Jim Wiss

Physics 485
Useful Mathematical Results
Algebra
1. (Euler identity) exp(i¢) =cos¢+ising
2. |A+B| =|A +|B[ + 2Re{A'B} =|A] +|B[ + 2Re{BA]
3. (Distribution) [Zai j(z b J Y Yan
Commutators: | | .
[A8.c]-A[B.c]+[AcC]8;: [ABC]-B[AC]+[AB]C: @=%<[H,QJ>+<%>

i I OX OX
Inner Product Space

4. (Prototypes) <l,//|§0> = J.j:dx w*(x) o(X) ; <1//|C§|¢)> = f:dx v (X) G{gp(x)}
5. (Conjugation) (w|e) =(e|v) ; (v|w)= ||://||2 >0 ; when normalized (i |y) =1
6. (Distribution) <l//|agoa + b(pb> = a<l//|goa> + b<w|¢b> ; <agoa +bg, |w> =a’ <goa |l,y> +b* <(pb |1,//>

I I R 1 D T ¥V _ v
[px] == ; ForH =——+V(x): [H,x|==—; [H,p|=-=—; Virial Thm for §.5. 2<T>=<x_>

7. (Self-adjoint Operator Distribution)
(ap, +bp,[Olag, +bg,) =[af (0,]0|,) + o[ (4, |O]¢,) + 2Re{a’b(p, O], )|

8. (Completeness){(pi} of all ¢, :é‘(Pi =99 Z|¢i><(ﬂi | =1 _>|l//>:i2|¢i><¢i |l//> ; P(gi):K(Di |‘//>‘2

9. (Adjoint) (|G |p) = <1,1/‘é {gp}> = <GT {l//}‘¢> Observables are self-adjoint: G =G' — (y|G|y) e %

10. (Statistics) (G)=(y|G|v) ; 0*(G) =(G*)~(G)" =(v|G*|y) - (w|G|w) =0

Direct Product Space

11. (Prototype direct prod and operators) |y ) = p(x)xn(y)=|on) ; p, :_E— Py =——
12. (Prototype example)

(v'|pepy, [w) =(0'n'|Pp, |0 1)
(1o Lot (2 Letooop )| 1o o] (2 o
=(¢'[p|2)(n'|p, ) = (¢'|P|0){n'[P|n)

13. (Direct product factorization) o
Let |) =|p77) be p®n direct prod, and G = A B, where

A, only operates on ¢ and B, only operates on 7 , then:

(w'Gly)=(v'|AB,|v)=(¢'n'|AB, |0 n) =(¢'|Al)(n'|B| n)
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Identical particle notation and identity

One particle is in state m and the other in state n andm # n and the spatial wave functions are
either symmetric or anti-symmetric depending on spin

Imn)£[nm) ¢ (x)9,(%,) £ 0, (%)@ (X,)

l//(Xl,XZ) = \/E \/E

We can distribute an operator O using this identity

(w[oly) - (mn J_rnm|('25|mninm> _ <mn|6|mn>;<nm|6|nm> iRe{(mn|C3|nm>}

Useful Integrals

1. (Exponential integral)
IOM dx x"exp(-x)=n!

2. (Gaussian full integrals)

+o0 " 6In ] B
|, = J'_w dx X" exp(-px*); l,., = " |, =~z B2

gl

3. (Gaussian half integrals)

J, = J.omdx X" exp(—ﬂxz) s Jhe = _aJn ; Jo = \/;(%jﬂ_llz ;J = {ij

op 20
(1) e 7 (1),
J2: ﬂ(zjﬂ , J3—(2jﬂ
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