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INTRODUCTION

Quantum Monte Carlo (QMC) simulations can be applied to calculate
properties of systems where experimental data is scarce. We will review the
method, explain the basic algorithm and a few of the applications to simple
systems at high pressures. Monte Carlo simulations have become
increasingly common in recent years since computers are now powerful
enough so that realistic calculations are possible. The advantages of QMC are
that very accurate answers can be obtained including the exact effect of
electronic correlation and zero-point motion of the ions. Thus in the

e SAMCWALIONS  that we will discuss of hydrogen! at high pressure, it was not
necessary to make assumptions about effective pair potentials between
hydrogen molecules, or to assume the protons were static, or to assume the
electron correlation is given by local density functional theory or by
perturbation theory. The method is rather simple, although as complex
systems begin to be simulated, the codes become more complicated. The
method is readily adaptable to many types of computers since the arithmetic
can be organized in both vector and parallel mode, it requires low arithmetic
precision, and little memory or disk space. It is particularly fruitful to use
QMC to calculate equations of state of systems at high pressures, both because
other methods become inaccurate, and because the compressional energies
become much greater than the QMC statistical error.

On the other hand, the disadvantages to this method are that Fermi
statistics are usually treated only approximately (though the accuracy of this
approximation is an order of magnitude better than other commonly used
approximations of band theory). Also simulations are limited to finite
systems, the largest have contained on the order of 500 electrons. Thus it is
difficult to calculate long-range properties, such as the dielectric functions
when the band gap is small. It is difficult to do simulations of systems of
elements with inner cores because the results are sensitive to the energy
fluctuations of the core electrons. Finally, the method requires a powerful



computer. Although one expects even more powerful computers to be
available in the future, one does not expect the relative computer time
requirements to diminish, but rather the scope of the QMC simulations to
broaden and include more complex systems.

QUANTUM MONTE CARLO

Most quantum simulations today? are performed on lattice models,
the intense study of models of high temperature superconductors provides
many such examples. In this article we do not at all consider such systems but
only calculations in continuous space, specifically only the non-relativistic
Hamiltonian of charged particles. There are essentially three types of
continuum quantum simulation methods existing today. Path Integral
Monte Carlo? can calculate the properties of systems at finite temperature by
working down from high temperature where the probability distributions are
classical. This method can be used to simulate atomic and molecular systems
by assuming a pair potential acts between the atoms. For example, we have
recently calculated properties of two and three dimensional superfluid
helium4 and obtained values of momentum condensate and the superfluid
density as a function of temperature. It has not yet been applied to fermion
systems so we will not be discussing it any further since we are focussing only
on electronic systems.

The other two methods, closely related to each other, are zero
temperature methods. That is, they calculate properties of single quantum
states, not thermal averages. The simplest is variational> Monte Carlo. There

_one makes an assumption about the wave function of the system. Then

" methods familiar n ‘classical stafistical mechanics, namely Metropolisé Monte
Carlo or Molecular Dynamics are used to evaluate integrals over the square of
the variational function. In the Metropolis method, one constructs a random
walk in phase space, using the detailed balance principle. An expectation
value of some operator is equal to its average over a long random walk. The
most important integral is the variational energy. Usually the trial function
is chosen to minimize it.

A far more powerful algorithm, namely Green's Function Monte
Carlo? (GFMC), exists. One also constructs a random walk, but in addition to
the diffusion process there is a branching process where an entire system is
duplicated or terminated. Instead of working with a single system, an
ensemble of systems is kept in the memory of the computer during the
random walk process, each member of the ensemble consists of the positions
of the electrons and ions. Let f(R,t) be the probability distribution of the

~ configurations in the ensemble at time t. In GFMC this probability
distribution evolves8 according to the equation:
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where y(R) is a trial or guiding function. The first term is responsible for
diffusion, the second for drift, and the third for branching. A step of GFMC
consists of randomly displacing each of the coordinates of all the electrons in
all of the systems in the ensemble and then possibly duplicating or
eliminating a given member. This is schematically shown in Fig. (1). It is the
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Fig. 1. Schematic of the Green's function Monte Carlo calculation with importance sampling,
demonstrating the evolution of the "snapshots.” Illustrated is a three electron system in a box;
the squares represent old positions, the circles new ones. the old ensemble consists of four
snapshots, and the new one consists of three. The process leading to a new ensemble involves (1)
adding to each electron’s coordinates a drift term equal to th 2 Vin |y ! /m (shown by arrows),
where 7 is the time step; (ii) adding a random displacement (shown by a wiggly line)
representing the diffusive step, whose mean square displacement in each dimension is th 2/2m;
and (iii) branching, which creates from zero to several snapshots in the new ensemble, with the
number determined by the integer part of m = [exp(-cEL) + u ], where u is a uniformly

distributed random number in [0,1] and E, = Hy /v - E7 is the local energy. In the fixed-node

approximation for dealing with fermions, a snapshot is deleted if the sign of ¥ has changed
during this step. With these three new snapshots, the process is repeated.



competition between diffusion, drift and branching which enables the exact
ground state wave function to be sampled. At large time it is easy to see that

f(R,t) approaches ¢(R) y(R) where ¢(R) is the exact wave function. One of the
major discoveries of GFMC is that if a good trial function is used to bias this
process, the fluctuations in the calculated ground state energy can be
arbitrarily reduced. In equation (1) the branching term vanishes as the trial
function approaches an eigenstate of H. A good variational wave function
and calculation is needed to initially populate the ensemble and to guide the
random walk. For a many-body system which may undergo a phase
transition in the ground state, for example, the phase transition from liquid
to solid He at 30 bars, the importance function plays a crucial role. The GFMC
algorithm can only spontaneously make a transition from one phase to the
true ground state phase if the energy difference between the two phases is
large enough, there is some overlap between the wave functions of the two
phases and there is a low energy path connecting the two regions of phases
space. In practice, one must construct a reasonable trial function and perform
a GFMC simulations for each possible ground state phase. The true ground
state will have the minimum energy and an asymptotically stable probability
distribution.

Fermi statistics present an essential difficulty for GFMC because the
probability distribution of the random walk can only be made positive if the
nodes of the exact wave function are known. In many-body problems, in 3D
continuous space the nodal surface of the wavefunction is a very complicated
3N-1 dimensional hyper-surface and only a few points on this surface are
known. For some systems, this complication can be ignored by using a
transient estimate? method, where one occasionally generates walks which
contribute with a negative weight to averages. If this is done, one can show
" rigorously that the energy will converge to the exact fermion value. There
are two types of errors, a statistical error and a convergence error. Explicit
calculation10 of the sum of these two errors shows that they will decrease
with computer time to the power -1/2 (E*-E)/(E*-E() where E is the energy of
the fermion state, Ep is the absolute (boson) ground state and E*is the energy
of the first excited fermion state. For bosons or distinguishable particles, the
error decreases inversely proportional to the square root of the time since
E=Ej, but for fermions E*-E; is proportional to the number of electrons while
E*-E is independent of the number of electrons (it is the energy gap). Thus the
computer time needed to achieve a given accuracy will grow exponentially
with the number of electrons. Luckily the coefficient of the error can be made
small with the use of a good trial function so that in practice one can achieve
good results for systems of 20 electrons or less.

To perform many-fermion calculations, one resorts to the fixed-
node811 approximation. The trial function, being antisymmetric, divides the
total configuration space into regions where it is positive and regions where it
is negative. Random walks which go from one region to another are not
allowed. This is equivalent to demanding that the fermion wave function
vanish whenever the trial function vanish. Naturally the energy is raised by
such a restriction, unless of course the nodes of the trial function are in



exactly the right locations. The energy is sensitive only to the placement of
the nodes, not to the value of the trial wavefunction anywhere else. By
eliminating walks crossing the nodes of the trial function, one has mapped
the fermion system onto a distinguishable particle system and so the error of
the fixed-node energy will decrease inversely proportional to the square root
of the computer time. We have found that with the choice of reasonable trial
functions, for example using a Hartree-Fock function, the fixed-node energy is
very close to the exact fermion energy. This approximation is two orders of
magnitude better than the Hartree-Fock energy itself. This is because one is
putting in the total effect of electron correlation within one nodal region; it is
only the shape of the nodal region which is approximate (the total volume of
a nodal region is constrained by symmetry to be independent of the trial
function) and the energy is simply not that sensitive to small variations in
the locations of the nodes. The choice of a good trial function is even more
crucial for fermion systems than it is for boson systems. We decide whether
the system will be metallic or insulating by the nodes of the trial
wavefunction. If there is some question as to the ground state phase, all
possible phases should be investigated. The correct phase is that which gives
the minimum fixed-node energy. The error of the fixed-node approximation
can then be investigated on small systems by the transient estimate method.

It is possiblel2 to derive an approximate expression for the statistical
error of GFMC in the limit that the trial functions are accurate:

TP

error 2 (2)

-where B, is the variational energy Ey, is the fixed-node energy, t is the
simulation time step and P is the total number of steps in the random walk.
This equation shows that the computer time needed to achieve a given error
will be proportional to the correlation energy missed by the trial function.
Using this formula one can demonstrate a number of characteristics of GFMC.
We wish to use it to point out a very significant problem, namely, that it is
very difficult to simulate heavy atoms if all electrons are induded. If Z is the
nuclear charge of an atom, then one finds that the numerator scales roughly

as Z15 and vt as Z-2. Also the computer time per step will increase as the cube
of the number of electrons. Putting these factors together, one finds that the
computer time needed to a achieve a fixed accuracy (say 0.1 ev) will increase

as Z65, Thus simulations of heavy atoms (say Z>10) are very expensive unless
a method can be introduced to limit the effect of the core electrons. For this
reason the applications we will discuss have been to hydrogen and helium.

For systems composed of many atoms, GFMC converges quicker than
other methods. Suppose we ask how much computer time is needed to
determine the energy/atom to some fixed accuracy for an N atom system. The
time step ¢ is roughly independent of the number of atoms, the numerator is
linear in the number of atoms. If we assume the computer time per move is
only linear in the number of atoms it is easy to see that the total CPU time



needed will be independent of N. But for a metallic system, where the single
particle orbitals are delocalized, the CPU time per step scales as the number of
atoms cubed and the total CPU time as the number of atoms squared.
Insulators will be somewhere in between these two limits. In any case, such
time requirements are much better than for other approximation-free
methods such as the configuration interaction method.

APPLICATIONS
Isolated atoms and molecules:

These QMC methods are occasionally useful for caleulations on
isolated atoms and molecules, both to check other quantum chemistry
methods since the error bars in QMC have a definite mathematical meaning,
and because the methods may converge where those methods have
difficulties. An example!3 is in the interaction between two He atoms at short
distances (0.5 < r < 1.8A). Fig. (2) shows the curve as originally measured14,
computed with Monte Carlo (GFMC with the transient estimate method) and

the often used Aziz15 potential, the repulsive part of which comes from ab
initio quantum chemistry calculations.
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Figure 2. The interaction energy of two He atom a distance r apart.

We found the the Aziz potential was too repulsive and recent experimental
measurements16 have verified this prediction of QMC. There have been
many GFMC calculations of molecular systems where one finds essential
agreement with the results of the best CI calculations. As mentioned above,

such calculations are limited to low Z elements unless pseudopotentials are
used. :
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The physics and experimental measurements on hydrogen are addressed
elsewhere in this volume. Here we will discuss the results that have been
obtained with GFMC. There are several related difficulties in making
theoretical predictions about the behavior of hydrogen as the pressure is
increased from zero to several Mbars. First of all, correlation effects are
extremely important in hydrogen, so methods like Hartree-Fock or density
functional theory are inadequate. Secondly, the zero point motion of the
protons is significant, a typical energy is 0.02 Ry/atom. At zero temperature,
the arrangement of protons at any instant of time is far from a perfect lattice.
In fact, in the low pressure molecular phase, the bond directions are
completely disordered. In a typical band structure calculation, one normally
assumes the lattice is completely ordered. Finally, it has been suggested1? that
the protons can even melt, so that hydrogen at high pressures should really
be thought of as a two component fermi liquid. The above considerations
and the observation that of all the elements, hydrogen is the easiest to treat
with GFMC, lead us to attempt to a first principle GFMC calculation of the
zero temperature properties of hydrogen. The reader should consult
reference (1) for details.

In the GFMC method the zero point motion of the protons presents no
problem in principle but a serious practical problem. From equation (1) the
diffusion constant of the random walk is inversely proportional to the mass
of the particle. This means that the root mean square displacement of the
protons is 42 times smaller than that of the electrons. The computer program
to treat a two component system of electron and protons is hardly more
complicated than that for simply electrons. However, the number of steps
that it takes for the two-component code to cenverge to the ground state is
very much longer. In principle it could be 1836 times longer. In practice it is
not so0 bad, simply because the protons are localized and do not have to
diffuse as far as the electrons.

The choice of the trial function is crucial. In an hour on a computer
with the speed of a CRAY-1, the protons will diffuse a few Angstroms. Thus
one must assume that the long-range properties of the proton wavefunction
are correct since one will not have enough computer time to change them.
One only corrects for local errors in this function. This assumption is much
better than that usually made; that the protons are static. We assumed the
trial function was of the pair product or Slater-Jastrow form:

V(R) = exp (,;} uij ("ij) ) y DO' (3)

where uj; (ry) is the "pseudopotential” acting between pairs of particles i and j
and Dg is the Slater determinant of a group of particles ¢ (e.g. spin up



electrons.)
Do=det{ ¢ (r;) } @

and ¢y(r) is the kth orbital function. There are four determinants in the trial

functions; two for electrons and two for protons, each with up or down spin.
The trial function contains three pseudopotentials, a repulsive one acting
between two electrons, another acting between two protons and a third,
attractive one acting between electrons and protons. The pseudopotentials are
chosen to minimize the variational energy when it is computed within the

random phase approximation18,

It is the orbitals which determine the phase of the system. Essentially
two types of orbitals are used: plane waves (PW) filled up to some Fermi

energy, and Wannier (W) functions for example, exp {—c (r-Z )2 } centered

around some set of lattice sites Zy. The plane waves are always chosen to be

doubly occupied but the Wanniers can be singly (SO) or doubly occupied(DO).
With this choice of functions one can represent a variety of phases;

electrons  protons

1) atomic metallic liquid; DO PW DO PW

2) atomic metallic crystal; DO PW SO W

3) molecular metallic crystal; DO PW DO W

4) insulating molecular crystal; DO W DO W
etc.

One can, of course, chose a variety of different lattices as centers for the
Wannier orbitals. We have tried only the highest symmetry cases or those
suggested by experiment. Because the proton wavefunction must be accurate
so it will converge as quickly as possible, we have used for the proton orbital
the exact proton-proton wavefunction for an isolated molecule. In addition to
the localization-delocalization transitions described by these trial functions, in
the insulating molecular phases one can have a transition where the bond
orientation of the molecules becomes localized. To describe that phase one
adds a term to the wavefunction which orients the bond vectors with respect
to some direction in the lattice.

We have performed a large number of GFMC calculations with these
trial functions. The periodic box typically contained 64 electrons and 64
protons. Procedures were used to scale the results to the bulk limit. The
energies are in agreement (within the statistical accuracy of about 0.005
R/atom) with the experimental measurements where the latter are reliable.
Below a pressure of about 200 kBar, our errors are the same order of
magnitude as the compressional energy so we can say little about the equation
of state at lower pressures. On the other hand, at higher pressures, the GFMC
results are, by far, more accurate than those of any other first principles
method. In addition to calculating quantities such as the energy and pressure,



we calculated electron and proton densities and the various pair correlation
and structure functions. Among the results of the calculation are the
following:

The atomic crystal phase:

The GMFC calculations are the most accurate (about 0,002 Ry/atom) in
the atomic phase because both the electronic and protonic wave function are
constrained by symmetry to be simpler. The energy per atom is well described
by:

E(rg) =2.217,2-2.707 r;°1-0.217 + 0.0566 rg-0.03 7,2 (5

where r, is the ratio of the interparticle spacing to the bohr radius. The energy
is given by the above formula to the accuracy of the GFMC calculation in both
the bee and fee crystals. We are not able to resolve the energy difference
between these two structures. However we can rule out other crystal
structures such as simple cubic. Local density functional calculations are very
inaccurate for the atomic crystal. A recent calculationl? is in error by 0.03
Ry/atom, which is of the same order of magnitude as the correlation energy.
This LDF calculation also incorrectly predicts that the sc structure has the
lowest energy. Thus the recent use20 of these LDF results to predict the
atomic-molecular transition is inappropriate.

The lecular phase:

The GFMC calculations are more difficult in the molecular phase since
the protons have so much more freedom and available phase space.
Calculations at low pressure are in agreement with experimental
measurements to 0.003 Ry/atom. These calculations assumed a Pa3 fce

structure. Recent X-ray measurements?0 have found that an anisotropic hep
structure appears at pressures of 200 Kbars but we did not examine that
structure. It appears that at pressures of 1 Mbar the energy can be lowered by
aligning the molecules with respect to the crystal directions, but the energies
are just at the resolution limit of our statistical errors. The bond length
shrinks by 20% as the pressure is increased to 3 Mbars.

The _atomic-molecular transition

The GFMC calculations predict that this transition occurs at a pressure
of 3.0 + 0.4 Mbars with a relative volume change of 20%. Of course the
existence of more stable molecular crystal structures than those we have
examined will push up this pressure.

The molecular metal-insulating transition

It has been suggested?! that molecular hydrogen could become a metal
at high pressures before undergoing a transition to an atomic phase since as
the density increases, its bands broaden, closing an indirect gap and the system



would become metal. Such a phenomenon has been observed in iodine at
high pressures. We have tried to look for this transition in two separate ways.
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Figure 3. The energy as computed with GFMC for molecular and atomic hydrogen. The upper
atomic curve represents physical hydrogen while the lower curve is the energy for infinitely
massive protons.

First, the minimum energy gap is equal to the energy difference
between adding and subtracting an electron from a neutral system. This gap
was calculated with GFMC (assuming rigid molecules and that the extra
electron and the hole had zero momentum). The gap at zero pressure was
found to be 9.632.0 ev while at 2.4 Mbar to be 0.9+1.0 ev. The uncertainties
were large because one is subtracting total energies rather than energies per
atom. Within the GFMC method it is possible to perform a much more
accurate calculation, which could obtain information about the entire band
structure, not only the gap. In any case our calculation suggests the gap may
have closed before the atomic transition.

Alternatively, the behavior of the dielectric constant can be used to
indicate the onset of metallic conductivity. We have shown that the
structure factor S(k), which is easily determined with GFMC, gives a lower
bound to the static dielectric function.

1-e()-1 2127, SH Y k4 ©)

Unfortunately 64 atoms comprise a system that is too small to extrapolate to
the bulk with confidence. Up to 200 Kbars the indices of refraction obtained
with this inequality are in rough agreement with experiment. We find they
become much larger at higher pressure but cannot say whether they are
infinite. The present GFMC calculations are unable to determine whether the



molecular system becomes metallic because a 64 atom system is always an
insulator.

I! | i ". ]. uid

It has been proposed by Ashcroft!? that the atomic crystal is unstable
and will melt at intermediate densities. We have calculated?? the energy
difference between the atomic crystal and atomic liquid in two ways. First,
with a two component system comprised of electrons and protons and
second, with only a proton system interacting with a potential screened by
the electronic dielectric function23. The results are shown in Fig. (4). The
atomic crystal is stable from 0.1<rg<1.5. Since the atomic-molecular transition
occurs in the density range 1.3<rg<1.39, the liquid will not exist at zero
temperature under Mbar pressures. At a very much higher density rg<0.10 the
atomic lattice will undergo pressure melting. At this point the electrons are
becoming relativistic, thus our calculations are inaccurate.

Figure 4

30

-

w L

2 104

=4

w

) 0+

e t
'30 b L ] 4 1] L T L4 T T T v  § L4
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.7%

Figure 4. The energy difference between an atomic liquid and an atomic crystal (times 1000r,2).

The upper curve with error bars is from a GFMC calculation of a two component system of
electron and protons while the lower curve is from a GFMC calculation of proton system where
the electrons screen the bare proton-proton coulomb interaction.

The one-component pseudopotential calculations have about the same shape
as the correct two component results but the overall energy scale is reduced by
a factor of 5. This is unfortunate since those calculations are very much less

expensive, -



PROSPECTS

The calculations on hydrogen show that it is feasible to simulate, from
first principles, realistic many-body systems. Similar calculations on helium

and lithium24 are underway. However, without new methods, GFMC
calculations become prohibitively expensive for heavier atoms. Recently we
have developed a new method?3 of eliminating core electrons which is easily
adaptable to GFMC. We replace the original atomic Hamiltonian by a
pseudohamiltonian where both the potential and kinetic energy operators are
modified inside the core. We have obtained very accurate results for the
third row atoms but it is still unclear whether this approach can be extended
throughout the periodic table. At a sufficiently high pressure it is impossible
to eliminate the core electron since all of the electronic states become
delocalized.

Even for hydrogen, the calculations that have been done have only
touched the the interesting possibilities of quantum Monte Carlo. Calculation
of excited state properties, such as band structures, densities of states and
optical matrix elements is feasible but requires algorithm development. One
also needs to attempt to decouple the solution of the electronic problem from
that of the protons so that one can allow the protons to be at finite
temperature while the electrons are at zero temperature. This would allow
simulation of a much larger region of the phase diagram. Finally, the fixed-
node path integral Monte Carlo algorithm needs to be tried out. This will
allow simulation of hydrogen at temperatures where molecules dissociate
and then become thermally ionized.
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