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Useful Mathematical Results 
Algebra  
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Inner Product Space 
4. (Prototypes) ( ) ( ) { }( ) ;  ( )dx x x G dx x G xψ ϕ ψ ϕ ψ ϕ ψ ϕ

+∞ +∞∗ ∗

−∞ −∞
= =∫ ∫  

5. (Conjugation) 2 0 1  ;   ; when normalized ψ ϕ ϕ ψ ψ ψ ψ ψ ψ∗
= = > =  

6. (Distribution)  ; a b a b a b a ba b a b a b a bψ ϕ ϕ ψ ϕ ψ ϕ ϕ ϕ ψ ϕ ψ ϕ ψ∗ ∗+ = + + = +  
 
7. (Self-adjoint Operator Distribution)  

{ }2 2 2Rea b a b a a b b a ba b O a b a O b O a b Oϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ∗+ + = + +  

8. (Completeness){ } ( ) 2
1ˆ of all  :  ;   ; i i i i i i i i i i i

i i
G g gϕ ϕ ϕ ϕ ϕ ϕ ψ ϕ ϕ ψ ϕ ψ= = → = =∑ ∑ P  

9. (Adjoint) { } { }†G G Gψ ϕ ψ ϕ ψ ϕ= =  Observables are self-adjoint: †G G Gψ ψ= → ∈ℜ  
 
10. (Statistics) ( ) 2 22 2 0ψ ψ σ ψ ψ ψ ψ2= = − = − ≥ ; G G G G G G G  
 
Direct Product Space 

11. (Prototype direct prod and operators) ( ) ( ) x y  ;  p  ; px y
i x i y
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12.  (Prototype example)  
 
 
 
 
 
 
 
13. (Direct product factorization) 
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Let  be  direct prod, and  where

 only operates on  and  only operates on  , then:
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 Identical particle notation and identity 
 
One particle is in state m and the other in state n andm n≠  and the spatial wave functions are 
either symmetric or anti-symmetric depending on spin 
 

 1 2 1 2
1 2 2 2

( ) ( ) ( ) ( ), ) m n n mmn nm x x x xx x ϕ ϕ ϕ ϕψ
± ±
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We can distribute an operator O  using this identity 
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O mn O nmψ ψ
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Useful Integrals 
 

1. (Exponential integral) 
 
 
 

2. (Gaussian full integrals) 
 
 
 
 
 
 
 

3. (Gaussian half integrals) 
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