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Does the thermopower solve the riddle

of high temperature superconductivity?
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Why is the T_c region dome-shaped?
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Universal sign change of thermopowermining Ppl, Ppl is converted from PTc
by using the relation in

Fig. 2!c" discussed below. To clearly label how Ppl was de-
termined for each sample or data set used in this paper, we
use the following character to designate such that I to be the
second method if the cited data have no TEP but Tc and II to
be the third method if the cited data has only PTc

. This des-
ignation to indicate the origin of Ppl will be used in Tables
V–IX and in Figs. 3–6. We will use no designation whenever
Ppl is directly determined from the TEP. All the HTSs used in
the present analysis are summarized in Table I.

We examine various characteristic temperatures and ener-
gies of HTSs for constructing the phase diagram. The
pseudogap is generally observed as the characteristic tem-
perature derived by a scaling of the temperature dependence,
as a distinct change in the slope of the temperature depen-
dence or as a peak value in the energy dispersion at a fixed
temperature. Therefore, a reliable estimation can only be
achieved through using a wide temperature or energy range.
We only chose the characteristic temperatures and energies
obtained by direct observation or those obtained through
careful analysis of the data covering a wide temperature or
energy range. For example, when T! is derived by the scaling
of the temperature dependence observed below 300 K, T!’s
over 300 K is not used.

The pseudogap was first noticed as the temperature show-
ing a broad maximum in !T1T"!1 vs T curve.82 The charac-
teristic temperatures are observed as a broad maximum in the
temperature dependence of S vs T !Ref. 8" and ! vs T.65 S!T"
can be scaled by S!TS

!" and TS
!.24 The resistive pseudogap

temperature !T"
!" is defined as a temperature where the resis-

tivity bends downward from the linear temperature depen-
dence at the high temperature.60 The similar characteristic
temperatures are observed also in # vs T.61 The pseudogap
by the QPR is observed as the gaplike behavior in substantial
transient change of the optical transmission or reflection in-
duced by ultrashort laser pulse photoexcitation.66 The
ARPES and tunneling experiments provide us with the char-
acteristic energies and temperatures, such as the peak and

TABLE III. The Tc
max. and Ppl

opt. for single-layer HTSs plotted in
Figs. 1!a"–1!c".

HTS Tc
max. !K" Ppl

opt. Ref.

SrD-La214 39.4 0.16 27
SrD-La214 37 0.16 28
SrD-La214 36 0.16 29
SrD-La214 38 0.16 30
OD-Hg1201 97 0.235 31 and 32
CD-Bi2201 35.5 0.28 33
CD-Bi2201 33 0.28 34
OD-Tl2201 93a 0.25a 7, 35, and 36

aWe use the reported highest Tc=93 K as Tc
max. !Ref. 37". From the

plot of Tc vs Ppl in Fig. 1!a", the optimal Ppl is estimated to be
#0.25. The detail is in the text.

FIG. 2. !Color online" S290 as a function of the hole-doping content per CuO2 plane. !a" S290 !$7 %V /K" on the upper panel is plotted
on a logarithmic scale, while !b" S290 !&7 %V /K" on the lower panel is plotted on a linear scale. The plotted data are summarized in Table
IV. !c" Quantitative comparison between Ppl and PTc

. The dotted line shows Ppl= PTc
. We used this relation for the conversion from PTc

into
Ppl. The error of Ppl is below 0.04 for the CD-Bi2201 and below 0.01 for all other HTSs. The error bar for the other materials is not shown.
The shaded area represents a region with the Ppl error of '0.01 around the universal S290!Ppl" curve.
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Unified electronic phase diagram for hole-doped high-Tc cuprates

T. Honma*
Department of Physics, Asahikawa Medical College, Asahikawa, Hokkaido 078-8510, Japan

P. H. Hor†

Department of Physics and Texas Center for Superconductivity, University of Houston, Houston, Texas 77204-5005, USA
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We have analyzed various characteristic temperatures and energies of hole-doped high-Tc cuprates as a
function of a dimensionless hole-doping concentration !pu". Entirely based on the experimental grounds, we
construct a unified electronic phase diagram !UEPD", where three characteristic temperatures !T!’s" and their
corresponding energies !E!’s" converge as pu increases in the underdoped regime. T!’s and E!’s merge together
with the Tc curve and 3.5kBTc curve at pu#1.1 in the overdoped regime, respectively. They finally go to zero
at pu#1.3. The UEPD follows an asymmetric half-dome-shaped Tc curve, in which Tc appears at pu#0.4,
reaches a maximum at pu#1, and rapidly goes to zero at pu#1.3. The asymmetric half-dome-shaped Tc curve
is at odds with the well-known symmetric superconducting dome for La2!xSrxCuO4 !SrD-La214", in which two
characteristic temperatures and energies converge as pu increases and merge together at pu#1.6, where Tc goes
to zero. The UEPD clearly shows that pseudogap phase precedes and coexists with high temperature super-
conductivity in the underdoped and overdoped regimes, respectively. It is also clearly seen that the upper limit
of high-Tc cuprate physics ends at a hole concentration that equals to 1.3 times the optimal doping concentra-
tion for almost all high-Tc cuprate materials and 1.6 times the optimal doping concentration for the SrD-La214.
Our analysis strongly suggests that pseudogap is a precursor of high-Tc superconductivity, the observed quan-
tum critical point inside the superconducting dome may be related to the end point of UEPD, and the normal
state of the underdoped and overdoped high temperature superconductors cannot be regarded as a conventional
Fermi liquid phase.

DOI: 10.1103/PhysRevB.77.184520 PACS number!s": 74.25.Fy, 74.72.!h, 74.25.Dw

I. INTRODUCTION

The unique hallmark of high temperature superconductors
!HTSs" is a pseudogap phase characterized by the observa-
tion of a multiple pseudogap temperatures !T!’s" and
pseudogap energies !E!’s" by a large number of different
experimental probes. While the pseudogap phase precedes
the high temperature superconducting phase characterized by
the superconducting transition temperature !Tc" and super-
conducting gap energy !"c", it is not clear how T!, Tc, E!,
and "c are related to each other. Specifically, how are T! and
E! related to the occurrence of the high-Tc superconductivity
is still unclear. Is pseudogap a sufficient and/or necessary
condition for high Tc or is it just a complication of specific
material systems? Is it collaborating or competing with su-
perconductivity? For instance, it is argued that the pseudogap
is a competing order that may have nothing to do with high
Tc.1 On the other hand, it is also suggested that the
pseudogap is intimately related to high Tc.2,3 To distinguish
these, two contradictory pictures that are critical to the
mechanism of high-Tc superconductivity requires a compari-
son of various characteristic temperatures and energies in a
universal phase diagram for all HTSs. Any systematic behav-
ior derived from this kind of phase diagram will provide true
intrinsic properties of HTS that are free from material-
specific complications. However, up until now, there is no
such a comparison made and no such phase diagram is avail-
able. We have analyzed numerous published data in the lit-
erature. We carefully select 27 HTSs: 11 single-layer, 11
double-layer, and five triple-layer HTSs, as summarized in

Table I. The selection criteria will follow when we discuss
the construction of the figures. There are 16 different experi-
mental probes used for these 27 HTSs, which are summa-
rized in Table II. In this paper, we unify the characteristic
temperatures of all these data of 27 HTSs on one single
phase diagram entirely based on our proposed universal hole
concentration scale that itself is also based on experimental
results.

In the single-layer SrD-La214, where the hole-doping
concentration can be unambiguously determined from the Sr
content !x",4 Tc!x" exhibits a well-known symmetric bell-
shaped curve, i.e., the so-called superconducting dome, with
a maximum Tc !Tc

max" located at x#0.16.5 The symmetrical
dome-shaped Tc curve or the superconducting dome is ap-
proximately represented by the following parabola:

1 !
Tc

Tc
max = 82.6!x ! 0.16"2. !1"

Assuming that all HTSs have the identical symmetric super-
conducting dome, x can be replaced with the hole-doping
concentration !PTc

". Then, this relation could be used to de-
termine the hole-doping concentration for many other
HTSs.5–23 Using this hole-scale based on the superconduct-
ing dome, the PTc

-scale, various phase diagrams have been
constructed.1 A distinct feature in one of such phase dia-
grams is that T! crosses the superconducting dome and
reaches zero at a quantum critical point !QCP" inside the
dome.1,6 On the other hand, without using the PTc

scale,
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Universal sign change of thermopowermining Ppl, Ppl is converted from PTc
by using the relation in

Fig. 2!c" discussed below. To clearly label how Ppl was de-
termined for each sample or data set used in this paper, we
use the following character to designate such that I to be the
second method if the cited data have no TEP but Tc and II to
be the third method if the cited data has only PTc

. This des-
ignation to indicate the origin of Ppl will be used in Tables
V–IX and in Figs. 3–6. We will use no designation whenever
Ppl is directly determined from the TEP. All the HTSs used in
the present analysis are summarized in Table I.

We examine various characteristic temperatures and ener-
gies of HTSs for constructing the phase diagram. The
pseudogap is generally observed as the characteristic tem-
perature derived by a scaling of the temperature dependence,
as a distinct change in the slope of the temperature depen-
dence or as a peak value in the energy dispersion at a fixed
temperature. Therefore, a reliable estimation can only be
achieved through using a wide temperature or energy range.
We only chose the characteristic temperatures and energies
obtained by direct observation or those obtained through
careful analysis of the data covering a wide temperature or
energy range. For example, when T! is derived by the scaling
of the temperature dependence observed below 300 K, T!’s
over 300 K is not used.

The pseudogap was first noticed as the temperature show-
ing a broad maximum in !T1T"!1 vs T curve.82 The charac-
teristic temperatures are observed as a broad maximum in the
temperature dependence of S vs T !Ref. 8" and ! vs T.65 S!T"
can be scaled by S!TS

!" and TS
!.24 The resistive pseudogap

temperature !T"
!" is defined as a temperature where the resis-

tivity bends downward from the linear temperature depen-
dence at the high temperature.60 The similar characteristic
temperatures are observed also in # vs T.61 The pseudogap
by the QPR is observed as the gaplike behavior in substantial
transient change of the optical transmission or reflection in-
duced by ultrashort laser pulse photoexcitation.66 The
ARPES and tunneling experiments provide us with the char-
acteristic energies and temperatures, such as the peak and

TABLE III. The Tc
max. and Ppl

opt. for single-layer HTSs plotted in
Figs. 1!a"–1!c".

HTS Tc
max. !K" Ppl

opt. Ref.

SrD-La214 39.4 0.16 27
SrD-La214 37 0.16 28
SrD-La214 36 0.16 29
SrD-La214 38 0.16 30
OD-Hg1201 97 0.235 31 and 32
CD-Bi2201 35.5 0.28 33
CD-Bi2201 33 0.28 34
OD-Tl2201 93a 0.25a 7, 35, and 36

aWe use the reported highest Tc=93 K as Tc
max. !Ref. 37". From the

plot of Tc vs Ppl in Fig. 1!a", the optimal Ppl is estimated to be
#0.25. The detail is in the text.

FIG. 2. !Color online" S290 as a function of the hole-doping content per CuO2 plane. !a" S290 !$7 %V /K" on the upper panel is plotted
on a logarithmic scale, while !b" S290 !&7 %V /K" on the lower panel is plotted on a linear scale. The plotted data are summarized in Table
IV. !c" Quantitative comparison between Ppl and PTc

. The dotted line shows Ppl= PTc
. We used this relation for the conversion from PTc

into
Ppl. The error of Ppl is below 0.04 for the CD-Bi2201 and below 0.01 for all other HTSs. The error bar for the other materials is not shown.
The shaded area represents a region with the Ppl error of '0.01 around the universal S290!Ppl" curve.
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gies of HTSs for constructing the phase diagram. The
pseudogap is generally observed as the characteristic tem-
perature derived by a scaling of the temperature dependence,
as a distinct change in the slope of the temperature depen-
dence or as a peak value in the energy dispersion at a fixed
temperature. Therefore, a reliable estimation can only be
achieved through using a wide temperature or energy range.
We only chose the characteristic temperatures and energies
obtained by direct observation or those obtained through
careful analysis of the data covering a wide temperature or
energy range. For example, when T! is derived by the scaling
of the temperature dependence observed below 300 K, T!’s
over 300 K is not used.

The pseudogap was first noticed as the temperature show-
ing a broad maximum in !T1T"!1 vs T curve.82 The charac-
teristic temperatures are observed as a broad maximum in the
temperature dependence of S vs T !Ref. 8" and ! vs T.65 S!T"
can be scaled by S!TS
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temperature !T"
!" is defined as a temperature where the resis-

tivity bends downward from the linear temperature depen-
dence at the high temperature.60 The similar characteristic
temperatures are observed also in # vs T.61 The pseudogap
by the QPR is observed as the gaplike behavior in substantial
transient change of the optical transmission or reflection in-
duced by ultrashort laser pulse photoexcitation.66 The
ARPES and tunneling experiments provide us with the char-
acteristic energies and temperatures, such as the peak and
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OD-Hg1201 97 0.235 31 and 32
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aWe use the reported highest Tc=93 K as Tc
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#0.25. The detail is in the text.
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Unified electronic phase diagram for hole-doped high-Tc cuprates
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We have analyzed various characteristic temperatures and energies of hole-doped high-Tc cuprates as a
function of a dimensionless hole-doping concentration !pu". Entirely based on the experimental grounds, we
construct a unified electronic phase diagram !UEPD", where three characteristic temperatures !T!’s" and their
corresponding energies !E!’s" converge as pu increases in the underdoped regime. T!’s and E!’s merge together
with the Tc curve and 3.5kBTc curve at pu#1.1 in the overdoped regime, respectively. They finally go to zero
at pu#1.3. The UEPD follows an asymmetric half-dome-shaped Tc curve, in which Tc appears at pu#0.4,
reaches a maximum at pu#1, and rapidly goes to zero at pu#1.3. The asymmetric half-dome-shaped Tc curve
is at odds with the well-known symmetric superconducting dome for La2!xSrxCuO4 !SrD-La214", in which two
characteristic temperatures and energies converge as pu increases and merge together at pu#1.6, where Tc goes
to zero. The UEPD clearly shows that pseudogap phase precedes and coexists with high temperature super-
conductivity in the underdoped and overdoped regimes, respectively. It is also clearly seen that the upper limit
of high-Tc cuprate physics ends at a hole concentration that equals to 1.3 times the optimal doping concentra-
tion for almost all high-Tc cuprate materials and 1.6 times the optimal doping concentration for the SrD-La214.
Our analysis strongly suggests that pseudogap is a precursor of high-Tc superconductivity, the observed quan-
tum critical point inside the superconducting dome may be related to the end point of UEPD, and the normal
state of the underdoped and overdoped high temperature superconductors cannot be regarded as a conventional
Fermi liquid phase.

DOI: 10.1103/PhysRevB.77.184520 PACS number!s": 74.25.Fy, 74.72.!h, 74.25.Dw

I. INTRODUCTION

The unique hallmark of high temperature superconductors
!HTSs" is a pseudogap phase characterized by the observa-
tion of a multiple pseudogap temperatures !T!’s" and
pseudogap energies !E!’s" by a large number of different
experimental probes. While the pseudogap phase precedes
the high temperature superconducting phase characterized by
the superconducting transition temperature !Tc" and super-
conducting gap energy !"c", it is not clear how T!, Tc, E!,
and "c are related to each other. Specifically, how are T! and
E! related to the occurrence of the high-Tc superconductivity
is still unclear. Is pseudogap a sufficient and/or necessary
condition for high Tc or is it just a complication of specific
material systems? Is it collaborating or competing with su-
perconductivity? For instance, it is argued that the pseudogap
is a competing order that may have nothing to do with high
Tc.1 On the other hand, it is also suggested that the
pseudogap is intimately related to high Tc.2,3 To distinguish
these, two contradictory pictures that are critical to the
mechanism of high-Tc superconductivity requires a compari-
son of various characteristic temperatures and energies in a
universal phase diagram for all HTSs. Any systematic behav-
ior derived from this kind of phase diagram will provide true
intrinsic properties of HTS that are free from material-
specific complications. However, up until now, there is no
such a comparison made and no such phase diagram is avail-
able. We have analyzed numerous published data in the lit-
erature. We carefully select 27 HTSs: 11 single-layer, 11
double-layer, and five triple-layer HTSs, as summarized in

Table I. The selection criteria will follow when we discuss
the construction of the figures. There are 16 different experi-
mental probes used for these 27 HTSs, which are summa-
rized in Table II. In this paper, we unify the characteristic
temperatures of all these data of 27 HTSs on one single
phase diagram entirely based on our proposed universal hole
concentration scale that itself is also based on experimental
results.

In the single-layer SrD-La214, where the hole-doping
concentration can be unambiguously determined from the Sr
content !x",4 Tc!x" exhibits a well-known symmetric bell-
shaped curve, i.e., the so-called superconducting dome, with
a maximum Tc !Tc

max" located at x#0.16.5 The symmetrical
dome-shaped Tc curve or the superconducting dome is ap-
proximately represented by the following parabola:

1 !
Tc

Tc
max = 82.6!x ! 0.16"2. !1"

Assuming that all HTSs have the identical symmetric super-
conducting dome, x can be replaced with the hole-doping
concentration !PTc

". Then, this relation could be used to de-
termine the hole-doping concentration for many other
HTSs.5–23 Using this hole-scale based on the superconduct-
ing dome, the PTc

-scale, various phase diagrams have been
constructed.1 A distinct feature in one of such phase dia-
grams is that T! crosses the superconducting dome and
reaches zero at a quantum critical point !QCP" inside the
dome.1,6 On the other hand, without using the PTc

scale,
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How valid is the thermopower doping scale?



hump energies observed in the energy dispersion at a fixed
temperature and the temperature dependence of the energy-
dispersion curve, respectively.76 The ERS give as the coher-
ent and two-magnon peaks.22 In the NMR knight shift, TmK

!

is a temperature where the constant Kc at high temperature
bends downward, and TK

! is a temperature where the linear
Kc below TmK

! bends downward.84,85 Recently, the resistivity
curvature mapping based on the data of in-plane resistivity

up to 300 K showed that there are two inflection points, the
upper inflection point and the lower inflection point, which
are identified in the ! vs T curve far above Tc.64 Therefore,
there are various characteristic temperatures and/or energies
reported in the literature. Our goal is to see if we can put all
of them into one unified phase diagram.

III. RESULTS AND DISCUSSION

A. Universal hole-doping scale

First of all, we demonstrate how the hole-doping scale
based on S290 is effective and universal. In Figs. 2!a" and
2!b", we plot S290 of sintered sample and Sab

290 of the single
crystal as a function of Ppl, together with previously reported
data.24 S290 !"7 #V /K" on the upper panel is plotted on a
logarithmic scale, while S290 !$7 #V /K" on the lower panel
is plotted on a linear scale. In Figs. 2!a" and 2!b", the five
single-layer, one double-layer, and one triple-layer HTSs are
the newly added data points. They have been plotted with the
previous reported SrD-La214 and CaD-Y1236. The plotted

FIG. 3. !Color online" Hole-doping concentration determined by
various techniques as a function of Ppl. The plotted data are sum-
marized in Table V.

FIG. 4. !Color online" Tc and T!
! as a function of pu for !a" the

OD-Y123-related materials and !b" Y0.8Ca0.2Ba2!Cu1!yZny"3O6+%.
The plotted data are summarized in Table VI. The solid line is a
half-dome-shaped Tc curve with Tc

max=86 K. The dotted line comes
from the Eq. !1" with Tc

max=86 K.

FIG. 5. !Color online" Extended unified electronic phase dia-
gram plotted as &c!Tc" vs pu for !a" the cation and oxygen codoped
HTSs and !b" the purely oxygen doped HTS. The plotted data are
summarized in Table VII. The solid and broken lines are an asym-
metric half-dome-shaped Tc curve and our superconducting dome,
respectively. The dotted line is the Tc curve for OD-Y123 !Ref. 26".
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of the Hubbard model
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Charge 2e Boson Underlies Two - Fluid Model of the Pseudogap in Cuprate
Superconductors

Shiladitya Chakraborty and Philip Phillips
Department of Physics, University of Illinois 1110 W. Green Street, Urbana, IL 61801, U.S.A.

(Dated: May 18, 2009)

Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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FIG. 3: (color online) (a) T dependences of 1/ne! (=
eRH/VCu) for a series of LSCO single crystals in the lightly-
doped region, x = 0.01 – 0.05, with their fits (solid lines) using
Eq. (2). The fitting parameters, n1 and !CT , are shown in
panels (b) and (c).

mensional), for the ease of understanding the meaning of
the numbers. Since the plateau in RH(T ) at moderate
temperature gives ne! that is essentially equal to x at
low doping,13 the impurity term n0e!"imp/2kBT in Eq.
(1) should be replaced with x to describe RH(T ) in this
region.28 Hence, we fit the data for x = 0.01 – 0.05 to

RH(T ) =
VCu

e

!

x + n1e
!"CT /2kBT

"!1

. (2)

The solid lines in Fig. 3(a) are the results of the fittings.29

Note that the upturn at very low temperature seen in
all the data is due to the strong Anderson localization13

that reduces the number of mobile carriers and naturally
causes a deviation from Eq. (2). Obviously, Eq. (2) gives
a reasonable account of the essential feature of the data
(except for the Anderson localization), and hence one
may conclude that the thermal activation of holes gives
rise to the exponential decrease in RH at high tempera-
ture not only at x = 0 but also at low doping. This in
turn indicates that there are strong charge fluctuations
in lightly-doped cuprates at !400 K, where the charge
transport must become incoherent; therefore, it is prob-
ably not reasonable to describe RH in this regime using
theories developed for a metallic system (i.e., for coherent
electrons with well-defined wave vectors), such as that in
Ref. 10.

The doping dependences of the parameters n1 and
!CT in Eq. (2) obtained from the fits are shown in

Figs. 3(b) and 3(c). It is notable that n1, a rough mea-
sure of the number of available states for thermal activa-
tions (but is amplified by various additional e"ects24,25)
is essentially doping-independent for x = 0 – 0.05 [Fig.
3(b)], which would imply that thermal creations of car-
riers of essentially the same nature are taking place in
this doping range. On the other hand, the gap !CT for
the thermal activation [Fig. 3(c)] shows a sudden drop
from 0.89 to 0.53 eV upon doping only 1% of holes to the
parent insulator, but then shows only a small decrease
with x. Probably, there are two possibilities to inter-
pret this result. One is to take the reduction in !CT to
be a result of the softening of the main CT gap upon
slight doping; in this case, the same bands are involved
in the activation process after the doping, and our ob-
servation that n1 is essentially doping independent is in
good accord. Considering the fact that doping to a Mott
insulator necessarily involves a change in the electronic
structure at a high energy scale of the order of the on-site
repulsion U (because doping one hole to a Mott insulator
not only creates a hole state but also removes one state
from the upper Hubbard band),30 it would be possible
that a slight doping induces a relatively large change in
the band structure. The other possibility is that the so-
called “in-gap states”12 are created in the middle of the
original CT gap upon hole doping and our !CT actually
measures the charge-transfer excitations from these new
states to the upper Hubbard band (conduction band). In
this case, one would expect n1 for x ! 0.01 to be much
smaller than that for x =0; however, a large n1 might be
possible for some particular shape of the band edge,31 so
our result in Fig. 3(b) cannot conclusively exclude this
possibility. In any case, the true nature of !CT in the
doped system is best left as an open question, and its
identification is actually at the heart of understanding
what really happens upon doping to a Mott insulator. It
is intriguing to note that our !CT for the lightly-doped
region coincides rather well with the peak frequency of
the mid-infrared (MIR) absorption seen in the optical
conductivity of LSCO,32 so the MIR absorption may also
have something to do with the CT excitations.

In passing, previous studies of the doping dependence
of the CT gap using high-energy probes33,34 have found
a hardening of the gap, which appears to be at odds
with the first possibility discussed above. However,
Markiewicz and Bansil argued26 that those high-energy
experiments may only see hard branches of the various
modes of the CT excitations; naturally, our thermody-
namic measurement probes the CT excitation of the low-
est energy, which may not be easily seen by the high-
energy probes. In this regard, it should be noted that
our !CT measures the e"ective excitation energy at high
temperature, which is naturally smaller than the band
gap at T = 0, so a care must be taken when comparing
our !CT to that calculated theoretically for T = 0.

Ono, et al., Phys. Rev. B 75, 024515 
(2007)
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Charge 2e Boson Underlies Two - Fluid Model of the Pseudogap in Cuprate
Superconductors

Shiladitya Chakraborty and Philip Phillips
Department of Physics, University of Illinois 1110 W. Green Street, Urbana, IL 61801, U.S.A.

(Dated: May 18, 2009)

Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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FIG. 3: (color online) (a) T dependences of 1/ne! (=
eRH/VCu) for a series of LSCO single crystals in the lightly-
doped region, x = 0.01 – 0.05, with their fits (solid lines) using
Eq. (2). The fitting parameters, n1 and !CT , are shown in
panels (b) and (c).

mensional), for the ease of understanding the meaning of
the numbers. Since the plateau in RH(T ) at moderate
temperature gives ne! that is essentially equal to x at
low doping,13 the impurity term n0e!"imp/2kBT in Eq.
(1) should be replaced with x to describe RH(T ) in this
region.28 Hence, we fit the data for x = 0.01 – 0.05 to

RH(T ) =
VCu

e

!

x + n1e
!"CT /2kBT

"!1

. (2)

The solid lines in Fig. 3(a) are the results of the fittings.29

Note that the upturn at very low temperature seen in
all the data is due to the strong Anderson localization13

that reduces the number of mobile carriers and naturally
causes a deviation from Eq. (2). Obviously, Eq. (2) gives
a reasonable account of the essential feature of the data
(except for the Anderson localization), and hence one
may conclude that the thermal activation of holes gives
rise to the exponential decrease in RH at high tempera-
ture not only at x = 0 but also at low doping. This in
turn indicates that there are strong charge fluctuations
in lightly-doped cuprates at !400 K, where the charge
transport must become incoherent; therefore, it is prob-
ably not reasonable to describe RH in this regime using
theories developed for a metallic system (i.e., for coherent
electrons with well-defined wave vectors), such as that in
Ref. 10.

The doping dependences of the parameters n1 and
!CT in Eq. (2) obtained from the fits are shown in

Figs. 3(b) and 3(c). It is notable that n1, a rough mea-
sure of the number of available states for thermal activa-
tions (but is amplified by various additional e"ects24,25)
is essentially doping-independent for x = 0 – 0.05 [Fig.
3(b)], which would imply that thermal creations of car-
riers of essentially the same nature are taking place in
this doping range. On the other hand, the gap !CT for
the thermal activation [Fig. 3(c)] shows a sudden drop
from 0.89 to 0.53 eV upon doping only 1% of holes to the
parent insulator, but then shows only a small decrease
with x. Probably, there are two possibilities to inter-
pret this result. One is to take the reduction in !CT to
be a result of the softening of the main CT gap upon
slight doping; in this case, the same bands are involved
in the activation process after the doping, and our ob-
servation that n1 is essentially doping independent is in
good accord. Considering the fact that doping to a Mott
insulator necessarily involves a change in the electronic
structure at a high energy scale of the order of the on-site
repulsion U (because doping one hole to a Mott insulator
not only creates a hole state but also removes one state
from the upper Hubbard band),30 it would be possible
that a slight doping induces a relatively large change in
the band structure. The other possibility is that the so-
called “in-gap states”12 are created in the middle of the
original CT gap upon hole doping and our !CT actually
measures the charge-transfer excitations from these new
states to the upper Hubbard band (conduction band). In
this case, one would expect n1 for x ! 0.01 to be much
smaller than that for x =0; however, a large n1 might be
possible for some particular shape of the band edge,31 so
our result in Fig. 3(b) cannot conclusively exclude this
possibility. In any case, the true nature of !CT in the
doped system is best left as an open question, and its
identification is actually at the heart of understanding
what really happens upon doping to a Mott insulator. It
is intriguing to note that our !CT for the lightly-doped
region coincides rather well with the peak frequency of
the mid-infrared (MIR) absorption seen in the optical
conductivity of LSCO,32 so the MIR absorption may also
have something to do with the CT excitations.

In passing, previous studies of the doping dependence
of the CT gap using high-energy probes33,34 have found
a hardening of the gap, which appears to be at odds
with the first possibility discussed above. However,
Markiewicz and Bansil argued26 that those high-energy
experiments may only see hard branches of the various
modes of the CT excitations; naturally, our thermody-
namic measurement probes the CT excitation of the low-
est energy, which may not be easily seen by the high-
energy probes. In this regard, it should be noted that
our !CT measures the e"ective excitation energy at high
temperature, which is naturally smaller than the band
gap at T = 0, so a care must be taken when comparing
our !CT to that calculated theoretically for T = 0.

Ono, et al., Phys. Rev. B 75, 024515 
(2007)
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Superconductors
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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FIG. 3: (color online) (a) T dependences of 1/ne! (=
eRH/VCu) for a series of LSCO single crystals in the lightly-
doped region, x = 0.01 – 0.05, with their fits (solid lines) using
Eq. (2). The fitting parameters, n1 and !CT , are shown in
panels (b) and (c).

mensional), for the ease of understanding the meaning of
the numbers. Since the plateau in RH(T ) at moderate
temperature gives ne! that is essentially equal to x at
low doping,13 the impurity term n0e!"imp/2kBT in Eq.
(1) should be replaced with x to describe RH(T ) in this
region.28 Hence, we fit the data for x = 0.01 – 0.05 to

RH(T ) =
VCu

e

!

x + n1e
!"CT /2kBT

"!1

. (2)

The solid lines in Fig. 3(a) are the results of the fittings.29

Note that the upturn at very low temperature seen in
all the data is due to the strong Anderson localization13

that reduces the number of mobile carriers and naturally
causes a deviation from Eq. (2). Obviously, Eq. (2) gives
a reasonable account of the essential feature of the data
(except for the Anderson localization), and hence one
may conclude that the thermal activation of holes gives
rise to the exponential decrease in RH at high tempera-
ture not only at x = 0 but also at low doping. This in
turn indicates that there are strong charge fluctuations
in lightly-doped cuprates at !400 K, where the charge
transport must become incoherent; therefore, it is prob-
ably not reasonable to describe RH in this regime using
theories developed for a metallic system (i.e., for coherent
electrons with well-defined wave vectors), such as that in
Ref. 10.

The doping dependences of the parameters n1 and
!CT in Eq. (2) obtained from the fits are shown in

Figs. 3(b) and 3(c). It is notable that n1, a rough mea-
sure of the number of available states for thermal activa-
tions (but is amplified by various additional e"ects24,25)
is essentially doping-independent for x = 0 – 0.05 [Fig.
3(b)], which would imply that thermal creations of car-
riers of essentially the same nature are taking place in
this doping range. On the other hand, the gap !CT for
the thermal activation [Fig. 3(c)] shows a sudden drop
from 0.89 to 0.53 eV upon doping only 1% of holes to the
parent insulator, but then shows only a small decrease
with x. Probably, there are two possibilities to inter-
pret this result. One is to take the reduction in !CT to
be a result of the softening of the main CT gap upon
slight doping; in this case, the same bands are involved
in the activation process after the doping, and our ob-
servation that n1 is essentially doping independent is in
good accord. Considering the fact that doping to a Mott
insulator necessarily involves a change in the electronic
structure at a high energy scale of the order of the on-site
repulsion U (because doping one hole to a Mott insulator
not only creates a hole state but also removes one state
from the upper Hubbard band),30 it would be possible
that a slight doping induces a relatively large change in
the band structure. The other possibility is that the so-
called “in-gap states”12 are created in the middle of the
original CT gap upon hole doping and our !CT actually
measures the charge-transfer excitations from these new
states to the upper Hubbard band (conduction band). In
this case, one would expect n1 for x ! 0.01 to be much
smaller than that for x =0; however, a large n1 might be
possible for some particular shape of the band edge,31 so
our result in Fig. 3(b) cannot conclusively exclude this
possibility. In any case, the true nature of !CT in the
doped system is best left as an open question, and its
identification is actually at the heart of understanding
what really happens upon doping to a Mott insulator. It
is intriguing to note that our !CT for the lightly-doped
region coincides rather well with the peak frequency of
the mid-infrared (MIR) absorption seen in the optical
conductivity of LSCO,32 so the MIR absorption may also
have something to do with the CT excitations.

In passing, previous studies of the doping dependence
of the CT gap using high-energy probes33,34 have found
a hardening of the gap, which appears to be at odds
with the first possibility discussed above. However,
Markiewicz and Bansil argued26 that those high-energy
experiments may only see hard branches of the various
modes of the CT excitations; naturally, our thermody-
namic measurement probes the CT excitation of the low-
est energy, which may not be easily seen by the high-
energy probes. In this regard, it should be noted that
our !CT measures the e"ective excitation energy at high
temperature, which is naturally smaller than the band
gap at T = 0, so a care must be taken when comparing
our !CT to that calculated theoretically for T = 0.

Ono, et al., Phys. Rev. B 75, 024515 
(2007)
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Charge 2e Boson Underlies Two - Fluid Model of the Pseudogap in Cuprate
Superconductors
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy

x� = x+ α
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Starting from the e!ective low energy theory of a doped Mott insulator1,2,3, we show that the
e!ective carrier density in the underdoped regime agrees with a two - fluid description. Namely, it has
distinct temperature independent and thermally activated components. We identify the thermally
activated component as the bound state of a hole and a charge 2e boson, which occurs naturally in
the e!ective theory. The thermally activated unbinding of this state leads to the strange metal and
subsequent T!linear resistivity.

The normal state of the high-Tc copper oxide super-
conductors exhibits a variety of anomalous features in
the underdoped regime which any successful theory of
these materials must explain. Central to the exotica
of the underdoped cuprates are the pseudogap5,6 and
strange metal phases. These phases are closely linked
because once the suppression of the density of states at
the chemical potential, a key experimental signature of
the pseudogap, ceases at some critical temperature, T !, a
metallic state ensues. Such behavior is suggestive of a lo-
calized, or more properly, a ‘bound’ electronic state that
is liberated at T !. While the upturn7,8 of the resistivity
at low temperatures is consistent with this bound state
scenario or charge localization9,10,11,12 a more direct sig-
nature is the activated temperature dependence14,15,16 of
the Hall coe!cient. In a Fermi liquid, the inverse of the
Hall coe!cient is a measure of the carrier density which
of course is independent of temperature. However, in the
underdoped cuprates, the inverse of the Hall coe!cient
is strongly temperature dependent14,15,16. Gor’kov and
Teitel’baum13 observed remarkably that the charge car-
rier concentration, nHall, extracted from the inverse of
the Hall coe!cient in La2"xSrxCuO4 (LSCO) obeys an
empirical formula,

nHall(x, T ) = n0(x) + n1(x) exp(!"(x)/T ), (1)

appropriate or a two-component or two-fluid system.
One of the components is independent of temperature,
n0(x) (x the doping level) while the other is strongly
temperature dependent, n1(x) exp(!"(x, T )). The key
observation here is that the temperature dependence in
nHall is carried entirely within "(x, T ) which defines
a characteristic activation energy scale for the system.
Gor’kov and Teitel‘baum’s13 analysis suggests that the
activation energy is set by the pseudogap energy scale.
Consequently, the bound component should be liber-
ated beyond the T ! scale for the onset of the pseudo-
gap. Should nHall be an accurate representation of the
e#ective charge carrier concentration in the cuprates, the
above observation indicates that the underdoped or pseu-
dogap phase necessitates a two-fluid description, which
has been championed17 recently to explain NMR, inelas-
tic neutron scattering and thermodynamic measurements
on these systems. Nonetheless, the microscopic origin of

the two fluids has not been advanced. That is, there is
no microscopic prescription for the precise nature of the
propagating degrees of freedom that underlie the tem-
perature dependence of nHall. For example, Gor‘kov and
Teitel‘baum13 attributed the unbinding of the localized
charges above T ! to excitations from van Hove singu-
larities at the bottom of the band up to the chemical
potential.

By contrast, our explanation of the the two fluids re-
lies entirely on the strong correlations of a doped Mott
insulator, that is, Mottness. Here we show that the ex-
act low-energy theory of a doped Mott insulator1,2,3 de-
scribed by the Hubbard model naturally resolves the two-
component conundrum in the cuprates. The propagating
degrees of freedom that constitute the two fluids are the
standard projected electron in the lower Hubbard band
and a bound composite excitation composed of a charge
2e boson and a hole. It is the unbinding of the latter that
gives rise to the strange metal regime.

We review some of the key features of the our e#ective
low energy theory of Mottness, the complete details of
which have been worked out elsewhere1,2,3,4. Our start-
ing point is the usual Hubbard model

HHubb = !t
!

i,j,!

gijc
†
i,!cj,! + U

!

i,!

c†i,#c
†
i,$ci,$ci,# (2)

where i, j label lattice sites, gij is equal to one if i, j are
nearest neighbours, ci! annihilates an electron with spin
! on lattice site i, t is the nearest-neighbour hopping ma-
trix element and U the energy cost when two electrons
doubly occupy the same site. The cuprates live in the
strongly coupled regime in which the interactions domi-
nate as t " 0.5eV and U = 4eV. A low-energy e#ective
action is then obtained by integrating out the physics
on the U -scale. Because double occupancy occurs in
the ground state, integrating out the U -scale physics is
not equivalent to integrating out double occupancy. We
solved this problem by extending the Hilbert space to
include a new fermionic oscillator which represents the
creation or annihilation of double occpancy only when
a constraint is solved. The new fermionic oscillator en-
ters the action with a mass of U and hence represents the
high-energy scale, which must be integrated out to gener-
ate the low-energy action. The corresponding low-energy
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Electron spectral function 3

This implies that the weight in the unoccupied part of
the LHB is 2(x + !). The fermionic degrees of freedom
that are associated with this assignment of the chemical
potential are the weakly interacting fermionic (propagat-
ing) modes because a quasiparticle picture emerges in
which the intensity of a state above and below the chem-
ical potential per spin is equal. Consequently, we arrive
at the assignments of the spectral weights in Fig. (1b).
In other words, the dynamical degrees of freedom de-
noted by ! serve to supplement the e!ective phase space
of a hole-doped system and x! = x + ! now denotes the
e!ective number of hole degrees of freedom per spin at
low energy. Consequently, it is with respect to x! that a
Luttinger theorem exists not x, the bare hole number.

This argument is even clearer for the case of electron
doping. In the case of electron-doping, the chemical po-
tential (µ) lies in the UHB where 2x electron removal
states are created below µ and the weight above µ is
given by 1 ! x in the atomic limit. Turning on a fi-
nite t/U creates doublon-holon pairs. In this case, the
holes belong to the LHB and represent the high-energy
configurations of the system. The weight above µ repre-
sents the amplitude for adding an electron to the UHB,
or creating a double occupancy, which is depleted upon
creation of doublon-holon pairs since neither holons nor
doublons can contribute to the creation of double occu-
pancies upon addition of a single electron. This weight
is analogous to that of the occupied part of the LHB in
the case of hole doping.

The claim2–5 that the dynamical corrections vanish for
the occupied part of the spectrum in the LHB can be ad-
dressed by a direct calculation of the corresponding cor-
relation function. Within the Hubbard model, a quan-
titative measure of dynamical spectral weight transfer is
the correlation function between the " and # degrees of
freedom. The full electron spectral function, A(k, $) =
!ImFT (%(t!t!)"{ci!(t), c†j!(t!)}#)/& = A""+A##+2A"#,
contains two diagonal terms A"" and A## and a cross
term A"# which represents the degree to which the high
and low energy degrees of freedom are coupled. Here, FT
represents the frequency and momentum Fourier trans-
form. The claim that only the states above the chemical
potential are a!ected by the dynamical spectral weight
transfer is easily falsifiable. On this claim, A"# is zero
for all frequencies in the occupied part of the LHB. We
have computed A"# previously6 and it is clearly non-zero
at all frequencies that bracket the turn-on of the spectral
weights in the LHB and UHB at half-filling and at finite
doping. This is simply a reflection of the fact that at all
frequencies, the states in the LHB all have doubly occu-
pied character. Since the dynamical contribution reduces
the spectral weight, the spectral weight of the occupied
part of the spectrum is necessarily less than 1 ! x. Let
us call the reduction q and hence the weight is given by
1!x! q. The weight in the unoccupied part of the LHB
is 2x + ! + q. For the weight of a hole per spin to be
equal to that of an electron, we must have that q = !.
This results in the assignments in Fig. (1b).
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FIG. 2: Integrated spectral weight in the occupied part of
the lower Hubbard band, !µ! , from the charge 2e low-energy
theory8–11. Here x is the doping level for the conserved charge,
Q =
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c†i!ci! + 2
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i !i. Clearly shown is that the oc-
cupied part (red triangles) of the one-particle spectrum has a
weight less than 1 ! x (solid blue line).

Consequently, we arrive at the key conclusion that in
terms of the low-energy modes, the weight of the UHB
must be necessarily equal to the weight of the occu-
pied part of the LHB. As this assignment of the spectral
weights recovers a quasiparticle picture, this necessarily
implies that the chemical potential for the fermionic low-
energy degrees of freedom is less than that used to de-
terine the electron filling. As a result, the bare electrons
and the true low-energy fermionic quasiparticles do not
stand in a one-to-one correspondence, the e"cient cause
of which is dynamical spectral weight transfer. Insertion
of an electron a!ects the spectrum at all energies while
only local changes occur in terms of the low-energy de-
grees of freedom. Such an orthogonality catastrophe is
due entirely to the existence of the UHB6,7 and persists as
long as the degrees of freedom transferred from the UHB
provide a relevant perturbation to those in the LHB.

Since the weight of the band in which the chemical
potential resides in a doped Mott insulator exceeds the
electron count, new degrees of freedom are required in
any consistent low-energy theory. The extra degrees of
freedom are generated from mixing with the doubly oc-
cupied sector and hence should emerge upon integration
of the states far away from the chemical potential. We
have carried8–11 out this Wilsonian program exactly for
the Hubbard model and showed that a charge |2e| bosonic
field emerges. The boson which is non-propagating has
charge 2e for hole doping and -2e for electron doping,
represents the mixing with double occupancy and double
holes respectively. For hole doping, the conserved charge
Q, which equals the total electron filling n8–11, is a sum
of two components,

Q =
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is the exact Green function corresponding to the La-
grangian, Eq. (7), which has a two-branch structure, cor-
responding to the bare electrons and the coupled holon-
doublon state respectively. The role of the " field, which
determines the weight of the second branch, is vital to
our understanding of the properties of Mott systems, as
was demonstrated previously3,4. It is trivial to see that
in the limit of vanishing s (no " field), the %k"’s reduce
to the bare electron operators ck and the first term in
Eq.(11) vanishes. The two-fluid nature of the response
stems from this fact of the theory. Namely, the first term
contributes only when " "= 0 and the second when " = 0.
These contributions correspond to the dynamical and
static components of the spectral weight, respectively.

We obtained the Green function G(k, !) by a numer-
ical integration of Eq.(10) over the " field. The Hall
coe!cient RH was computed from the spectral function
A(k, !) using the Kubo formula19
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with &xx and &xy the diagonal and o"-diagonal compo-
nents of the conductivity tensor respectively, f(!) is the
Fermi distribution function, and B is the normal compo-
nent of the external magnetic field. The e"ective charge
carrier density nHall is then obtained using the relation
RH = !1/(nHalle).

Fig.1 shows a set of plots of nHall as a function of
the inverse temperature, each corresponding to a di"er-
ent value of hole-doping, x, in the underdoped regime
(x ranging from 0.05 to 0.20). The plots fit remarkably
well to an exponentially decaying form. In other words,
the computed charge carrier density within the charge
2e boson theory of a doped Mott insulator agrees well
with the form given in Eq. (1) proposed by Gor’kov
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FIG. 1: nHall plotted as a function of inverse temperature
for four di!erent values of hole doping x: 1) solid circles,
x = 0.05, 2) diamonds, x = 0.10, 3) triangles, x = 0.15,
and 4) squares, x = 0.2. The inset shows the temperature
indepenent part of the carrier density as a function of x. Note
it exceeds the nominal doping level indicated by the straight
line.
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FIG. 2: "(x) (solid circles) obtained from fitting the plots
in Fig.(1) to Eq.( 1) plotted as a function of hole doping
x. The experimental values are also shown for LSCO: solid
triangles15,16,21 and squares14 The excellent agreement indi-
cates that the bound component contributing to the charge
density does in fact give rise to the pseudogap.

and Teitel’baum13. The inset shows the temperature-
independent part of the charge density as a function of
x. This quantity exceeds the nominal doping level. This
deviation is expected as the Hall coe!cient is expected
to change sign around x = 0.320 in hole-doped samples.
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Predictions:

x→ x + α

QO oscillations:

Vhp − Vep = 2(x + α)

ρs ∝ x + α
Superfluid density:

optical conductivity:
neff ∝ (x + α) > x

Thanks to R.  G. Leigh and Ting-
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