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A REVIEW OF QUANTUM MONTE CARLO METHODS AND RESULTS FOR
COULOMBIC SYSTEMS

D. Ceperley

Lawrence Livermore National Laboratory
Livermore, California 94550 USA

The various Monte Carlo methods for calculating ground

' state energies are briefly reviewed. Then a summary of the

charged systems that have been studied with Monte Carlo is
given. These include the electron gas, small molecules, a
metal slab and many-body hydrogen.

A. INTRODUCTION

Despite the importance of Coulombic systems, an accurate
and practical computational method for determining the
properties of charged quantum many-body systems 1s still
lacking, although certainly much progress has been made. In
recent years there have been several attempts to apply
stochastic or Monte Carlo methods to this problem, with success
for simple systems. This article will give a .brief review of
these methods, the results that have been obtained so far, and
give some indication of what future progress may be anticipated.

Quantum charged systems are particularly challenging for
Monte Carlians, firstly because there has been so much previous
research with other numerical methods that the level of accu-
racy needed to become competitive is rather high, and secondly,
because to answer many important questions in materials science
or chemistry, what is needed are accurate relative energies,
whereas Monte Carlo errors are typically relative to the total
energies. Luckily, as will be explained below, what is known
about the wavefunction from other methods can be used to reduce
the statistical errors. Thus in a rough sense, Monte Carlo can
be viewed as a way of taking a wavefunction derived in some



other way and reducing its errors by several orders of
magnitude. First, the various Monte Carlo methods used for
quantum systems will be described in order of increasing
accuracy and complexity, then the results will be surveyed.

B. METHODS
1. Vvariational Monte Carlo

Variational Monte Carlo is simply the use of the Metropolis
algorithm (1) (of course other algorithms (2) could and have
been used) to compute the value of the many body integrals
which arise in the variational bound to the ground state energy
with a given trial function ¢7. The variational energy can
be written in the form :

3n ; -1
E,, = [ d7R PR) [¥; e wy] (1)

where P(R) is the normalized distribution

P(R) = b (R)1Z / | ™R Iy (R)IZ (2)

and ¢ is the many-body Hamiltonian. Points {R}, can be
sampled with a Markov chain using the Metropolis rejection
technigue. This was first applied by McMillan (3), (independ-
ently by Levesque (4)) to calculate an upper bound to the
ground state energy of liquid helium four using a Jastrow trial
function. For fermion systems Y1 must be antisymmetric.
This is wusually accomplished by multiplying the Jastrow
function a Slater determinant of one body orbitals. The
computational algorithm for handling such determinants
efficiently was first considered by Ceperley (5).

The only peculiarity of Coulombic systems from the Monte
Carlo point of view,is their long range interaction which
implies that boundary conditions must be chosen carefully. It
is found necessary for accurate calculations in both classical
and quantum simulations, to use fully periodic boundary condi-
tions, which means the bare Coulomb potential acting between
two charges is replaced by the Ewald image potential, which is
the sum of the interaction of a charge with all of the images
of the other charge in the periodically replicated system.
Ceperley (6) applied the variational method to the fermion one
component plasma (also known as the electron gas or jellium)
and obtained good agreement with other theoretical approaches.

The so-called "zero-variance" property of the ground state
energy can be seen from Eq. (1). As {71 approaches an exact



eigenstate, the local -enmergy [#yr/¢7] approaches a
constant, the energy of this state. Then the fluctuations in
the estimate of E will diminish dramatically. In practice this
means that physical or chemical knowledge of ¢ can be used to
reduce the error bar on the estimate of the energy. Monte
Carlo can use very unconventional forms for the trial function
since the standard requirement of analytic integrability no
longer applies. The sole consideration is the speed with which -
the trial function and its derivatives can be computed. As yet
this flexibility has been exploited very little.

2. Diffusion Monte Carlo

The Diffusion Monte Carlo (DMC) in contrast to Variational
Monte Carlo, can potentially compute the exact ground state
energy, at least for boson systems. The role of the trial
~ wavefunction changes from determining an energy bound to

guiding the random walk, thereby making it more efficient. One
begins by mulitiplying the Schrddinger equation in imaginary
time by a trial function. After some manipulations, the master
equation for the stochastic process with importance sampling is:
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where E7 is the trial enmergy. It is easy to show that the
stationary solution for f is Yy where ¢ 1is the ground
. state eigenfunction and that the ground state energy is given
by €g. (1) with P(R) proportional to f(R,t). The interpre-
tation of Eq. (3) as a stochastic process goes as follows: The -
second term on the RHS conserves probability as can be seen by
integrating Eq. (3) with respect to R. Let the "population" be
defined as: )

Q(t) = [ dR F(R,t) (4) .

then using Green's theorem.

Q%Qtﬂ = -f dR [wT‘lmT -EJF . (5)

Then changes in the -population came from the Instantaneous
values of the local energy relative to the -trial energy. This
is accomplished in the algorithm by branching: creating either
zeto, one or two replicas of a given point depending on the
local energy. Thus in quantum Monte Carlo one works with an
ensemble of systems. The population is stabilized when ET
equals the mean value of the local energy, which will be equal
in the large time limit to the exact ground state energy. The
second term in Eq. (3) is simply diffusion with drift: i.e.,
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the Smoluchowski equation in the theory of Brownian motion. To
numerically simulate Eq. (3) with the DMC algorithm one makes -a
short time approximation (7) to the Green's function for this
equation. Thus the results are only exact in the limit that

" . the time step becomes sufficiently small.

One can see from Eq. (5) that the crucial role of impor-
tance sampling is to reduce the fluctuations in branching. If
there were no importance sampling, i.e., if y7 = 1, then
the branching would be proportional to the bare potential.
Since potential energy is unbounded above .and below for charged
particles, the population would fluctuate greatly, and in fact,
many body simulations would be impossible. However simply
putting the correct cusp conditions (7) in the trial wave-
function makes the local energy bounded, at least for bosons.

3. The Fixed-Node Approximation

The requirement that the wavefunction for fermions be
antisymmetric is a serious difficulty for the Diffusion Monte
Carlo algorithm. Unless yy7 has the same sign everywhere as
¢f (the fermion ground state) then f =ypr will
change signs and hence cannot be interpreted as a probability.
But this amounts to knowing the nodal surfaces of ¢, which
is very difficult in three dimensions (but not . in one
dimension). There are essentially two approaches to solving
this problem: converting the fermion system to a boson system
in some assumed subvolume of the entire space or assigning
positive or negative weights to the random walks and thereby
build up negative distributions in some regions. In the fixed
node approximation (8) the nodes of an antisymmetric trial
function ¢T, ‘become an absorbing barrier to the random
walk, i.e., the boundary condition ¢ = O when Y7 = 0 is
imposed. This is accomplished in the algorithm in a very
simple fashion, whenever Y7(R) changes sign in the course
of a walk, that walk is deleted from the ensemble. It is easy
to show that the energy as estimated from Eq. (1), will be an
upper bound to the fermion ground state energy (9), in fact the
best upper bound with the given nodal constraint. Results to
date on small molecules, show in fact that-the use of the nodes
of very crude trial wavefunctions yields typically S0% of the
correlation energy. The fixed-node energy seems to be
insensitive to the choice of the nodes.

4, Nodal Relaxation

There are several ways of going beyond the fixed node
approximation, all of them involve random walks which carry a
negative weight and suffer from serious limitations when
applied to many-electron systems., Kalos, elsewhere in this
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volume, discusses some of these in more detail. The only

approach that has been tried for charged systems 1is called
nodal relaxation (8), since the idea is to use the distribution
generated by the fixed node algorithm and relax the nodal
constraint for a short time. The exact fermion distribution
(i.e., vppr) is then the asymptotic difference between
two distributions, that resulting from random walks which cross
the nodes of Y7 an even number of times and that from an
odd number of crossings. The difficulty with this method is
immediately apparent. After a time such that random walks have
on the average crossed a node several times, the difference
between these two distributions will be largely random. The
signal to noise ratio decreases exponentially, with an exponent
given by the fermi minus bose energy. For this reason it is
called a transient estimate of the ground state energy since
one cannot in practice follow the process for large times. At
best, one can hope to correct the fixed-node distribution
locally.

Figure 1 shows the results of applying nodal relaxation to
the molecule LiH.using three different trial functions, as a
function of time since the nodes were released. Correlated
sampling (9) has been used to estimate the difference between
the fixed-node and release-node energy more accurately than
either one separately. This difference is sensitive mainly to
the energy of the walks which actually cross a node. Thus the
difference -in energy shown in Fig. 1 is significant. The errar
bars on the difference is 10-3 a.u. The three trial func-
tions are minimal basis set floating Gaussian functions, 3
was optimized while Y2 and 3 were ‘“de-optimized" just
to raise their fixed-node energy. Although the error bars
depend significantly on the trial function, all three energies
relax to within one standard error of the experimental energy.

similar relaxation studies have been carried out for the
electron gas, where is has been found that the Hartree-Fock
nodes are quite accurate. In contrast, in liquid helium three,
nodal relaxation has not yet achieved the experimental energy,
possibly indicating that strong interactions significantly
alter the nodal surfaces. :

5. Green's Function Monte Carlo

It was realized many years ago that an integral version of
the Schrodinger equation can be modeled exactly by a stochastic
process. The time step errors which arise in DMC are
unnecessary approximations. This Green's Function Monte Carlo
(GFMC) algorithm is very similar to DMC. The new elements 1in
the procedure are the introduction of a guiding approximate
Green's function, the use of a variable time step and the
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generation of intermediate points, points on the random walk

which do not contribute to averages. This method is reviewed
in Ref. 10. The first successful application of this algorithm
to a many-body problem was by Kalos, Levesque, and Verlet (KLV)
for the case of quantum hard spheres (11). When applied
directly to Coulombic system the KLV algorithm gives very small .
timesteps, about 1% as far as in DMC. Recently the KLV
algorithm has been generalized (12), essentially to allow for a

-better approximate Green's function. A good Green's function

can be obtained by putting together exact two-body Green's
functions, just as is done with the trial function. Because of
a spherial symmetry possessed by the Coulaomb potential, such
two-body Green's functions can be conveniently tabulated. This
new algorithm then allows electrons to move past each other in

'a single step, the algorithm is then exact, but with a time

step similar to that in DMC.

C. RESULTS
1. Small Molecules

The ground state energies of several small molecules have
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been calculated using all of the above Monte Carlo techniques
(7). These molecules include Hp, He, Hep, LiH, Liz and
Hp0. The fixed node approximation using very crude trial
functions obtains at least 90% of the correlation energy.
However, the statistical error appears to increase rapidly with
the nuclear charge. For Hp or LiH it is approximately 10-3
a.u. {(assuming 105 samples) while for Hp0 it is 10-2
a.u. Hence, simple Monte Carlo methods will have limited
utility unless much better trial functions can be found. See
the article in this volume by Moskowitz and Ref. (7) for a more
detailed account of these calculations.

. 2. The One-Component Plasma

‘The one-component plasma with Fermi statistics is the
familiar jellium model of solid state physics which models the
conduction band of a simple metal by smearing out the ions to
form a uniform positive background. At densities appropriate
to metals (2 < rg < 6) the Monte Carlo energies agree
well with the results for several ather sophisticated many-body
theories (8), in fact, they are often now taken as a benchmark.
At lower densities (rg > 10) where electron correlation
becomes dominant these other theories become less accurate.
The simulations have established that the plasma undergoes
Wigner crystallization at a density rg = 100. In addition,
the fixed-node results show that a partially polarized electron
gas has a lower energy in the density range 20 < rg < 100
than the normally unpolarized or paramagnetic electron fluid.
However, the Monte Carlo variational results of Levesque (see
this volume) warn that this ferromagnetism may be an artifact
of the fixed-node approximation. The nodes of a polarized.
Slater determinant may be more accurate than those of an
unpolarized Slater determinant, hence fixed-node calculations
may favor the polarized phase. Further investigation of this
issue is in progress, as well as consideration of more
complicated types of spin ordering. In addition to the three
dimensional fermion calculations, there are unpublished
calculations on fermion and boson systems in both two and three
dimensions. ‘

3. Metallic Surface

A simple generalization of the jellium model, is to place
the electtons in an inhomogeneous background. Recently Johnson
(13) has completed a study of electrons trapped in a potential
well in the z direction but free in the other two dimensions.
This is a simple model of a thin metal film with the ions being
replaced by a step function background. Figure 2 shows a
comparison of the electron density as obtained by variational
and fixed-node Monte Carlo and by density functional theory at



the background density rg = 5. There are differences on the
order of 10% in the surface region with the fixed-node profile
being significantly sharper.

ELECTRON DENSITY DISTRIBUTION

Bulk density = ng A

Figure 2. The electron density perpendicular to a metal sur-
face computed with variational Monte Carle (---), Diffusion
Monte Carlo {(----), and density functionmal theory {(—-). Dis-
tance is in units of Wigner radii.

4,  Many Body Hydraogen

Considering the prevalence of hydrogen in the universe,
and its importance in fusion research, ab initio calculation af
its equation of state has advanced surprisingly little since
the pioneering study of Wigner and Huntington (14), particu-
larly in the molecular phase. Among the reasons for this lack
of progress are that the hydrogen molecule distorts consider-
ably as pressure is applied and that the zero point motion of
the nuclei is much larger than in any other molecule. In fact,
the molecules are almost freely rotating at low pressures and
thus conventional solid state approaches run into grave
difficulties.

“The phase diagram of hydrogen has considerable structure,
even at zero temperature. Hydrogen can be viewed as simply a
two component system of electrons and protons, and as such,
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each component can wundergo separate and/or correlated
order-disorder transitions. At low pressures both are bound in
pairs (molecules), both are however free to rotate about the
center of mass of the molecule. At higher pressures (vl
mbar} it is believed that the protons become aligned in an
a-No lattice. At higher pressure the electrons become

delocalized (molecular metal phase). At a higher pressure the
protons change from a diatomic lattice to a monatomic lattice
to lower their kinetic energy. This transition probably
happens at a higher pressure_ than the metal transition. At
very high pressures (1.5 x 1014 bar) the protons will melt to
form a two component Fermi 1liquid. It has been recently
suggested (14) that at low pressures this melting of the proton
lattice can also occur.

. Hydrogen is -an interesting system to study with Monte
Carlo since truly ab initio calculations can be compared
directly with experiment (at least in the nonrelativistic
limit). Also since hydrogen has only bonding or conduction
band electrons, it is the simplest and easiest case. With
Monte Carlo there is no need to treat the protons differently
from the electrons, they simply diffuse 1836 times slower.
This does pose a difficulty since very long relaxation times
can occur in a simulation. It is quite important to get an
accurate trial function for the protons and to carefully
prepare the initial distribution to avoid such convergence
problems. This is not difficult in the monatomic solid since
the protons are bound almost harmonical'y to the crystal
sites. However in the molecular phase -, 2re is much more
rotational and vibrational freedom and a mber of different
lattice types are possible.

The Monte Carlo results are very encouraging. Figure 3
compares the Monte Carlo energies with the experimental equa-
tion of state, which is accurately known only up to 500 kbars.
The trial functions used are of the Slater-Jastrow form with
Gaussian orbitals for both the electrons and protons, in the
molecular phase. The statistical error of systems of 108 atoms
is 0.001 Rydberg/atom or 158° K/atom. Monte Carlo with this
trial function will be useful only at pressures -such that .00l
Ryd is a significant energy. This works out to be P > 10
kbar. In the BCC solid phase the simulations agree with the
best band structure calculations for a static lattice (16).
The monatomic-diatomic transition occurs at approximately 5
mbars. The proposed low density two component fermi liquid is
not energetically favored confirming earlier conventional cal-
culations with a pseudopotential (17). These results are as
yet preliminary, principally because of the large amount of

" machine time needed for each calculation. The future will

hopefully bring much better algorithms, trial functions and
computers.
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Figure 3. Ground state energy of molecular hydrogen by
diffusion Monte Carla (circles) and experiment (solid curve
with dashed curve extropolation).
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