q

V
2(q)�2(q,! � "k�q)

⇥ [nF (�"k�q) + nB(! � "k�q)], (1)

where V (q) is the e↵ective interaction, nF (!) is the
Fermi-Dirac distribution, nB(!) is the Bose-Einstein dis-
tribution, and "k is the energy dispersion of BSCCO.

We assume that �2(q,!) does not depend on the di-
rection of q, i.e., �2(q,!) = �2(q,!). Ref. [6] showed
that �2(q,!) measured along the nodal and anti-nodal
directions coincide for q = |q| between 0.1 to 0.5 r.l.u.
For smaller value of q ⇡ 0.05 r.l.u., there is a di↵erence
between �2 in the two directions at energies below 1 eV.
For simplicity of the calculation, we ignore this deviation
at small q and take �2(q,!) = �2(q,!) for all q in the
Brillouin zone.

We next discuss the form of the e↵ective interaction
V (q). In BSCCO, due to strong interactions, the form
of V (q) is di↵erent from the Coulomb potential, VC(q) =
4⇡e2

q2 . Ref. [6] showed that �(q,!) can be fitted by an

Note that the susceptibility is exact since we are obtaining it from experiment, and this goes 
into the self-energy calculation

CHANDAN SETTY AND PHILIP W. PHILLIPS PHYSICAL REVIEW B 93, 094516 (2016)

FIG. 1. Diagrams contributing to the Coulomb self-energy. Left:
Full self-energy contribution with a renormalized vertex (shaded
blob) and interaction parts (double dashed line). Right: One of the
contributing terms to the RPA self-energy !RPA(k⃗,ω) obtained by
inserting a single fermion bubble into the interaction line along with
a bare vertex.

where the interaction part H ′ takes the form

H ′ = 1
2

!

kk′q
αβγ δ
σ1..4

U
αβ
γ δ c

†
k+qασ1

c
†
k′−qδσ2

ck′βσ3ckγ σ4 . (2)

Here ckασ ,c
†
kασ are the electron annihilation and creation

operators in a state k⃗ with orbital quantum number α and
spin σ , ϵαβ(k⃗) are the hopping matrix elements, α,β,γ ,δ

are the orbital indices, and U
αβ
γ δ are the interaction matrix

elements. At a graphical level, U
αβ
γ δ is the amplitude of the

process involving the destruction of two electrons with orbital
quantum numbers (β,k⃗′,σ3) and (γ ,k⃗,σ4) and creating those
with (α,k⃗ + q⃗,σ1) and (δ,k⃗′ − q⃗,σ2). Such a form of the quartic
interaction Hamiltonian above encompasses all the different
types interaction terms commonly used in iron superconduc-
tors [18,19] viz intra- and interorbital Hubbard repulsions
(U,U ′), Hund’s rule couplings (J ), and pair hoppings (J ′).
The noninteracting Green function in the orbital basis is given
by

G
(0)
αβ(k⃗,iωn) =

!

m

u∗
mα(k⃗)umβ(k⃗)

iωn − Em(k⃗)
. (3)

Here umα(k⃗) are the matrix elements connecting the band and
the orbital basis, iωn are the fermionic Matsubara frequencies,
and Em(k⃗) are the band energies labeled by the band index m.
With the knowledge of the noninteracting Green function at
hand and using standard many-body perturbation approaches
in the interaction parameter, we write the interacting Green
function as

Ĝ(k⃗,ikn) = Ĝ(0)(k⃗,ikn) + Ĝ(0)(k⃗,ikn)!̂(k⃗,ikn)Ĝ(k⃗,ikn),

(4)

which must be solved recursively to obtain Ĝ(k⃗,ikn). The hat
on top of the physical quantities signifies a matrix character
with the matrix elements denoted by the orbital index. The
above Dyson-like equation for Ĝ(k⃗,ikn) defines the self-energy
!̂(k⃗,ikn). The imaginary part of the self-energy with orbital
indices γ ,γ ′, under the random phase approximation (RPA)

reduces to [19] (see Fig. 1)

!′′
γ γ ′(k⃗,ω) =

!

αβµν
mq⃗

V αβ
γm(k⃗ − q⃗)V µν

mγ ′(k⃗ − q⃗)

×χ
µν ′′

0αβ [q⃗,ω − Em(k⃗ − q⃗)]{nf [−Em(k⃗ − q⃗)]

+ nb[ω − Em(k⃗ − q⃗)]}, (5)

where nf (x) and nb(x) are the Fermi and Bose distributions.
The lowest order pair bubble appearing in the self-energy
!′′

γ γ ′(k⃗,ω) is shown in Fig. 1 and is denoted by the non-
interacting susceptibility χ

µν
oαβ , whose imaginary part shows

up in Eq. (5). In the calculation performed in this paper, we
used the singlet spin configuration for the bare susceptibility.
The spin distribution in this configuration has the following
orbital combinations: (γ ,σ ),(δ,σ̄ ),(β,σ̄ ),(α,σ ),(γ ′,σ ),(δ′,σ̄ ),
(µ,σ̄ ),(ν,σ ), where σ̄ = −σ . Such a spin configuration can be
obtained (the reader can refer to [19] for details of other spin
configurations) from either of the four interactions—intra-,
interorbital Hubbard repulsion, pair hopping, or Hund’s cou-
pling terms. The effective momentum dependent interactions
in Eq. (5) are defined as

V αβ
γm(q⃗) =

!

δ

U
αβ
γ δ umδ(q⃗), (6)

with V
αβ
mγ ′ (q⃗) having the summation and orbital index swapped

along with a complex conjugate in the matrix element. To
evaluate the total self-energy in the band representation, we
write !′′

mm′(k⃗,ω) =
"

γ γ ′ umγ (k⃗)um′γ ′(k⃗)!′′
γ γ ′(k⃗,ω) and sum

over all the diagonal band indices. In our following calculations
of the bare susceptibility, we have set α = β and ν = µ, and
the self-energy (after relabeling indices in favor of α,β instead
of µ,ν and defining χ

ββ ′′

oαα ≡ χ
′′

oαβ , V αα
γm ≡ V α

γm) simplifies
to

!′′
γ γ ′(k⃗,ω) =

!

αβ
mq⃗

V α
γm(k⃗ − q⃗)V β

mγ ′(k⃗ − q⃗)

×χ
′′

0αβ [q⃗,ω − Em(k⃗ − q⃗)]{nf [−Em(k⃗ − q⃗)]

+ nb[ω − Em(k⃗ − q⃗)]}. (7)

Although the singlet spin configuration can be obtained from
all four interaction types, for the purposes of simplicity in our
paper, we only stick to the case where Uαα

γ δ = Ũ is a constant.
Because of this, the condition U ′ = U − 2J and J = J ′ [19]
is not necessarily satisfied, but there should be no qualitative
changes to our conclusions even if this constraint is imposed.
Substituting for the momentum dependent interaction V α

γm(k⃗)
into the self-energy [which is now independent of the orbital
indices because of the assumption Uαα

γ δ = Ũ , and allows us to
define !′′

γ γ ′(k⃗,ω) ≡ !′′(k⃗,ω)] gives us

!′′(k⃗,ω) =
!

mq⃗

Um(k⃗ − q⃗)χ ′′
0 [q⃗,ω − Em(k⃗ − q⃗)]

× {nf [−Em(k⃗ − q⃗)] + nb[ω − Em(k⃗ − q⃗)]}, (8)
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FIG. 1. A schematic of possible experimental geometries for
self-energy measurement in a two dimensional sample. (a)
photon-in, photon-out process as measured in ellipsometry
and FTIR spectroscopy, (b) photon-in, electron-out process as
measured in ARPES, and (c) electron-in, electron-out process
as measured in M-EELS (this work).

momentum dependence of the e↵ective interaction to the
decay rates. We find that, independent of doping levels,
the kink and peak like features at 50 meV and 100 meV
respectively, become evident only in the presence of both
phonons and e↵ective electron interactions that decay
in momentum space over a certain inverse length scale
(obtained from experiment). Hence, purely phonons or
magnetic excitations cannot be the origin of a scale in
the scattering rate, contrary to existing wisdom [3–5, 7–
9]. Moreover, since these features are obtained above Tc,
they cannot be related to superconductivity, consistent
with existing literature [5]. We also find increased decay
rates for under-doped BSSCO due to the enhancement
of the imaginary part of the density response below 0.5
eV. At very low energies (< 30meV), the scattering rate
can be fit to a power law with an exponent of about 1.7,
independent of doping or any contribution from phonons.
In the following paragraphs, we describe our model and
the results we obtain.

Model and methods: The imaginary part of the den-
sity response function, �2(q,!), in BSCCO can be mea-
sured from M-EELS as previously reported in [6]. In this
Letter, we use �2(q,!) from four di↵erent doping con-
centrations of BSCCO to compute the imaginary part
of the self-energy. The four dopings include underdop-
ing with Tc = 50 K and Tc = 70 K, optimal doping
with Tc = 91 K, and overdoping with Tc = 50 K. The
generic features of �2(q,!) as shown in Fig 2(b) include
two phonon peaks at energies about 40 meV and 70 meV
and plasmon edge at about 1 eV. The plots of �2(q,!)
for the four dopings at various values of q = |q| can be
found in the Supplemental Materials (SM). In Fig 2(a),
we display �2(q,!) for all four dopings at fixed q = 0.5 re-
ciprocal lattice units (r.l.u.) to demonstrate the doping-
dependent feature of �2. Comparing to the flat back-
ground from 100 meV to 1 eV in the optimally doped
case, there is a suppression (an enhancement) of �2 at
about 300 - 500 meV in the overdoped (underdoped) case.

From �2(q,!), one can calculate the imaginary part of
the self-energy, ⌃2(k,!), within the GW approximation

(a)

(b)

FIG. 2. (a) Plots of the imaginary part of the density-density
response function, �2, at momentum q = 0.5 r.l.u., for four
dopings of BSCCO. The plots are rescaled so that high energy
tails (> 1 eV) are aligned. (b) Schematic plot of the imaginary
part of the density-density response function, �2, displaying
two phonon peaks (in blue) and electronic background (in
red). In calculating the imaginary part of the self-energy, the
phonon peaks and background are weighted by a factor of �
and ↵, respectively.

from the formula [1],

⌃2(k,!) =
X

q

V
2(q)�2(q,! � "k�q)

⇥ [nF (�"k�q) + nB(! � "k�q)], (1)

where V (q) is the e↵ective interaction, nF (!) is the
Fermi-Dirac distribution, nB(!) is the Bose-Einstein dis-
tribution, and "k is the energy dispersion of BSCCO.

We assume that �2(q,!) does not depend on the di-
rection of q, i.e., �2(q,!) = �2(q,!). Ref. [6] showed
that �2(q,!) measured along the nodal and anti-nodal
directions coincide for q = |q| between 0.1 to 0.5 r.l.u.
For smaller value of q ⇡ 0.05 r.l.u., there is a di↵erence
between �2 in the two directions at energies below 1 eV.
For simplicity of the calculation, we ignore this deviation
at small q and take �2(q,!) = �2(q,!) for all q in the
Brillouin zone.

We next discuss the form of the e↵ective interaction
V (q). In BSCCO, due to strong interactions, the form
of V (q) is di↵erent from the Coulomb potential, VC(q) =
4⇡e2

q2 . Ref. [6] showed that �(q,!) can be fitted by an
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FIG. 1. A schematic of possible experimental geometries for
self-energy measurement in a two dimensional sample. (a)
photon-in, photon-out process as measured in ellipsometry
and FTIR spectroscopy, (b) photon-in, electron-out process as
measured in ARPES, and (c) electron-in, electron-out process
as measured in M-EELS (this work).

momentum dependence of the e↵ective interaction to the
decay rates. We find that, independent of doping levels,
the kink and peak like features at 50 meV and 100 meV
respectively, become evident only in the presence of both
phonons and e↵ective electron interactions that decay
in momentum space over a certain inverse length scale
(obtained from experiment). Hence, purely phonons or
magnetic excitations cannot be the origin of a scale in
the scattering rate, contrary to existing wisdom [3–5, 7–
9]. Moreover, since these features are obtained above Tc,
they cannot be related to superconductivity, consistent
with existing literature [5]. We also find increased decay
rates for under-doped BSSCO due to the enhancement
of the imaginary part of the density response below 0.5
eV. At very low energies (< 30meV), the scattering rate
can be fit to a power law with an exponent of about 1.7,
independent of doping or any contribution from phonons.
In the following paragraphs, we describe our model and
the results we obtain.

Model and methods: The imaginary part of the den-
sity response function, �2(q,!), in BSCCO can be mea-
sured from M-EELS as previously reported in [6]. In this
Letter, we use �2(q,!) from four di↵erent doping con-
centrations of BSCCO to compute the imaginary part
of the self-energy. The four dopings include underdop-
ing with Tc = 50 K and Tc = 70 K, optimal doping
with Tc = 91 K, and overdoping with Tc = 50 K. The
generic features of �2(q,!) as shown in Fig 2(b) include
two phonon peaks at energies about 40 meV and 70 meV
and plasmon edge at about 1 eV. The plots of �2(q,!)
for the four dopings at various values of q = |q| can be
found in the Supplemental Materials (SM). In Fig 2(a),
we display �2(q,!) for all four dopings at fixed q = 0.5 re-
ciprocal lattice units (r.l.u.) to demonstrate the doping-
dependent feature of �2. Comparing to the flat back-
ground from 100 meV to 1 eV in the optimally doped
case, there is a suppression (an enhancement) of �2 at
about 300 - 500 meV in the overdoped (underdoped) case.

From �2(q,!), one can calculate the imaginary part of
the self-energy, ⌃2(k,!), within the GW approximation

(a)

(b)

FIG. 2. (a) Plots of the imaginary part of the density-density
response function, �2, at momentum q = 0.5 r.l.u., for four
dopings of BSCCO. The plots are rescaled so that high energy
tails (> 1 eV) are aligned. (b) Schematic plot of the imaginary
part of the density-density response function, �2, displaying
two phonon peaks (in blue) and electronic background (in
red). In calculating the imaginary part of the self-energy, the
phonon peaks and background are weighted by a factor of �
and ↵, respectively.

from the formula [1],

⌃2(k,!) =
X

q

V
2(q)�2(q,! � "k�q)

⇥ [nF (�"k�q) + nB(! � "k�q)], (1)

where V (q) is the e↵ective interaction, nF (!) is the
Fermi-Dirac distribution, nB(!) is the Bose-Einstein dis-
tribution, and "k is the energy dispersion of BSCCO.

We assume that �2(q,!) does not depend on the di-
rection of q, i.e., �2(q,!) = �2(q,!). Ref. [6] showed
that �2(q,!) measured along the nodal and anti-nodal
directions coincide for q = |q| between 0.1 to 0.5 r.l.u.
For smaller value of q ⇡ 0.05 r.l.u., there is a di↵erence
between �2 in the two directions at energies below 1 eV.
For simplicity of the calculation, we ignore this deviation
at small q and take �2(q,!) = �2(q,!) for all q in the
Brillouin zone.

We next discuss the form of the e↵ective interaction
V (q). In BSCCO, due to strong interactions, the form
of V (q) is di↵erent from the Coulomb potential, VC(q) =
4⇡e2

q2 . Ref. [6] showed that �(q,!) can be fitted by an
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RPA-like formula,

�(q,!) =
⇧(q,!)

"1 � V (q)⇧(q,!)
, (2)

where "1 is the background susceptibility which equals
to 4.5 for BSCCO [10] and ⇧(q,!) is the polarizability.
Ref. [6] found that the imaginary part of the polarizabil-
ity takes the form

⇧2(q,!) = �⇧0(q) tanh
!
2
c (q)

!2
, (3)

and that the e↵ective interaction can be fitted to

V (q) = V0
exp(�zq)

q
, (4)

where V0 = 820 eV Å
3 and z = 14.3 Å for the optimally

doped case. The prefactor function ⇧0(q) / q
2 and the

cut-o↵ frequency !c(q) ⇡ 1 eV. The exponential factor
exp(�zq) introduces a length scale (or energy scale), z�1,
to the e↵ective interaction. To study the e↵ect of this
energy scale, in addition to V (q) from Eq. 4, we compute
⌃2 with the interaction that does not contain the factor
exp(�zq). Specifically, we study the cases in which V (q)
is constant in q and V (q) is proportional to 1

q .
We use the band structure which includes up to next-

next nearest neighbor hoppings, t, t0, and t
00:

"k =� 2t(cos(kxa) + cos(kya))� 4t0 cos(kxa) cos(kya)

� 2t00(cos(2kxa) + cos(2kya)). (5)

The hoppings we use in this Letter are t = 0.42eV ,
t
0 = �0.110eV , and t

00 = 0.055eV [11, 12]. The lattice
parameter is a = 3.81 Å [6].

We want to isolate the contributions from phonons and
the electronic background. To this end, we fit the two
phonon peaks at energies about 40 meV and 70 meV with
two Lorentzian functions. We then assign a weight of �
to the phonon peaks and a weight of ↵ to the background
as shown in Fig 2(b). We then compute the imaginary
part of the self-energy from Eq. 1 for various ratios of
�/↵.

Results: We numerically calculate the imaginary part
of the self-energy using Eq. 1. As mentioned above, three
forms of V (q) are used: V (q) fitted from the experiment
(Eq. 4), V (q) which is constant in momentum space,
and a power-law type V (q) proportional to 1/q. We set
the momentum k to be on the Fermi surface along the
nodal direction. The temperature is set to be 1 meV or
about 10 K which is much smaller than the frequency
range of interest. The results for the case of optimal
doping are shown in Fig 3. The imaginary part of the
self-energy for other dopings are shown in SM. When the
e↵ective interaction fitted from the experiment is used
(Fig 3(a)), the kink and peak in ⌃2 at energies slightly
below 50 meV and 100 meV start to disappear as the
ratio �/↵ decreases. These results indicate that the kink

(a)

(b)

(c)

FIG. 3. Plots of the imaginary part of the self-energy of an
optimally doped BSCCO (Tc = 91 K) computed using (a)
V (q) fitted from the experiment (Eq. 4), (b) V (q) which is
constant in momentum space, and (c) V (q) which is propor-
tional to 1/q. The individual curves have been scaled and
shifted for clarity. The same legend in (a) is used in all three
plots.

and peak-like features are related to the phonon peak
shown schematically in Fig 2(b). Furthermore, the en-
ergies at which the kinks and peaks appear are mostly
independent of the ratio �/↵. For the case of constant
interaction (Fig 3(b)) and 1/q interaction (Fig 3(c)), the
kink and peak in Fig 3(a) do not appear even when �/↵

is large. This means that the kink and peak features
appear only when the e↵ective interaction, V (q), has an
energy scale (in this case the energy scale is related to
the length scale z). In addition, there is a small dip or
bump in ⌃2 at energy about ±0.2 eV in all spectra. We
find this feature sustains even when all energy scales are
removed from V (q) and �2(q,!). This implies the dip is
a band structure e↵ect.
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range of interest. The results for the case of optimal
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FIG. 3. Plots of the imaginary part of the self-energy of an
optimally doped BSCCO (Tc = 91 K) computed using (a)
V (q) fitted from the experiment (Eq. 4), (b) V (q) which is
constant in momentum space, and (c) V (q) which is propor-
tional to 1/q. The individual curves have been scaled and
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and peak-like features are related to the phonon peak
shown schematically in Fig 2(b). Furthermore, the en-
ergies at which the kinks and peaks appear are mostly
independent of the ratio �/↵. For the case of constant
interaction (Fig 3(b)) and 1/q interaction (Fig 3(c)), the
kink and peak in Fig 3(a) do not appear even when �/↵

is large. This means that the kink and peak features
appear only when the e↵ective interaction, V (q), has an
energy scale (in this case the energy scale is related to
the length scale z). In addition, there is a small dip or
bump in ⌃2 at energy about ±0.2 eV in all spectra. We
find this feature sustains even when all energy scales are
removed from V (q) and �2(q,!). This implies the dip is
a band structure e↵ect.

Self-energy: Optimal doping

V(q)= exp[-q z]/q V(q)= const V(q)=1/q

Require both phonons and an interaction with a scale for the kink and peak like feature 
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(a)

(b)

FIG. 4. Plots of doping dependent features of the self-energy
fromM-EELS data. (a) Plots of the imaginary part of the self-
energy of the four dopings of BSCCO. The plots are rescaled
such that the kinks/peaks at 0.1 eV of all four dopings have
the same height and the individual curves have been shifted
for clarity. (b) The function f(!) defined in Eq. 6. f(!)
is calculated using ⌃2 in the case of �/↵ = 1 for all four
dopings. Note that f(!) is approximately equal to 1.7 over
energies between 5 meV to 20-30 meV.

To study the doping dependent e↵ect, we plot ⌃2(!)
of the four dopings (with fixed �/↵ = 1) in Fig 4(a).
We find that the kink slightly below 0.1 eV in the over-
doped and optimally doped cases, turns into a peak in
the underdoped cases pointing to an enhancement in the
scattering rate. On the other hand, the kink at energy
about 50 meV remains intact for all doping levels.

We also investigate if the imaginary part of the self-
energy exhibits power-law behavior. If ⌃2(!) / !

n in
some frequency range, then

f(!) = !
⌃00

2(!)

⌃0
2(!)

+ 1 (6)

is constant and equal to the power n in the same fre-
quency range. We calculate this function f(!) for the
case of V (q) from Eq. 4. We find that at frequencies
lower than 20 - 30 meV, ⌃2(!) has a power-law behav-
ior with the power of about 1.7 independent of the ratio
�/↵ and doping. The plot of the function f(!) for all
four dopings with �/↵ = 1 is shown in Fig 4(b).

Discussions: The crucial e↵ect of doping on the fre-
quency dependence of the imaginary part of the density
response is its low energy suppression or enhancement.
The suppression occurs for over-doped samples resulting

in a gap-like feature around 0.3 eV, while the enhance-
ment in the under-doped samples starts at much higher
energies (⇠ 0.7 eV). This low-energy enhancement of
the susceptibility has a dramatic e↵ect on the scattering
rate–the higher energy kink-like feature slightly below 0.1
eV in the under-doped samples gives way to a peak-like
feature. However, the 50 meV kink remains essentially
intact. Furthermore, the exponent of the low-energy fre-
quency dependence of the scattering rate is independent
of doping as shown in Fig 4(b). This indicates that dop-
ing has little impact on the low-energy quasi-particles
compared to the high energy ones.
An important question raised by our calculations is the

origin of multiple energy scales (the kink and peak fea-
tures at low energies) in the self-energy extracted from
the density response. This question becomes more rel-
evant now given that these scales manifest independent
of the doping levels. The origin of these scales has been
partially addressed in previous literature where the self-
energy was obtained from optical probes such as ARPES,
FTIR, and ellipsometry. A rigorous comparison between
the results obtained from these techniques was made in
Refs. [5, 7, 8]. In light of our calculation, it is imperative
to make a comparison between existing ARPES, opti-
cal and current M-EELS data. All three measurements
yield energy scales through the appearance of kink and
peak features2 in contrast with some theoretical works
[13, 14]. They are also located at similar energies (50 -
80 meV) consistent with the change in band velocity ob-
served by [9]. Moreover, since these features in M-EELS
are obtained above Tc, we can conclude that they are un-
related to superconductivity in agreement with ARPES
and optical data. Furthermore, since the features ap-
pear independent of doping, we conclude that the origin
of the scales is not related to magnetic excitations, in
agreement with [9]. Fig 5 plots a comparison between
the imaginary parts of the self-energies obtained from
our M-EELS data and ARPES[15, 16]. The low energy
ARPES data sees an additional scattering rate close to
zero energies due to inherent inhomogeneities in the sam-
ples. This is not captured in our calculations because of
the anti-symmetrization we performed about zero energy
on �2(!) to satisfy properties of the density-density re-
sponse function. This forces the scattering rate to be zero
at zero energy. Moreover, in the presence of scales in the
problem (i.e., through phonons and the scale dependent
interaction, V (q), extracted from the experiment), the
scattering rate saturates at higher energies. When these
scales are removed, the scattering rate grows linearly as
seen in most ARPES experiments.
However, there exist some disagreements between

these probes when we raise the question of the origin of

2 These features are evident in the band structure but not in the
scattering rate extracted from ARPES.

Self energy: doping dependence

There exist important similarities and some differences with ARPES 
(Dessau’s power-law liquid)
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the same height and the individual curves have been shifted
for clarity. (b) The function f(!) defined in Eq. 6. f(!)
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⇢ / T (2�d)/z

�(!, T ) / !(d�2)/z

Cv / T d/z

⇠⌧ / ⇠z

�2 lnZ

!�Aµ�Aµ



extra degree of freedom

⇢ / T (2�d)/z

2dA [Aµ] = dA

Aµ ! Aµ + @µ⇤

= 1

[ddxJA] = 0

[J ] = d� 1

fixes dimension of current
I

A · d` = #

dA 6= 1??



[E] = 1 + z � �

[Jµ] = d� ✓ + �+ z � 1

[Aµ] = 1� �

� = �2/3

strange metal: strange E&M                 

[B] = 2� �

⇡r2B 6= fluxnote

BG,EK,SH,AK



loophole



Noether’s 1st theorem

[@µ, Ŷ ] = 0

what if

@µŶ Jµ = @µJ̃
µ = 0

new current

[J̃ ] = d� 1�DY

@µJ
µ = 0

S ! S +

Z
ddxJµ@⇤

Aµ ! Aµ + @µ⇤ Noether’s 2nd theorem+@µ@⌫G
⌫ + · · ·
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possible gauge transformations

S = �1

4

Z
ddxF 2

S =
1

2

Z
ddk

2⇡d
Aµ(k)[k

2⌘µ⌫ � kµk⌫ ]A⌫(k){
Mµ⌫

zero eigenvector

k⌫ = 0

Aµ ! Aµ + @µ⇤
ikµ ! @µ



Mµ⌫fk
⌫ = 0

family of zero eigenvalues

{

generator of gauge symmetry

1.) rotational invariance 

2.) A is still a 1-form  

3.) [f, kµ] = 0



only choice

f ⌘ f(k2)

(�)�

what kind of E&M has such 
gauge transformations?

Aµ ! Aµ + (�)
(��1)

2 @µ⇤ [Aµ] = �



S =

Z
dVddy

�
yaF 2 + · · ·

�

d(ya ? dA) = 0

eom

y 6= 0 A ! A+ @⇤

��A? = J

+GL in CIMP



Mµ⌫fk
⌫ = 0

family of zero eigenvalues

@µ(�r2)(��1)/2Jµ = 0

most fundamental conservation law



scale invariance in strange metal

    non-local actions      
           anomalous 

dimensions           

MEELS, ARPES, Optics,STM

running charge (no charge quantization)


