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Résumé.- On présente les résultats pour les propriétés de 1'h&lium solide 3 la température de zéro.
La plupart des données sont obtenues par une méthode de Monte Carlo qui donne une solution exacte de
1'équation de Schrodinger. Pour 1'hé&lium 4, nous exposons 1' énergie en fonction de la densité, les
propriétés de la transition llqulde—sollde, la densité & un corps, la fonction de structure, et la
distribution des vitesses, calculées pour un réseau f.c.c.. L'accord des propriétés thermodynamiques
calculées avec l'expérience est meilleur que celles qui sont calculées par les méthodes variation-
nelles, mais le potentiel de Lennard-Jones ne fournit pas une description quantitative de 1'hé&lium 4.
Les différences entre les phases f.c.c. et h.c.p. n'expliquent pas le désaccord. Pour 1'hé&lium 3, on
donne les résultats des méthodes variationnelles utilisant exactement des fonctions d'essai antisy-
métriques.

Abstract.~ Results for properties of solid helium at zero temperature are presented. Most of the
data were obtained by a Monte Carlo method which gives an exact solution of the Schrodinger equation.
For helium 4 we exhibit the energy as a function of the density, the properties of the liquid-solid
transition, the one-body density, the structure function, and the momentum distribution, calculated
for an f.c.c. lattice. The agreement of the calculated thermodynamic properties with experlment is
better than those calculated variationally, but the Lennard-Jones potential does not give a quanti-
tative description of helium 4. Differences between f.c.c. and h.c.p. phases do not explain the dis-
crepancy. For helium 3, results of variational calculations using exactly antisymmetric trial func-

tions are given.

1. INTRODUCTION .~The isotopes of helium form crystals
which exhibit quantum effects in conspicuous ways.
Their study provides stringent tests of our under-
standing of such quantum effects in the solid state.
Unfortunately a quantitative theory of these sys-
tems is impeded by the fact they are strongly inte-
racting. No purely theoretical approach has been
found adequate to treat them. On the other hand,
they have been the subject of numerical studies,
most particularly of Monte Carlo simulations.

We wish to present recent methodological ad-
vances in treating zero temperature crystal states
of both 3He and “He along with some of the results
obtained thereby. The most important conclusion is
that numerical calculations of the Bose crystalwith
essentially no approximations are possible and that
quantities not yet measured for “He warrant study
since detailed comparisons with microscopic calcula-
tions can now provide critical tests of theory and
experiment.

The best computational tool available for the

treatment of crystals with Bose or Boltzmann statis-—
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tics is a method for the numerical integration of
the Schrodinger equation which has been named the
Green's Function Monte Carlo (GFMC) method. Space
precludes any discussion of the technique itself,
but is has been described elsewhere in the litera-
ture /1,2,3/. It uses Monte Carlo methods both to
develop a Green's function for the Schrodinger equa-
tion and to iterate the resulting integral equation.
One technical detail is significant : an importance
sampling transformation is possible which, in prin-
ciple, permits the calculation to be carried out
with no Monte Carlo sampling error. This requires
the introduction of the exact ground state wavefunc-
tion. It is found in practice that the use of appro-
ximations to the ground state wavefunctions - in
fact those trial functions used in variational stu-
dies - reduces the computational effort by orders
of magnitude. This has a mixed effect. We generally
use trial functions of the form
wT(rl,...rN) =.E.f(rij) . H exp[} LA(r - s )2 w
I m
where s, are the sites of a predetermined lattice.
This kind of trial function singles out a particu-
lar crystal symmetry and permits its study in me-
tastable regiﬁes. On the other hand, it leaves open
the possibility that results are viased by the spe-

cific form of wT. We have devoted much effort in




showing that typical results are insensitive to rea-
sonable changes in the details of wT. Another effect
of the use of wT as given in Eq. (1) is that we then
treat a system with Boltzmann statistics. That is,
we ignore exchange effects. In earlier studies of
soft-core systems /4,5/, we used fully symmetric
forms of wT in both variational and GFMC calcula-
tions and found that the energy was never lowered by
symmetrizing wT. In addition it is known that exchan-
ge effects in hard core ,systems are small /6/.
Correspondingly exact methods for the exact
integration of fermion systems have not yet been de-
veloped. We have shown /5/ that variational calcula-
tions with an antisymmetric crystal trial function
can be carried through with no additional approxima-
tions (such as truncated permutation expansions) by
an appropriate generalization of the well known sam-
pling method of Metropolis et al. /7/. We will des-
cribe the results of the application of this method,

"Fermion Monte Carlo", in section 4 below.

2. PROPERTIES OF CRYSTAL STATES OF “He.- We have mode-
led helium as a system of particles interacting by
Lennard-Jones potentials using the de Boer-Michels
/8/ parameters :
e = 10,22 K
V(r) = 4ef(o/r)12 - (0/7)8 ] . (2)
o= 2.556 A
We use this potential because it has been studied
most extensively in both fluid and crystal phases
and because earlier work /1/ has suggested that it
gave better agreement with experimental equations
of state than had been indicated by variational stu-
dies. In addition we have estimated and included in
our equation of state the perturbational effect of

the Axilrod-Teller triple-dipole potential /9/

3
V( ,r ,r ) =0.32401 + 3Mcos6.)/(r3 r3 3 )
3120 13 23 1 1 12 13 23
3
The calculations were made on f.c.c. lattices

partly for technical convenience and partly because
most earlier variational work and some GFMC calcula-
tions /2/ (on hard sphere systems) was done with this
structure. We are in the process of repeating the
variational calculations of Hansen and Levesque /10/
(f.c.c.) and of Hansen and Pollock /11/ (h.c.p.) to
better precision. Preliminary results indicate that
the equations of state agree to less than 0.1 K. We
plan also confirmatory GFMC calculations in the
h,c.p. phase.

C6-1299

We will present, in succeeding sections, re-
sults on the equation of state, including pressure
and compressibility derived therefrom. In addition
we will show selected data on the structure factor,
the momentum disttribution, and on the single parti-
cle density. Using similar data to be reported else-
where on the fluid phase /12/, we have derived the
data on the melting-freezing transition (to an

f.c.c. phase).

2.1.The equation of State of the Crystal Phase.-

TableI contains results for the equation of state

and related quantities.

Table I
o3 E (v E E(pert
[ 2 3 pert).
0.420 -5.671 + .059 0.227 + .004 <-5.444 + .059 <-5.97 + 0.4
0.440 -5.699 + .050 0.253 + .003 -5.426 + .080 -
0.468 -5.503 + .053 0,301 + .003 -5.302 + .083 -3.72 + 0.5
0.526 -4.718 + .032 0.413 + .003 -4.305 + .032 -4.85 + 0.0
0.889 -2.920 + .092 0.563 + .003 -2.036 + .092 -

Energies of the f.c.c. helium crystal

The first column gives the density in reduced units.
E, is the exact eigenvalue using the Lennard-Jones
potential, <V,> is the perturbation estimate of V,_,
and E is the sum of E, and <V _>. The last column
gives the perturbation estimate of the energy con-
tained in reference /2/. It should be compared with
Ez. All energies are in degrees Kelvin per particle.

We fitted the results to a polynomial
P=p,)2 P-P1Y3
E/N = A" + B' (—} +C' [—] %)
Py Py
Figure | shows the computed data, the fit of Eq.
(4), and the experimental results of Edwards and
Pandorf /13/. We observe that the polynomial gives
a fairthful representation of the data.

At the lowest stable crystal demsity, the com-
puted result is about 0.7 K per particle higher
than experiment. The discrepancy decreases to about
0.2 K at the highest density we have treated. The
difference in magnitude and shape is unlikely to
arise from the difference between f.c.c. and h.c.p.;
it is surely a consequence of the inadequacy of the
Lennard-Jones potential, Eq. (1). The somewhat
wrong shape of E(p) is reflected in the disagree-
ment between calculated and experimental pressures
and compressibilities, shown in figures 2 and 3.

From table I we see that the net energy of the

system comes as a rather delicate cancellation
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between the kinetic and potential energies.
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Fig. 1 : Energy as a function of reduced density.
The two lower curves give the results of the GFMC
calculations. The lowest solid curve is without <V3n
the upper dashed curve includes <V_,>. The two upper
curves give the results of our variational calcula-
tions. Again the lower curve is without <V3> and the
upper curve includes this correction. The experimen-
tal values, reference /13/, are shown as small solid
squares.
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Fig. 2 : The pressure as a function of reduced den-
sity. The solid curve is the experimental data, re-
ference /13/. The points with error bars show the
results of the GFMC calculations.
It would be extremely interesting to have experimen-—
tal data on <T> or <V> separately ; it appears pos-
sible that the former can be measured /14/.

Kalos, Levesque, and Verlet /2/ studied fluid
and f.c.c. crystal ground states of hard-sphere quan-

tum systems. They suggested a perturbation theory

connecting such results with those for hard-core po-
tentials. The relation is similar to but simpler
than the corresponding one for classical fluids.and

crystals /15/.
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Fig. 3 : The compressibility as a function of redu-
ced density. The solid curve is the experimental
data, reference /13/, the points with error bars
show the results from the GFMC calculations.

They determined the energy of crystal:states for the
Lennard-Jones potential. Table I shows that within
their somewhat large errors, the perturbation theory
gives results in agreement with ours (for the energy
without <V3>)- Further work on helium crystals based
upon a hard-sphere reference system would seem to be
very fruitful.

Table II shows a comparison of our GFMC results
with Hansen's variational calculations /16/. The
present energies are lower by a nearly constant dif-
ference of about 1 K. This discrepancy is extremely
important in comparisons with experimental equations
of state, but it is in a sense, misleading. There is,
as we have noted, a significant cancellation between
In fact the variational results for

<T> and <V> .

the latter are in error by about 2-6 %. When <T>

and <V> are of the order of 35 K, the error.in the

net binding is considerably amplified. Nevertheless
the variationél method with trial functions of the
form of Eq. (1) are not adequate for quantitative
assessments of alternative force laws, and it is

clear that the Lennard-Jones potential is inadequate.




Table

P o3 E, (V) (1)

0.420 -5.871 =24,404+0.095 18.733+.112

0.440 -5.679 -25.756+0.0086 20.077+.108
0.468 -5.503 -27.765+0.073 22.262+.090
0.526 -4.718 -31.873+0.099 27.155+.104
0,589 -2.929 ~35.902+0.147 32.973+.173

Comparison of Exact and
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I

(), v, (1), Aw/T
-4.7914+.072 ~24.396+.004 18.605+.096 4.7%
-4.708+.062 -25.386+.046  20.878+.077 5 %
~4.519+.041 -26.096+.037  21.575+.055 4.5%
~3.520+.091 -29.582+.072  26.062+.116 4.6%
-1.321+.064 -31.632+.053 30.311+.083 5.3%

Variational Energies

The first column gives the denmsity in reduced units. E,_, <V> and <T>

are the total,

potential and kinetic energies computed by the GFMC method using the Lennard-Jones poten-

tial. (E,) , <V> and <T>

v

are the same quantities calculated using the variational method.

The last column gives AE = |E2 - (EZ)vl as a percentage of <T>v. All energies are in

degrees Kelvin per article.

We are currently engaged in a study of the effects

of other potentials that have been proposed.
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Fig. 4 : The single particle distribution at three
reduced densities. Distances are measured in units
of o.

It seems likely that the disagreement between
variational and GFMC calculations has its origin in
the neglect of explicit three-body correlations in
the trial functions used in the former. Similar dis-
crepancies occur in the fluid phase and there is
evidence /17,18/ that they can be removed for the

most part by use of better trial functionms.

2.2. The Melting-Fieezing Transjition.- GFMC calcula-

tions have also been performed for the fluid phase.
Using the equation of state obtained thereby and a nume-

rical construction of the Maxwell double tangent, we

have obtained freezing and melting densities and
related data for an f.c.c. - fluid transition. These
are shown in table III along with experimental values

and the variational values of Hansen /16/.

Table III
3 3
Potential pl‘c p'c p(atmos) AV(ce/mole)
V2 + VS 0.473 + .011 0.515 + .009 42.85 + 8.64 1.83
V2 variational 0.380 0.457 15.0 4.5
Experiment 0.430 0.468 25.0 1.9

The Melting-Freezing Transition

The first column gives the potential and method used.
The next two columns give the freezing and melting
densities in reduced units. Column four gives the
transition pressure in atmospheres. The last column
gives the volume difference between the solid and
liquid in cubic centimeters per mole. We find no
difference in the melting and freezing densities,
transition pressure and volume difference if we omit
the corrections due to <V3>.

The present results for the transition densi-
ties are about 10 % higher than experiment ; as a
consequence the calculated melting pressure is much
too large. The volume change of the two phases in
1.6 cc/mole, fairly close to 1.9 cc/mole, the expe-
rimental value. The discrepancies may be due to the
use of f.c.c. rather than h.c.p. Although, as we
have noted, the energy differences are small, the
double tangent construction is very sensitive to
small differences. It is likely that the use of the
Lennard-Jones potential is a cause for a least part
of the disagreement. Uncertainties in the three-bo-
dy potential are unlikely to be a problem as indica-

ted in the last column of table III.
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It is illuminating to compare the freezing
and melting of the Lennard-Jones and of the hard-
sphere system. Kalos, Levesque, and Verlet /2/ sug-
gested that one should scale the hard-sphere system
in such a way that the equilibrium density of liquid
helium corresponds to a reduced hard-sphere density
of nad = 0.2138, where a is the diameter. Scaling
our Lennard-Jones transition densities in the same
way, we find reduced transition densi£ies of 0.276
and 0.30 for the hard-sphere system. These are 20 %
larger than were given in direct calculations for
the latter /2/. The inclusion of the effects of the
attractive part of the potential carried out in re-
ference /2/ brings the transition densities into
agreement with ours although the results are not
precise.

We conclude that, as in the classical system,
the transition is a packing phenomenon mediated pri-
marily by the equivalent hard-sphere for the two-
body potential with significant enhancement by the

attractive part of the potential.

2.3. The Single Particle Density.— Because we expect

exchange to be extremely rare aqd because we have
used a localized importance function, viz. Eq. (1),
in the present calculations, we present data only
for p(r), the spherical average of p(r), at three
different densities. Table IV gives the second mo-
ments of the several p(r) and a linear combination,
E,_of the fourth and square of the second moments

which vanishes for a pure Gaussian.
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Table IV
po’ <r?> <rt*>  [|<r®>x107! B
0.468}0.157+.002] 0.042%,002..153+.014 (0.423*.314) 10~ 3
0.526]0.1272.002| 0.029+.001] .096+.006 K0.171£.045)10 2
0.589]0.099+.003l 0.016+.001| .037£.003 A 1076

Moments of the Single Particle Distribution Function

The first column gives the density in reduced units.
The next three columns give the second, fourth and
sixth moments of the single particle distribution.

B = <r'*> - 5/3 <«r2>2, A1l lenghts are in units of o.
A measure of the departure of the single garticle
distribution from Gaussian form is B/<r2>2,

The sharper localization as density increases is
clearly shown. The evidence for non-Gaussian beha-
vior is ambiguous : B lies in the range from zero
to 1.8 x 1073, A positive deviation from Gaussian
behavior is probable at low densities. In figure 5
such deviations can be observed in the tail of the

distribution.

log plr)

_e 1 1 i ] 1 1 1
0 0.l 0.2 0.3 04 05 06 07
2 (in c?)
Fig. 5 : The logarithm of the single particle densi-

ty for po? = 0.526 plotted as a function of the
square of the distance. The straight line shows per-
fect Gaussian behavior. Our data shows a slight ten-
dency to fall off less slowly at large distances.

To determine whether p(z) had any significant
departure from spherical symmetry, we constructed one
dimensional projections in 9 directions. These dis-
tributions and their second moments exhibited no si-
gnificant asymmetry. This is to be contrasted with
the strong anisotropy found in comparable studies
for classical crystals by Young and Alder /19/.

The second moment of r, <r2>, may be used to
<r29% /4 where d is

the nearest neighbor separation in the lattice. At

compute Lindemann's ratio, y =

our melting density, we interpolate a value of

0.267 £ 0.002. Computations on other quantum systems
have given values in the range from 0.27 to 0.30
/2,4,5/. It appears that the narrow interval fory
defines a quantum analog of the classical Lindemann's

melting rule.

2.4. Pair correlation and Structure Function.— We

have computed the sphericalized radial distribution
function g(r) and a corresponding structure function
S(k). Figure 6 shows the latter at densities po3 =
0.526 and 0.589. The rise of the first peak in the
latter case is another manifestation of the sharper
localization of the particles at higher demsity.
But, compared to analogous classical systems, the
crystal is rather soft. For typical classical sys-
tems S(k) at freezing is about 2.85 at the first
peak. The highest value observed in our calculations
at 1.25 times freezing density, is 1.97. We suggest
that measurements on S(k) in the crystal phase would
be well worthwhile as a sensitive test of the struc-

ture since accurate calculations are now possible.
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Fig. 6 : The structure factor at two densities ;
po® = 0,526 (left figure) and po3 = 0.589 (right
figure).

2.5 The Momentum Distribution.~- There appear to be no

measured data which relate to the off-diagonal one-
body density, pl(r) or its Fourier transform, n(k),
which gives the momentum distribution. We present
our computational results in the hope of stimulating
such measurements.

Figure 7 displays a sphericalized n(k) for
the crystal at po3 = 0,526 along with results for
the fluid phase at po3 = 0.438. The broader distri-
bution which characterizes the crystal reflects the
sharper localization in that phase and the associa-
ted 50 7 increase in kinetic energy. Within a preci-
sion of about 1 7 we observe no condensate fraction

in the crystal.

50.00 T T T T T T T

xt0

45.

35.
30.

n(k) 25,

20.

Fig. 7 : The momentum distribution. The solid curve
is for the crystal phase at pod = 0.526 ; the dashed
curve is for the highest stable density in the fluid
phase ; pod = 0.438.

3. VARIATIONAL CALCULATIONS ON ‘He CRYSTALS. -Using the

fermion Monte Carlo sampling Ceperley, Chester, and

C6-1303

Kalos /5/ performed variational calculations of
b.c.c. phases of solid *He using a trial function of
the form
wT(rl, r2,...rN) = 'H. f(rij) . det{exp[}&A(rK—sli]}
1< )
That is, an antisymmetric combination of Gaussian
orbitals replaces the product in Eq. (1). They used
the same density and variational parameters which
Hansen and Levesque /16/ used in a calculation of a
Boltzmann crystal with the 3He mass for each atom.
The fermion calculation gave a slightly higher ener-
gy (1.38 £ 0.1 K) than was found by Hansen and
Levesque (1.07 * 0.3 K) and a higher pressure (7.9 %
0.5 as opposed to 4.6). It may be that the pressure
depends upon the symmetry of the wavefunction, al-
though additional computations to improve and assess
all errors would be necessary to be sure. In that
calculation "exchange" could be observed in the
sense that a particle was found localized at a dif-
ferent lattice position from that at which it was
started. Such a jump occurred once in 2 x 105 steps

of the random walk,

4. SUMMARY.- An accurate numerical method is availa~
ble for the treatment of Bose crystals. Calculations
done with it for f.c.c. phases of “He using the
standard Lennard—-Jones potential show the latter to
be in substantially better agreement with equation
of state data than had been indicated by previous
variational calculations. The defect in the latter
is likely to be the neglect of explicit three-body
correlations in the ground state.

Nevertheless, the Lennard-Jones potential is
inadequate to predict correctly the equation of sta-
te and presumably other observables. We are presen-
tly engaged in assessing the utility of alternative
potentials for predicting the equation of state,
using hard-sphere perturbation theory as a screening
method. GFMC calculation will be carried out for
those potentials which appear promising. But as a
definites test of the force law and of the theoryin
general it would be worthwhile to have additional
experimental data on crystal phases of “He, particu-
larly for the structure function. Measurements of
momentum distribution and of the kinetic energy
would be valuable if they can be performed.

As for solid 3He, what is most needed is a
refinement of the comparison of the calculations

using Boltzmann and Fermi statistics to see whether
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the preliminary differences are real. Clearly rele-
vant measurements would be highly desirable at the
same time.

’ The authors would like to thank the Aspen
Center for Physics for providing the opportunity

for the completion of this paper.
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