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The Monte Carlo method is a powerful scheme to solve many mathematical
equations and is in fact, made practical only through high speed computers,
particularly for those physical problems that are of high dimensionality.
Alternative numerical schemes of spanning high dimensional spaces uniformly
with a grid, increase in computational time exponentially with the
dihensionality and thus became rapidly impractical as the dimensionality
increases. The key to success of a Monte Carlo scheme is that it samples the
space selectively, not with some uniform random distribution but where it
matters most, by a probability density called an importance function.
Furthermore, the Monte Carlo scheme is well adapted to computers since it
consists of a simple, highly repetitive algorithm that takes advantage of the
fast arithmetic capabilities of the machines. Consideration of how to arrange
such calculations efficiently on various machines of different architecture
will be discussed in this paper.

In classical statistical mechanics the Monte Carlo method has been
extensively employedl to evaluate the partition function of a many body
system and its various derivatives to obtain the thermodynamic properties.

This calculation involves the evaluation of an  integral, whose




dimensionality is three times the number of particles, typically hundreds.
The probability density by which to weigh the importance of various regions of
space, called configuration space, namely the integrand, is given_ by
statistical mechanics to be the Boltzmann factor. Thus the Monte Carlo scheme
involves juggling particles in such a way that all accessible configurations
of the particles are sampled with the ‘probability given by the Boltzmann
factor. .This juggling involves an attemped random move of one particle at a
time and the acceptance or rejection of that move according to the change that
moves incurs in the Boltzmann factor. This is the classical Metropolis et
al.? Mente Carlo method. A series of such moves generates configurations
according to the weight of the integrand and thus any average over the
configuration is carried out by giving each configuration so generated equal
weight. In this way, so to speak, each computation is of equal importance and
none is wasted in an improbable region of space.

On the fastest available serial machine, since each move entails about 20
operations for a short ranged or hard sphere system, about 107 moves can be

° moves each for a typical system of 100

carried out per hour or about 10
particles. Since the statistical error in a Monte Carlo calculation decreases
as the square root of the number of trials, an accuracy of one'part in 1000 is
achievable in a run of 10 hours. This is sufficient in most physical
situations. This could be speeded up by a factor equal to the number of
procesSors in a multiprocessor machine by simultaneous running several
identical systems independently. When the interaction is long-ranged, parts
of the calculation can also be vectorized, for example, those that are

concerned with the change in the Boltzmann factor occasioned by a move since

that involves a calculation of the interaction of a particle with all the




other N-1 particles. That calculation is typically the most time consuming
part and'can be considerably reduced by arranging the coordinates of all the
particles in a vector of length 3N so that all the distances of one particle
to all the other can be calculated at one time. A significant complication is
that periodic boundary conditions are used. This means that interparticle
distances are always modulo the box length. In the vector mode this modulo
operation is accomplished by a.conditional merge or with a control vector.
For systems of the order of 100 particles, these vectors are not sufficiently
long that the set-up time for these vectors is negligible. Nevertheless
speedup' of factors of ten have been achieved by such vectorization in
favorable cases. Longer vectors to reduce the effect of initiation could
again be obtained by running several independent systems. The memory
requirements are minimal in these problems, roughly 10 times 3N and the input
-output times are trivial. Using half words would in most physical situations
be adequate to specify the particle coordinates. For vectorized programs this
would, however, halve the vector length and the set up time would
correspondingly consume a larger fraction of the calculation. Some
programming considérations for classical simulations and timing comparisons
are given in Ref. (3).

For quantum mechanical systems, the nature of the calculation is quite
similar, however, there are several additional difficulties. For one, the
‘probability density (the wave function squared or the density matrix) is not
known but, in fact, to be.solved for. This calls for the introduction of as
gdod guess to the probability density, an importance function, incorporating
as much as possible of what is known about the actual wave function.l

Because that function must be sampled every move, there is further a high




premium on conciseness consistent with accuracy. It is yet to be determined
what the optimal representation is, i.e. that importance function which gives
the most accurate solution for a given amount of computer time. There is a
compromise between the time taken up in sampling versus the length of the
Monte Carlo run to correct the importance function. This correction involves
a branching process after each random Monte Caflo move which either destroys
or replicates the entire configuration depending on whether the trial
probability is too 'large or too small, respectively, at that point. The
correct ground state energy is determined by the criterion that after
averaging over many moves the branching process will give no net change in the
population. Since entire configurations get destroyed or created, it is
necessary to commence the calculation with a certain population of such
configurations (ensemble of configurations, typically on the order of 100) in
order to observe their steady state population. Hence this process naturally
requireé the calculation of many independent systems simultaneously and can
thus take good advantage of any multiprocessor capability.

This introduction of an ensemble of systems can impose significant memory
‘requirements. For an N particle system with an ensemble size of M,
_approximately 6+N*M words are required to store the emsemble since both

the coordinates and forces are needed. For N ~ 400 and M ~ 400 this
storage comprises 1c§ words. However, if the program is running in a
serial manner, only a small subset of the ensemble needs to reside in core and
the rest can be on disk. The I-O from the disk can be made infrequent and can
usually be performed in parallel with other operations. Such a scheme-can be
easily generalized for a multiprocessor machine.

Another complication of many quantum Monte Carlo applications is that




enormous precision is required in the solution, much larger than one part in
1000. This can only be achieved through the use of highly accurate importance
functions since, crudely speaking, the best Monte Carlo accuracy of one part
in 1000 is relative to the accuracy of the importance function. Thus, a
statistical error bar of 1 part in 106 has been achieved in special cases
where elaborate previous calculations have led to precise wave functions that
can be used as importance functions. In general these are not available, but,
an adaptive Monte Carlo scheme might provide them. By this we mean that with
a given importance function the branching process is run for a while and from
the results, corrections to this importance function are determined and used
to construct a new improved importance function. In principle this self
learning process can be repeated to achieve ahy desired accuracy, however, the
means by which to represent the corrections in 3 N dimensions in a concise
form presents a formidable problem. One possible way is to represent the
difference between the trial and correct function by an orthonomal expansion
(for example, hyperspherical harmonics) and 1let the branching process
determine a few of the most significant coefficients in that expansion. Such
schemes cbuld vastly decrease the statistical error in a given amount of
computer time. |

If only very accurate differences in the solution of two problems are
required whose probability densities have regions in common, then it is
possible to employ a differential Monte Carlo scheme, which will look at only
the difference in two identical Monte Carlo calculations. One application is
to the potential energy surfaces of molecules. These schemes are mentioned to
illustrate that efficient use of computer time involves consideration of both
the formulation and the programming of that formulation on a given computer

~architecture.




The most serious complication in quantum problem is that the wave
function for electrons is not positive everywhere, since it is antisymmetric
because they obey Fermi statistics. This leads to the introduction of
populations of opposite signs that are kept track of separately.5 As long
as the two populations are not allowed to mingle, the numerical scheme is
stable but the solution approximate. Any mingling process is, however,
unstable because the stable solution then becomes the one which is symmetric,
that is of only one sign. The symptoms of this phenomena are that in the
mingling process each population grows exponentially in the branching process
to the symmetric solution. As the calculation progresses, it is hence
increasingly difficult to extract the desired solution represented by the
difference in the two populations. To stabilize such calculations methods
have to be devised that allow the two populations to annihilate each other if
they are at the same point in configuration space. This callé for a search
when two configurations of opposite sign are close to each and then to guidé
them by a Monte Carlo procedure to the same point. In that process the
magnitude of the Monte Carlo move that one can take becomes of central
importance. In the classical Monte Carlo calculations there is no theoretical
restriction in that size. It is practically determined by the efficiency of
covering all of accessible configuration space, which incidentaliy, occurs
when fhe step size in so large that the rejection rate of any move is
approximately 90%. In some quantum calculations the step size is
theoretically restricted by the accuracy with which a random walk of a given
step size in any finite differencing scheme solves the diffusion equation.
That limitation can, however, be removed by using the integral formulation of
the diffusion equation by introducing the appropriate»Green's function, which

then places no accuracy restrictions on step size.




Although the quantum mechanical Monte Carlo calculations require much
more complex considerations than the classical ones, their execution on the
computer for a given number of particles requires only fhree or four times
longer per move. ' This is because much of the time in Monte Carlo calculations
is involved in preparing the random walk and calculating the change incurred
by that walk, while the consequences of that walk which differ in the
classical and quantum case are not all that time consuming a part of the
overall computational effort. In the classical case, only the change in
potential energy needs to be computed at each point on the random walk. 1In
the quantum case, in addition, the importance function and its first and
second derivatives must be calculated at each point. Since these functions
also involve a sum over .all pairs of particles their computation time is
comparable to that of the potential energy. One significant difference is
that for Fermi particles a Slater matrix of single particle orbitals must be
inverted at each step and for large systems this can be the slowest part of
the calculation since the time needed will be proportional to the third power
of the number of fermions. The beauty of these Monte Carlo calculations is
that if they are run long enough they give the exact answer and the effort is
hence directed to make that time as short as possible in which they get the

answer as accurately as possible.
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