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The static properties of two-dimensional excluded volume continuum multichain systems are investigated by a
“reptation” Monte Carlo algorithm. All beads interact via a repulsive (shifted) Lennard-Jones potential. In
addition, nearest neighbors along chains are linked by a quasiharmonic potential which permits limited pair
extensions. Chain lengths of 5, 10, 20, 32, 50, and 70 beads have been studied. Studies at densities of 0.1, 0.3,
and 0.5 demonstrate that chain dimensions are compressed as the concentration is increased. Both the mean
square end-to-end distance <R?>, and the mean square radius of gyration <S?> have a power law
dependence upon /-1, the number of bonds, with exponent approximately 1.44 for p = 0.1, 1.33 for p = 0.3,
and 1.20 for p = 0.5. The asphericity ratios indicate the extent of compression as the density is increased. In
addition, nonexcluded volume chains are studied via straightforward Monte Carlo integration. <R?> and

<5?*> have a power law dependence upon /-1 with exponent 1.00.

INTRODUCTION

In a previous publication® we presented an investiga-
tion of the static properties of three-dimensional con~
tinuum polymer fluids. Various chain lengths were
studied as a function of density and it was found that
chain dimensions were compressed as the concentra- -
tion increased. In this note we apply our polymer model
toward the study of two-dimensional continuum sys-
tems.

Single chains on two-dimensional lattices have been
examined by Wall and Erpenbeck, 2 Wall and Mazur, ®
and Domb, ? and Lal.® Continuum single, two-dimen-
sional chains were studied by Webman, Lebowitz, and
Kalos.® Multichain lattice systems have been simulated
by Wall, Chin, and Mandel,” and by Wall and Seitz.?

It is now well established that for isolated chains with [
units the mean square end-to-end distance (R% and mean
square radius of gyration (5% vary as I*® without ex-
cluded volume and as I*° with excluded volume. These
simulation results support the early work of Flory.®
The multichain lattice studies indicated that the chains
contracted in the presence of other polymers. Such re-
sults agree with Flory’s suggestion® that in the bulk
phase the inter- and intramolecular forces effectively
cancel each other so that there is no net excluded vol-
ume effect and therefore polymer sizes will again scale
as % Recently, Vilanove and Rondelez!® have studied
scaling for two-dimensional systems by examining the
molecular weight dependence of (5% for polymer mono-
layers. They found power laws of 1.12 and 1. 58 for
theta solvents and good solvents, respectively.
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MODEL

The potential of our model is the same one used in
our three-dimensional studies: a shifted Lennard-
Jones potential which operates between all N, “beads”
in the system and a modified harmonic potential which
links [ beads into N chains. Each bead represents a
statistical segment of the polymer which includes many
monomers. All of the results are in the reduced units
standard in molecular dynamics.! In all simulations the
polymers are initially placed in a lattice configuration
in a two-dimensional periodic box of edge length L con-
sistent with the preselected number density NI/L% We
have applied the reptation Monte Carlo algorithm de-
scribed previously! in order to generate the system con-
figurations. The same values of the potential parameters
were used in both simulations.

RESULTS

To test the method we first simulated single polymer
chains. The reduced density was set to 0.001, low
enough so that the chain did not wrap around the box
and interact with itself. Chains of 5, 10, 20, 32, and
50 beads were investigated. Relaxation to the equilibri-
um state was monitored by following the randomization
of the directions of the eigenvectors of the mass tensor.
The configurations were split into six essentially inde-
pendent batches for the determination of deviations.

The results of these calculations are listed in Table I.
Figures 1 and 2 present log-log plots of (R® vs I -1
and (§% vs I — 1, respectively. A weighted least-square
fit'? to the data of 10, 20, 32, and 50 bead chains gave
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TABLE 1. The simulation results for single chains. Here !
is the number of beads per chain, (5?) the mean square radius
of gyration, {R?) the mean square end-to-end distance, a° the
mean square bond length between beads, NEQ the number of
equilibration steps in 10~%/chain, and EQ the number of equi-
librium steps in 10-3/chain.

NEQ  EQ
1 (sh (R a * (0% (10
p=0.001

5 1.57+0.02 9.55+ 0,22 1.36 36 120
10 4.65+0.07 32.71+0.95 1.35 36 120
20 13.82+0.50 99.46+4.28 1.35 36 120
32  28,48+0.69 207.07+7.96 1.35 60 240
50  57.256+2.31 419.23+26.52 1.36 60 240

(R%=(1.21£0.11) (1 - 1)%5%%9 534 (§3) = (0. 18+ 0.01)
(1 -1)1-471:0.02 Thege results agree well with previous
work on single chain, excluded volume polymers.

We then simulated multichain systems at densities of
0.1, 0.3, and 0.5 containing polymers of 5, 10, 20, 32,
50, or 70 beads. Results for these systems are con-
tained in Table II. Log-log plots of {(R® and (5% vs
1 -1 at these densities are presented in Figs. 3 and 4.
Again, weighted least-square fits to the data of 10, 20,
32, 50, and 70 bead chains were made. We found the
following:

at a density of 0.1:

(R%=(1.3540.03) (I — 1) 4001 (1a)
{§% =(0.20% 0.01) (I - 1)l-42001 (1b)
at a density of 0. 3:'
(R®)=(1.57+0.05) (I - 133000 (2a)
1000~
P=0.00!
100
<R®>
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FIG. 1. The variation of the mean end-to-end distance {R?)
with the number of bonds for single chains at a density of 0.001
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FIG. 2. The variation of the mean square radius of gyration

{s?) with the number of bonds for single chains at a density of
0.001.

(5% =(0.23+0.01) (I - 1)L-34001 (2b)
and at a density of 0. 5:
(RH=(1.77+£0.09) (I —1)%20002 (3a)
($%=(0.26+0,01) (7 - 1)1-32001 (3b)
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FIG. 3. The variation of (R?) with the number of bonds for
multichains at densities of 0.10, 0.30, and 0.50, as well as
the nonexcluded volume chain.
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FIG. 4. The variation of ($%) with the number of bonds for

multichains at densities of 0.10, 0.30, and 0,50, as well as,
the nonexcluded volume chain.

From Tables I and II, one sees that increasing con-
centration reduces both (R% and {(S% for a given I. In
addition to the general chain contraction, we note that
the power law of (R2) and (% has changed from 1.50 to
1. 20 as the concentration is increased to 0.50. Wall,
Chin, and Mandel’ studied the concentration dependence

TABLE II. The simulation results for multichains., Here N is
the number of chains. The other quantities are defined as in
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TABLE III. Asphericity ratios for all

excluded volume systems.
bols are defined in the text. The rela-

The sym-

tive error of the ratios are found by
adding the relative errors of the
numerator and denominator.

1 (RH/(SH (R} /(SY)
p=0.001
5  0.863+0.023 0.137+ 0, 004
10 0.862£0,030 0.138+ 0,004
20  0.869% 0.052 0.131+ 0,007
32 0.881+0,045 0.119+ 0,006
50  0.871+0.076 0,129+ 0,011
p=0,10
5  0.864+0.006 0.136+0.001
10 0.867+0.007 0.133+ 0,001
20  0.863+0.015 0.137+ 0,002
32 0.859+0.011 0.141+ 0.003
50  0.865% 0,052 0.135+ 0,007
70  0.862+0.046 0.138+ 0,008
p=0.30
5  0.863+0.008 0.137+ 0,002
10 0.856+0.004 0.144+ 0,001
20  0.857£0,019 0.143+ 0,002
32 0.846+ 0,040 0.154+ 0, 007
50  0.852+ 0,066 0.148+ 0,011
70 0.845+0.070 0.155+ 0,009
p=0.5
5  0.853+0.004 0,147+ 0,001
10 0.845:+0.014 0.155+ 0,003
20  0.837+0.023 0.163+ 0, 004
32 0.830+0.031 0.170+ 0. 006
50  0.834+0.031 0.166+ 0,014

Table 1.

NEQ EQ
1 N (sH (RY a* (10%) (109
p=0.1
5 20 1.55+0.01 9.48+0.03 1.34 12 24
10 20 4.62£0.01  31.82+0,15 1.35 30 0 60
20 20 13.25+0,10 93.76+1.13 1.35 30 60
32 10 26.52+0.15 186.67+1.74 1.35 60 60
50 10 53.73+1.44 385.58+14,31 1.36 120 120
70 10 89.36+2.21 620.09£23.24 1.35 300 240
p=0.3
5 20 1.51+0.01 9,16+ 0.08 1.33 12 24
10 20 4.32+0.01  28,98:£0.06 1.33 12 60
20 20 11.99+£0.12 80.78+£1.55 1.33 60 60
32 10 22.29+0.47 146.79+£4.59 1.33 120 120
50 10 41.63+1.37 276.41+15.35 1.33 180 180
70 10 61.84+2.32 385.41+25.97 1.33 300 300
p=0.5
5 20 1.41£0.01 8.28+£0.02 1.29 12 30
10 10 3.8420.03 24.44+0.33 1.30 42 150
20 10 9.68+0.11 59.34+1.74 1.29 42 150
32 10 17.53+0.29 106.74+3.26 1.30 48 180
50 5 30.01+0.44 187.78+9.14 1.29 1080 600

of {R% for different chain lengths on a square lattice.
They also found that the exponent monotonically de-
creased from 1.49+0.01 to 1.16+ 0.01 as the concen-
tration was varied from 0.0 to 0.50. The exponents
reported in their Table III are consistent with our con-
tinuum results. However, their investigation, and ours,
did not examine high enough densities to demonstrate
that the exponent becomes 1, 00.

We have also examined the nature of our polymer
systems by computing the eigenvalues of the mass ten-
sor (see Table III). They provide an approximate mea-
sure of the shape of a polymer. If the two eigenvalues
are RZ=RZ, then S®=R%+R. Solc and Gobush'® have
shown that two-dimensional, random flight single chains
will assume an elliptical shape and have calculated the
asphericity ratios ((R%/(S%) for ring polymers. To our
knowledge, ours is the first calculation of these ratios
for two-dimensional linear chains in both dilute and con-~
centrated systems. We have also studied two-dimen-
sional nonexcluded volume chains by straightforward
Monte Carlo integration., This approach has not ap-
peared in the polymer literature to date. It is well
known® that the beads of a nonexcluded volume polymer
have a Gaussian distribution. Hence, for this system
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TABLE IV. Results for single, three-dimensional nonexcluded volume chains. EQ is the num-
ber of configurations. The relative error of the ratios are found by adding the relative errors

of the numerator and denominator.

1 (RY (8% EQ (10 (R} /(5% (RE) /{S%) (R3)/(5%
32 92.63+0.75 15.90+ 0,08 10 0.764+ 0,008 0,173+ 0,001 0,.063+0,001
50 146,.10+1.19 24,76+ 0.13 10 0.762+ 0,008 0.174+ 0,002 0.064+ 0,001
70 204.42+ 1,67 34.63+0.18 10 0.762+ 0,009 0.174+ 0.002 0.064 +0.001
100 295.69+2.40 49,82+ 0.26 10 0,764+ 0,004 0.173+ 0.002 0,063+ 0,001

TABLE V. Results for single, two-dimensional nonexcluded volume chains. EQ is the number of
configurations. The relative error of the ratios are found by adding the relative errors of the

numerator and denominator.

1 (RY) (s% EQ (1079 (R} /{5%) (R /{5
32 61.22+0,61 10,60+ 0,07 10 0.834+0.011 0,166+ 0,002
50 98,39+ 0,97 16.56+0.10 10 0.835+0.011 0,165+ 0,002
70 138.26+ 1,37 23.21+£0.15 10 0,834+ 0.011 0.166+ 0,002
100 195.78+ 1,90 33.15+0.21 10 0.832+ 0,011 0.168+ 0,002

one can sample the equilibrium configurations directly,
rather than relaxing the polymers to equilibrium,

For example, on the Courant Institute’s CDC 6600, to
obtain a 1% error in{R? for a single nonexcluded volume
chain with 50 beads it required 160 sec of CPU time
while a single excluded volume chain with 50 beads re-
quired 1214 sec of CPU time to obtain a 5% error in

(RY.

We have employed the Box—Muller'* method to sample
a Gaussian distribution of beads. Each chain so sampled
is statistically independent of any other. In order to test
the method we sampled three-dimensional chains of 32,
50, 70, and 100 beads. A weighted least-square fit to
the data in Table III gave

(R =(3.01£0.11) (7 - 1)L-0n0-01 @)
and
(5% =(0.54+0.01) (7 —1)%98£0.01 )

These are in good agreement with the theoretical values
expected for nonexcluded volume chains, i.e., {(R%
=3(I -1 and (% =0.5 (1 - 1)*%®, Moreover, the
asphericity ratios, (R})/(8%, (RD/S?, and (RD/(S?
have the values 0,763 £+0.008, 0.174+0.002, and 0.064
+0.001 (see Table III) which compare well to those ob-
tained by Solc'® via MC calculations on a lattice, 0. 759,
0.175, and 0. 065.

Two-dimensional systems of nonexcluded volume
chains with 32, 50, 70, and 100 beads were then sam-
pled. {R% and (S® were found to scale as

(R®=(1.9820.09) (I — 1)l-00:0.01 (52)
and
(8% =(0.36+0.01) (7 — 1)%%8s001 (5b)

These agree well with the theoretical results of (R%
=2(1 - 1)*% and (§%) =1 (7 - 1) 99,

The values of the asphericity ratios (R%)/(S% and

(R /{(S? for excluded volume chains are listed in Table
III. These values should be compared to the nonexcluded
volume results of Table V. Values of (R)/($% decrease
while (R2/(S® increase with increasing density. That
is, the chains are becoming more spherical as the den-
sity is increased. Moreover, the chains are also more
tightly packed as the concentration is increased because
(5% decreases. Note that the asphericity ratios of the
excluded volume chain approach those of the nonex-
cluded volume chain as the density is increased.

CONCLUSION

Multichain continuum two-dimensional systems have
been investigated using a reptation Monte Carlo algo-
rithm. Chains are found to be contracted as the density
is increased and the power laws of (R? and (S%) are
monotonically decreasing towards 1.0. Calculations of
the asphericity ratios demonstrate the extent of chain
compression. Nonexcluded volume chains have also
been examined. The power laws of (R® and (% have
the exponent 1. 00.
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