The calculation of excited state properties with quantum Monte Carlo
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A new Monte Carlo method for computing excited state properties of quantum systems is
introduced. It is a generalization of the transient estimate method used for fermion Green’s
function Monte Carlo and of subspace projection methods used for computing eigenstates of
matrices. The time dependent autocorrelation function of a vector of trial functions is
calculated for a random walk generated by the imaginary-time Schrodinger equation and
estimates of energy levels are determined by the eigenvalues of the matrix of correlation
functions. This method is especially useful for treating states with the same symmetry as it
automatically keeps higher states orthogonal to lower states. The estimated energy converges
to the exact eigenvalue with a rate which decreases with increasing excitation energy, thus
limiting the method to relatively low-lying states. The method is zero variance in the sense that
as better trial functions are introduced, the statistical error decreases to zero. The method has a
nontrivial bias which is analyzed. As an illustration, the eigenvalues of a double well are

computed.

I. INTRODUCTION

In recent years there have been many Monte Carlo cal-
culations of properties of ground state and finite tempera-
ture quantum systems. The first major applications of this
method’ were to liquid and solid “He. But many other sys-
tems have now been calculated including the electron gas,’
many-body hydrogen,” small molecules,* and single elec-
trons in a variety of classical systems. The most numerous
applications have been to lattice systems, primarily to model
superconductors and quantum chromodynamics. Monte
Carlo has several enormous advantages when compared to
other methods since computer time requirements for many-
body systems do not necessarily grow exponentially with the
number of particles. The basis set limitation, is much less of a
problem and when the method converges, one obtains the
exact result within known error limits. It is a relatively sim-
ple method and, in general, extremely powerful. However,
Monte Carlo usually requires a great deal of computer time
since the error bar shrinks inversely with the square root of
the computer time. There are also serious problems treating
any system which is not in the absolute ground state. We will
discuss how these limitations affect the calculation of excited
state properties.

To date, there have been very few quantum Monte Carlo
calculations of excited state properties. Exceptions are cal-
culations in states which are ground states for some symme-
try where the fixed-node and release-node methods can be
used since there is no need to explicitly orthogonalize with
respect to lower states. In this paper a method for treating all
excited states is developed, which is more powerful than al-
ternative proposed techniques. A second paper will apply
this technique to the calculation of the vibrational energy
levels of a small molecule. The energy levels of two mole-
cules; H,0 and H,CO, have been calculated. The water mol-
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ecule is amenable to other types of variational calculations
since the wave equation can be reduced to a three-dimen-
sional one and it is possible to effectively saturate this space
with basis functions. However, the dimensionality of the
Schrédinger equation for the formaldehyde molecule can be
only reduced to six and no previous accurate calculations
have been performed. The proposed Monte Carlo technique
encounters no major difficulties in calculating properties of
larger molecules. In fact, the main difficulty is in finding
sufficiently accurate potential energy surfaces for polyato-
mic molecules.

The method introduced here is by no means limited to
calculating vibrational properties of molecules but is com-
pletely general. The properties of any low-lying quantum
state can be calculated assuming reasonable approximations
to the wave functions can be made. The main advantages of
the ground state quantum method are still valid. It is zero
variance which means that as better and more complete basis
sets are used, the statistical error per Monte Carlo step de-
creases to zero. Any type of function can be used for the basis
set, as long as it and its derivatives can be quickly computed.
If the method converges, the exact answer is obtained within
known errors. Finally, the method can treat many-body sys-
tems.

There, are, however, some new problems introduced by
applying Monte Carlo techniques to excited states. First, the
error decreases very slowly with computer time for highly
excited states and second, there is a nontrivial bias caused by
the need to orthogonalize with respect to lower states.

The paper is organized as follows. Section II discusses
how to project excited state properties from the many-body
density matrix. Section III introduces the quantum Monte
Carlo method of calculating integrals of the many-body den-
sity matrix. Following that, the errors of the algorithm and
optimizations issues are discussed. Then the method is dem-
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. onstrated by applying it to a one-dimensional double well.
Section VII compares this method with other Monte Carlo
excited state methods.

Il. THE PROJECTION OF EXCITED STATE
EIGENVALUES

Let us begin with some remarks on the notation: Let
H =T + V be a nonrelativistic Hamiltonian composed of
kinetic energy — #°/2mV?and potential energy V(R). Here
R will denote the 3N vector of particle coordinates, and N
the number of particles. Let the eigenvalues of H be E; and
the eigenvectors ¢, (R). The subscript 0 will always refer to
the absolute ground state while the subscript 1 will refer to
the ground state within some symmetry, e.g., the fermion
ground state. For the totally symmetric case, 0 and 1 then
refer to the same state.

First, let us remind the reader of how the variational
method is used to calculate excited state properties. One as-
sumes that the eigenfunctions can be expanded in a basis of
known functions:

$(R)= Y d;f;(R). (1

ji=1
Then within this function space, the best approximation to
the exact eigenfunctions are obtained by finding the station-
ary points of the Rayleigh quotient:
_ §dr ¢, (R)H$, (R)
Jdr ¢,;(R) 2

(2)

with respect to d;. The approximate eigenvalues are solu-
tions to a generalized eigenvalue equation and by MacDon-
ald’s theorem are upper bounds to the exact eigenvalues.’
Second, in the iteration method of solving an eigenvalue
problem,® a function of the Hamiltonian, say C(H), is used
to project out certain states. Suppose the operator C(H) is
applied to the basis set # times. The resulting basis set is

F (R)Y=C(H)"f,

= Z C(E;)"¢; (R)de ", (R (R). (3)

In this new basis set, eigenfunctions corresponding to the

maximum of C(E) dominate in the limit of large n.

In the power method® C(H) is chosen to be proportion-
al to H. That choice is only appropriate if the eigenvalue
spectrum is bounded above and below. Otherwise very large
energy states will dominate at large ».

We choose C(H) = e~ */2 because, with this choice,
the needed integrals can be calculated with a simple random
walk, as is shown below. With C an exponential, it can be
regarded as the Green’s function for a dynamical process
governed by H. The parameter ¢ will then be referred to as
“time.” Of course for actual quantum dynamics, the propa-
gator is e ~ ¥, Thus the time in the random walk is imagi-
nary or Euclidian time. In Green’s function Monte Carlo’
another choice is made: C(H) = (H — z) ~!. The random
walk is slightly more complicated but can be performed in
such a way as there are no integration errors. Very little of
what follows would change. In finding eigenvalues of finite
matrices, this choice is known as inverse iteration.

Finally, let us combine the projection method with the
Rayleigh—Ritz variational procedure. This procedure for fi-
nite matrices is known as subspace iteration. Construct the
best approximation to the eigenfunctions from the projected
basis set £ Replace {f} by {f} in Eq. (1) and find the station-
ary points of A in Eq. (2) with respect to d;. This gives the
generalized eigenvalue equation:

S H,(0dy () = A (D 3 N, (0dyy (D), )
= ‘

j=

where d, (t) is the & th eigenvector (an m component vec-
tor), A, (t) is its eigenvalue, and N and H are defined as

N, () =de.dRZmszRzle-'"1R1>ﬁ<R,>, (5a)

H, (1) = ——2—~ ddlj"” ©

=de,dszj(Rz)(RZIHe"”|R,)f,.(R,).
(5b)

At zero time (¢ = 0), Eq. (4) is the usual equation for the
variational estimate of the eigenvalues and by McDonald’s
theorem gives an upper bound to the ith energy level:
A (Q)>E;.

It follows by considering {f;} as a basis set that
A; (1) >E,; for all ¢. In fact, A, (t) converges exponentially
fast and monotonically to the exact energy levels:

- o0
as long as the basis set { /; } has some overlap with all the first
m eigenstates {¢, }.

If T is an arbitrary matrix with det(T) #0 and the basis
set is transformed as: f'= Tf, the eigenvalues of Eq. (4) are
unchanged. Except for the fact that the arithmetic on the
computer is not exact, a linear transformation of the basis set
has no effect on the eigenvalues. Define a diagonal basis at
time t as one where N(#) is the unit matrix and H(?) is
diagonal with elements A; (¢). It is always possible to trans-
form to such a basis since H and N are symmetric and N is
positive definite. Note that a diagonal basis at one time is
not diagonal at another time. In a diagonal basis the project-
ed basis sets converge exponentially to the exact eigenfunc-
tions:

1<k<m (6)

lim e~ ", =f = ¢,. N

- o0
This is a consequence of Eq. (6); if the variational energies of
a basis set are exact then the basis set must equal the exact
eigenfunctions. Then £ can be used to calculate matrix ele-
ments between the eigenstates.

lil. APPLICATION OF QUANTUM MONTE CARLO

The above discussion has of course nothing to do either
with Monte Carlo or with quantum mechanics. It simply
describes a relaxation method for determining eigenvalues,
but one which is not practical by conventional methods since
what are needed are the matrices N and H. For quantum
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mechanical problems, even the calculation of variational in-
tegrals can be a formidable task using explicit integration
techniques since the integrals are 3V dimensional. Normally
basis sets are picked so that the integrals reduce to three-
dimensional ones. However this restricts their functional
form, so that very many functions must then be chosen to
represent the exact eigenfunctions. Application of the den-
sity matrix operator e ~ ‘¥, or even H, to this basis set is im-
practical since the resulting integrals are too complicated.

Such integrals can be naturally performed with Monte
Carlo techniques since the density matrix operator can be
interpreted as a diffusing, drifting, and branching random
walk. All needed 2m” matrix elements can be performed in
parallel from a single, albeit long, Monte Carlo trajectory.
An extremely simple variant of the usual diffusion Monte
Carlo procedure is described here. This type of algorithm
was first used by Donsker and Kac® 40 years ago and has
been recently revived by Cafferel ez al.®

One of the main discoveries' in quantum Monte Carlo is
the technique of importance sampling; the underlying prob-
ability distribution should be multiplied by an approxima-
tion to the ground state wave function. This function, ¥(R),
is called the guiding function to emphasize its role in guiding
the random walks to important regions of phase space. For
the moment think of it as a reasonable analytic approxima-
tion to the ground state wave function but it will be later
optimized for excited state calculations. It must be positive
everywhere the potential is finite and for simplicity assume
that it is normalized. Define the importanced-sampled
Green’s function of the imaginary-time Schrodinger equa-
tion as

G(RyR ;1) = Y(R)(Ryle ™" |R ) /Y(R)). (8)

Using this Green’s function one can rewrite the definitions
[Egs. (5)] of Nand H as

N'I(t) =del dR2E,(Rz)G(Rle’t)E(RI)P(RI)’
(92)

H, (1) =de1 dR, F,(R,)E,,(R,)

XG(R29Rl;t)E(Rl)P(Rl)! (9b)

where F,(R)=f,(R)/¢¥(R), P(R)=v?(R) and the local
energy functions are E;, (R) =f,(R) " 'Hf.(R).

Equations (9) suggest the stochastic method of calcu-
lating these integrals. Let P(R,) be the probability that a
random walk begins at R, and let G(R,,R ;t) be the proba-
bility that it diffuses from R, to R, in a time ¢. Then the
matrix N, (¢) is the autocorrelation of the vector F; (R) in
time and H; () is the correlation between F;(R) and
E,;(R)F;(R). But this interpretation is not quite correct
unless 3 is the exact ground state eigenfunction since, other-
wise, G cannot describe a normalized diffusion process.

To derive the correct procedure for the Monte Carlo
evaluation of these matrices one starts with the eigenvalue
expansion for G:

G(RLR ;1) = [w(Rz)/zp(Rl)]Z ¢i(R1)¢,>(R2)e-IE",
(10)

From Eq. (10) it follows that one can develop a Green’s
function at time ¢ into a path integral of k& Green’s functions
time arguments ¢ /k:

k
“dR, | [ G(R,.R;_ ;t/k). (11)

j=1

G(R;,Rpt) =de,"

Also, using the explicit form for the kinetic energy operator
one can write down the evolution equation? for G-

JG(R,R;t) y
——a—t—"—— = ,Z'. d,V,[V.G(R) — G(R)D,;(R)]
— E;,(R)G(R) (12a)
with the boundary conditions at zero time:
G(R,R;0) =6(R — Ry), (12b)

where d, =#2/2M, is the effective diffusion constant for a
particle with mass M;, the Jocal energy of the guiding func-
tion is E.,(R)=9~'HyY(R), and the drift of the guiding
function is D, (R) =2y~ 'V,¥(R). Note that the first two
terms of the evolution equation conserve probability since
they are a gradient, while the last term does not unless E; ,
vanishes, or equivalently ¢ is a solution to Schrodinger’s
equation.

When 1 is sufficiently small, G becomes localized in a
region of the order of (dr)'/?, D and E 4 can be assumed to
be constant in that region, and Eq. (12a) solved:

lim G(R,R;;7) = G, (R, R ;1) G, (R, R ;7)) (13)

70

where the branching term is
G, (R,,R;7) — o~ 2ELR) + Ery(R))] (14)

and the diffusion term is defined as the Green’s function for
the first two terms of Eq. (12a) and at small time approaches

G, (R,,R ;1) = (Amrdr) —3N/2 ¢~ [R:— R, — 1d D(R,) )/ (4d7)_
(15)

Now, if G is repeatedly applied to a probability distribu-
tion, from Eq. (10), the distribution will eventually con-
verge to Y (R )@, (R). On the other hand, if G, is repeatedly
applied to a distribution then that distribution will converge
to (R }2. To see this, imagine a Hamiltonian defined so that
¥ is identically its ground state and with zero ground state
energy. Then for that Hamiltonian, E, , vanishes, so that G,
equals G and the asymptotic distribution of both G, and G
will be #”. Alsoit is easy to verify that ¢” is an eigenfunction,
with zero eigenvalue, of the first two terms on the right-hand
side of Eq. (12a) of which G, is the Green’s function.

Suppose one constructs a trajectory [R,R,"--,R,] by
repeatedly sampling the diffusion Green’s function
G, (R, . ,R,;7) with a time step 7. If 7 is sufficiently small
so that Eq. (13) is valid, after a number of initial steps, the
distribution of the points on the random walk will be P(R).
Toestimate N and H one takes the average over the points on
the trajectory, of the quantities

nlj(kT) ={E(Rn)Wn.n+kf}(Rn+k)}’ (163)

hu(kr) = {F'I(R’l ) Wn,n+kﬁ}(Rn+k )ELj(Rn+k )} ’
(16b)
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where the weight is defined as

k4+n—1
Woniw= [l Go(R;y1,R;7)
j=n
n+k—1
=exp[—7‘/2 2 [EL,/,(Rj)+EL¢(Rj+1)]]-
i=n

(17)

The exponent in Eq. (17) is just the time integral along the
trajectory of the local energy; one can recover the Feynman—
Kacs formula'® for the density matrix by setting ¢ = 1.

The average values of n and 4 are simply N(k7) and
H (k7). The proof follows easily. The average value of n is its
integral over the probability distribution of the path
[R..R, R, ] whichis

k+n—1

H Gd(Rj+1’Rj;T)' (18)
J=n

From Egs. (13), (17), and (18), the product of the proba-
bility distribution and the weight is simply the product of the
full Green’s function G along the path and, when the integral
over the intermediate points R,, |, , "R, _ . _, is performed
using Eq. (11), Eq. (9) is recovered.

Note that in this form of diffusion Monte Carlo, no actu-
al branching is performed as it is in the usual Green’s func-
tion Monte Carlo algorithm,” instead the weights W are gen-
erated. For many-body problems, using weights is not
efficient because their fluctuations will grow exponentially
with the number of particles. However, for few body prob-
lems where the time separation ¢ = k7 is not too large this
method has the advantage of great simplicity. A single tra-
jectory R () is generated. The basis functions F; (¢), the op-
eration of the Hamiltonian on the basis functions £, (2),
and the local energies E; , () are stored for some time into
the past using a circular buffer. Ata given step of the random
walk (with time coordinate ¢,), the weights are updated by
multiplying in the current value of G, (¢,) and dividing out
the old value G, (¢, — ). Then F; (¢,) W(to,ty — t)F; (1, — 1)
is added to the running average of n;(s), and
F;(t,)E;(t,) W(toty — 1) F; (1, — t) is added to the running
average of 1; (¢). This can be done for several values of . The
evaluation of the basis states need not be done every step.
Normally, 7 is picked quite small in order to generate accu-
rate Green’s functions, and then the basis functions and their
local energies are evaluated every tenth step or so.

Using the Hermitian property of H, the computed ma-
trices can be symmetrized both with respect to i and j and
with respect to time, ¢ and £, which reduces statistical fluctu-
ations. The basis functions themselves should be symmetry
adapted (i.e., have the symmetries of the Hamiltonian) so
that will be unnecessary to compute matrix elements
between basis functions with different symmetries and un-
symmetrical statistical noise will not be present.

P(R,)

A. Evaluation of matrix elements between eigenstates

Other quantum expectation values between excited
states can also be computed since, in a diagonal basis,
exp( — tH)f; (R) approaches the exact eigenfunction at
large time. Consider the calculation of a scalar operator
O(R) between states / and j. It follows from Eq. (7) that

de¢i<R>o<R>¢,<R>

— lim f: e_tH/ZOe”tH/zf}

I— o0

= lim {F, (1) W(to,to + 1)O(ty + t /2)F (1, + 1)},
(19)

where {- -} means to average over times f,, and the basis
must first be diagonalized at ¢ /2. Scalar expectations are
computed by determining three-time correlation functions.

IV. ERRORS IN THE COMPUTED EIGENVALUES

Now there are four major types of errors which will
prevent the computed eigenvalues from converging to the
correct excited state energies. This section will discuss these
errors and attempt to minimize them.

Suppose a random walk of p steps has been generated
and from the trajectory, estimates n;(¢) and A; (¢) of N;; (¢)
and H;; (¢) are obtained. Estimates 4, (¢) of the eigenvalues
A, (2) are calculated from these matrices. Remember that
N, H, and A are defined in Eqgs. (4) and (5) and have no
statistical errors while their lower case counterparts are esti-
mates from a finite random walk. Suppose a large number,
N, of independent trajectories, each of p steps, are averaged
over to determine the mean value of the estimated eigenvalue
A, (). Now by construction, as N, — oo, the average value
of 4 and n are H and N but nonetheless, A, () %A, (¢) as
long as p is finite, since eigenvalues are nonlinear functions of
matrix elements.

The four types of errors are defined as follows: the bias
of the eigenvalue is 1, — A,; the statistical error is the root
mean squared average of A, — A, and the convergence er-
roris A, (t) — E,. Precision error results from the use of a
finite number of bits to represent real numbers on the com-
puter.

A. Convergence error

The convergence error at time ¢ is defined as
A, (t) — E,. One can show that the energies converge ex-
ponentially fast as follows. The eigenvalues [Eq. (4)] are
roots of the characteristic polynomial:

det [H(#) — A(s)N(t)] =0. (20)
Expand the basis set in the set of exact eigenfunctions:
Ji = Z Cii- (21)

i=1

Note that ¢ is an m by « matrix. Now let us assume that
det(c,;) #0 where 1<k,i<m. The determinant will be non-
zero as long as the basis set is linearly independent and over-
laps with the first m exact states. Then the basis set can be
transformed so that ¢,; = &, for 1<k,i<m. That is, the left-
hand m by m square portion of ¢ can be assumed to be a unit
matrix. But Eq. (20) can be written in matrix form using
Egs. (5) and (21) as

det(cec™) =0, (22)

where the diagonal (w0 by o) matrix g; =8,z and
z;=(E,— ANe™ “®i The determinant can be expanded with
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the Binet-Cauchy theorem' to give

Cri, € m,i,
i Cii, €25, 777 Cmy
Y ozccz det|] ’ =0.
< Sy, * *
4% G, T Cy,

m vim

(23)
As t becomes large, the dominant term in the expansion is
ip = k; 1<k<m. The subdominant terms come from replac-
ing a state k with the state m + 1. Then one finds that

lim A, (f) = E; + (E,,, . _E)e " "Enr1=E0

f— oo

2
x[f dek(RmmH(R)] L s

If there are continuum states (with the same symmetry)
with E < E,, , ; then convergence will be slower.

The rate of convergence of A, is (E,,, , — E,) and the
coefficient of the exponential decay is determined by overlap
between the first state left out of the basis set and the state in
question. Naturally every effort should be taken to ensure
that the basis set is accurate. In particular, if there are two
states close in energy, either both should be included in the
basis or both left out; otherwise very long decay times could
result.

As mentioned in Sec. I, it is always possible to trans-
form the basis so that N(7) = §,; and H(¢) = A, ()5,,. The
following discussion will assume that this transformation
has been done since the formulas for the errors simplify.
Although in practice one cannot make such a transforma-
tion with the numerically determined noisy matrices, it is
sufficient to know that such a basis exists, because eigenval-
ues and their errors are independent of a linear transforma-
tion of the basis. However, it is possible that the computed
estimate of N, namely n;, is not positive definite, in which
case, it will not be generally possible to compute all the eigen-
values. Generally, one must run the calculation long enough
so that this catastrophic error has a low probability of occur-
ing. We will return to this issue later.

It is usually difficult to observe in detail the asymptotic
exponential decay of the eigenvalues to the exact energy val-
ues because the statistical error and bias are growing. So it is
useful to have an independent way of estimating the rate of
convergence of the energy. Let us take the time derivative of
the characteristic polynomial, Eq. (20). Remembering that
the derivative of a determinant is the derivative of the matrix
times the cofactor matrix and that only the (k,k)th element
of the cofactor matrix of H — AN is nonzero in a diagonal
basis (assuming the & th level is not degenerate) one finds

dA, (1) . dH,, (1)
dt dt

+ A, (1)%<0. (25)
The right-hand side of this equation can be written as minus
the integral over a squared quantity so the time derivative of
an eigenvalue is always negative and any upward fluctu-
ations in the energies must be due to a statistical fluctuation
or to bias. The first term in Eq. (25) is the autocorrelation of
the basis set local energy (transformed to a diagonal basis):

D. M. Ceperley and B. Bernu: Excited state properties

dH; (k7)

dt EIU(kT) = {E(Rm )ELi(Rm)Wm,m+k

XF}(Rm+k)ELj(Rm+k)} ‘
(26)

Equations (25) and (26) provide a direct measure of the
rate of convergence of the eigenvalues and, equally impor-
tant, of the uncertainty in the rate of convergence, enabling
one to establish how far away the exact energy lies. The ma-
trix I can be obtained for little extra computational work. In
addition, the right-hand side of Eq. (26) is proportional to
the variance of the energy eigenvalues at zero time.

B. Statistical error

The statistical error is the root mean square value of
A (2) — A « (1). (i.e., averaged over N, independent trajec-
tories). If the characteristic polynomial for the eigenvalues,
det(H — AN) = 0, is expanded in powers of p~'/2, the sta-
tistical error is the lowest order correction and the variance,
its square, is found, in a diagonal basis, to be

Vk(t)={[hkk(t)—Ak(t)nkk(t)]2}’ 27

where the braces mean an average over the trajectory. The
statistical error goes to zero as p~'/? and all of this error
comes from the diagonal noise in /# and n. The off-diagonal
fluctuations contribute only to the bias and are of higher
order. The zero variance principle of quantum Monte Carlo
applies to excited states as well as to the ground states since
as the basis set approaches the exact eigenfunctions
A — Auny, and the variance vanishes quadratically with
S — .
In the limit of large and small time it is possible to derive
approximate expressions for this variance, the minimization
of which determines the optimal guiding function. First as-
sume that the points on the trajectory are uncorrelated. This
gives a lower bound to the variance. It should be kept in
mind that the results obtained below are likely to be invalid if
there are long correlation times in the system. One situation
where that might arise is if the wave function has several
maxima and the system tunnels rarely from one maximum to
another. The cases where such tunneling does not make a
dominant contribution to the variance are dealt with by this
calculation. With this assumption a lower bound for the
variance of the & th state is

1
Vk“)?;del dR, G, (RyR ;1)

X{[Ep(Ry) — A ] WA ARDF (R Y.

Now minimize the sum of the variances in all of the
states with respect to the guiding function. That is, the guid-
ing function will be chosen so that the sum of the statistical
variances of the energies in all of the states is as small as
possible. First consider the situation at zero time; then the
weight is unity (W = 1) and R, = R,. Minimization of the
sum of the variances yields

~ m 1/4
%(R)=[sz(R)“[ELk(R)-Ak(O)]’] . (29)

k=1

(28)

Then when ¢ is zero the optimal guiding function is es-
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sentially the one fourth power of the sum of the fourth pow-
ers of the various eigenstates with an enhancement in regions
where the local energy functions deviate from their mean
values. This guiding function will be large whenever any of
the desired eigenfunctions is large and will only have a node
when all of the eigenstates have a node.

At large time, the optimal guiding function has the same
general form. However, because one needs also to reduce the
fluctuations in the weight, the guiding function should have
a larger overlap with the true ground state. Let us approxi-
mate the weight by its average over all trajectories connect-
ing R, with R;: W= G /G,. This approximation also gives a
lower bound to the variance. Now putting in the form for the
Green’s function at large time gives

2E,
)4 f{¢o(R)Fk(R)2[ELk(R) - AY

e

lim v, ()>

t—

ﬂﬁmwnmu% (30)

Minimizing with respect to the guiding function gives

~ m 1/4

b (R = o(R)?| 3 AR [z + B — 407
k=1

3D

where z, is a constant. The large time guiding function is
approximately the geometrical mean between the best vari-
ational guiding function and the ground state wave function.

At large time in a diagonal basis, the basis functions

must scale like £, () ~e'"2, Substituting in Eq. (30) the
variance will behave like

20(Ey, — Ey)

lim v, O

= p
where C, is a constant, bilinear in the difference between the
basis set and the exact eigenstate. For diffusion Monte Carlo
calculations of the ground state energy it was shown'? that
Ci =2[ A, (0) — E, ]/7. The numerical results discussed in
Sec. V demonstrate that this formula is correct only for
ground states.

The most important consequence of Eq. (32) is that the
statistical error grows exponentially with a rate equal to the
excitation energy. This is a generic problem of computing
excited state properties with Monte Carlo and not restricted
to Fermi statistics. This problem has been discussed in some
detail in connection with the release-node method'? or tran-
sient estimate method'* of computing properties of fermion
systems and is essentially caused by the fact that F, (R,) and
F, (R,) become uncorrelated at large time so that one is
trying to pick a smaller and smaller signal from the noise.
The only general way of reducing the variance is to construct
better basis functions, which will have smaller constants C,
and converge at smaller ¢.

The guiding function has been determined above by
minimizing the sum of the variances in all the states. At large
time this sum will be dominated by the highest energy state
and hence the guiding function will approach the mean
between the true ground state and the highest energy state.

(32)

In many cases one needs not absolute energies, but accurate
differences in energy levels and if the local energy functions
in two states are highly correlated the variance in the energy
difference will be much less than the variance of the individ-
ual energy levels. The optimal guiding function for calculat-
ing the difference of energy levels can be derived in a similar
way.

C. The bias

The bias is defined as A « (1) — A, (). A bias exists for
any nonlinear function of random variables and from gen-
eral considerations it is of order 1/p. One might think that
since p can be as large as 10° one can neglect the bias but such
is not always the case. Here we give four different formulas
for the bias, each succeeding one more approximate but
simpler.

First, the bias can always be estimated by dividing a
single calculation into a number of smaller calculations. Say
N totally independent trajectories are generated and the
eigenvalues for each of the energy levels and each of the
trajectories is calculated yielding A ¢ (¢) where 1<a<N;
runs over the different trajectories. Then the individual &
and n matrices are summed over a and the eigenvalues of
those summed matrices, A § (¢), are found. An estimate of
the bias of A § (¢#) is

b, =(Z/l"/NT—/1$)/(NT— 1). (33)
This regrouping is also used to determine the variance of A5.

The previous equation is a satisfactory way of determin-
ing the variance but now we wish to illustrate features of the
bias peculiar to excited state problems. By expanding the
secular equation for the eigenvalues to second order in p~ /2
it can be shown that the bias on the eigenvalue £, is

m _ 2
bk=[_ M—nkk(hkk_/\knkk)]’
JFEk Aj — Ay
(34)
where the basis is assumed diagonal and the braces mean an
average over the N, trajectories.

For the ‘“perfect” basis set, f, =e and so
h; = E;n; and the bias will vanish. However, normally 4,
is symmetrized to minimize statistical errors so

1 m
bk:—'—Z Z (E_,_Ek){njzk}.

=1

LE/2 &
k

(35)

Hence, while the variance is zero for a perfect basis set, there
still remains a bias because of the need to orthogonalize with
respect to lower energy states and to keep the matrices sym-
metrical. The statistical error only comes from diagonal
noise while the bias mainly comes from the off-diagonal
noise. Note that the lowest energy state (k= 1) is always
pushed down by the bias, while the highest state (k = m) is
always pushed up.

One can get an explicit form for the bias by assuming
that points on the trajectory are uncorrelated and that ¢ is
sufficiently large. These are the same approximations made
in deriving Eq. (30). Also the guiding function is assumed to
equal the ground state. For a perfect basis set, the bias on
state k will approach:
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m

lim bk= __I—Z(E}—Ek)e'(}zj+Ek_2E’). (36)

fmeo P =1

Here again one sees the difficulty in calculating excited
states with Monte Carlo. The bias grows exponentially in
time with an exponent controlled by the largest energy in the
basis set (i.e.,j = m). But by comparing with the variance in
Eq. (32) one sees that for the topmost state, k = m, the
square of the error increases at the same rate as the bias.
Thus, for a run in which the statistical error is small, the bias
should also be small. But it will be important to set things up
so that noise coming from high energy states does not propa-
gate down to low energy states through this bias.

Note that Eq. (35) predicts that for a good basis set, the
sum over all m states of the bias is zero. Let us define A,,, as
the & th eigenvalue, using a basis set with m elements. Then
an estimator which should have much less bias is defined
recursively as

k—1

Ap = A + Z [/‘Lik “/li]y (37)
i=1
where A, = A,,. For a good basis set this estimator will have
much less bias but will converge slower, with a rate equal to
min, ;. (E; ., — E;) instead of E,,, , ;, — E,.

Let us now return to the question of whether the com-
puted n; is positive definite, so that it will have real eigenval-
ues. In a diagonal basis, N is the unit matrix and »; will be
positive definite if the computed off-diagonal terms are
much less than unity: {n% } €1 fori#j. Butby Eq. (35) if the
bias divided by the characteristic energies is small this condi-
tion will be satisfied and the matrix will be positive definite.
Hence, the relative statistical error and the bias will be small
for about the same length of trajectory that n; is positive
definite.

D. Precision error

The precision error is the difference in energy between
the computed energies and those computed with infinite
mathematical precision (no roundoff error). If the initial
basis is overcomplete, and the overlap matrix is not diagon-
ally dominant, precision problems can be severe. An esti-
mate for the relative error'” in solving the generalized eigen-
value problem on a computer with precision ¢ is m’ey,, /1,,
where 7 is the ith eigenvalue of N. To appreciate how quick-
ly precision can be lost at large time consider what happens if
the basis set is proportional to the exact eigenfunctions, but
with a normalization independent of time. Then

N, =e 'Z5, (38)

i i
The eigenvalues of N are e ~ “* and the relative error will be
m?ee’ = 5 so that at large time all precision is lost. But if 4
and 7 are transformed using estimates of the eigenvalues and

eigenvectors at a smaller time or from a preliminary Monte
Carlo, such precision problems should be minimal.

E. Algorithmic considerations

There are other types of errors which are not discussed
here since they are not particular to the calculation of excited
states. For example, errors can arise from correlation in the

pseudorandom number generator, use of a finite value of the
time step 7, and slow convergence of the trajectory to P(R).

Using the estimates of the bias and variances one can
refine the algorithm to minimize them. Generally one starts
with a large, overcomplete basis. A lengthy, strictly vari-
ational calculation is performed to determine n(0) and
h(0). The variational calculation is cheaper since a much
larger time step can be used and because the statistical error,
bias, and precision errors are not exponentially growing.
Then using the eigenvectors of the variational solution, the
basis is transformed to a diagonal one and many of the higher
energy states are thrown away, yielding a more accurate,
orthogonal, and smaller basis. Then A(¢) and n(¢) are re-
computed in the new basis, now using a small time step. This
calculation yields new eigenvectors which if necessary can be
used to reorthogonalize the basis. If it is desired to continue
to longer times, perhaps fewer members of this third basis set
will be kept. To compute 4, (2), either A, or A, from Eq.
(37) is used so that bias is not introduced from the higher
states as it would if the full m by m eigenvalue equations were
solved. Equation (33) can be used to correct the bias.

Our calculations have been performed on a CRAY-I
computer, which is most efficient if floating point operations
are performed in multiples of 64. In the calculation, N tra-
jectories are performed in parallel (more properly in the vec-
tor mode). The initial conditions for each trajectory are in-
dependent and the random displacements supplied to the
different trajectories are independent, so the matrices asso-
ciated with each trajectory are uncorrelated. This makes the
computation of the statistical error and the bias straightfor-
ward. This vectorized approach consumes a fair amount of
memory, which limits the number of particles and basis
functions, but it is very efficient.

There are a few tests of the computer program which
can be used to verify its correctness. First of all it is impor-
tant to check that the first and second derivatives of the
guiding function and the basis set are correctly computed by
comparing the analytical method of computing them with
the results of finite differences. One should also check that
the answers are independent of the time step. To verify that
the random walk has correctly converged to the square of the
guiding function one can use the Green’s function equality

{Y(R)"'VW(R) + {VIn[¥(R)]}*} =0, (39)

where the average is over the trajectories. One should com-
pute the variance of the left-hand side and determine that the
average value is consistent with zero. This equality checks
that the time step is small enough, and that the derivatives of
the guiding function are correctly computed. Finally, the
program should be used on a similar problem with a known
answer.

V. A NUMERICAL EXAMPLE: THE DOUBLE WELL

This section presents results of applying the algorithm
to a one-dimensional particle in a double well. The example
both illustrates the method and verifies the formulas for the
bias on a simple problem. The Hamiltonian we consider is

1 d?

1
H= -2 Losi—a2
2 dx2+ 2(’)\7| 2 40
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The eigenfunctions are parabelic cylinder functions. As
a— oo the two wells become decoupled, and the energy levels
tend to the doubly degenerate harmonic oscillator values of
n — 1/2 where nis a positive integer. At any value of “a” the
eigenfunctions are either symmetric or antisymmetric. The
parameter a is chosen to have a value of 2 so that there would
be a strong mixing between the two wells, but the method is
not restricted to this case.

The choice of the basis set determines the ultimate accu-
racy of the numerical results. With an example like this, one
must be careful not to make too sophisticated a choice since
otherwise the numerical results will not be representative of
a real problem where one does not know the exact solution.
The basis set was chosen to be

fE®) =(xta)y"~lem P (41)

where 1<n<3 (i.e.,, m = 3). Figure 1 shows the double well
potential and the lowest basis function £+ . To preserve the
inversion symmetry of the Hamiltonian, it is more useful to
work with symmetrical and antisymmetrical combinations:

gE(x)=fF(x) £ (=)""f 7 (x). (42)

As a— « these linear combinations of these functions
become exact solutions (Hermite polynomials) in the region
of the well if » = 1/2 . But even for this value of b, these are
poor basis functions near x = 0. Also they are nonortho-
gonal. The parameter “b >’ can be chosen to adjust the quality
of the basis set allowing one to simulate of the effect, in a real
problem, of having a poor basis set. Accordingly we used two
different values of b = (0.5, 0.25). Rather than using the
optimal guiding function as described in Sec. IV B we choose
a simple form equal to g;* with a value of b equal to 0.2 times
the b in the basis set. With this choice the guiding function
could sample all the desired states.

Table I contains the lowest six calculated eigenvalues
with these two basis sets. The runs consisted of 128 indepen-
dent trajectories run for 5 10* steps. The exact energies
shown were calculated with the Numerov method. It is seen
that even with this poor basis they converge to four decimal
place accuracy for the lowest state and two decimal place
accuracy for the highest state. In common with variational

FIG. 1. The double well potential and the first basis function (for b = 0.5).

6323

TABLE 1. The results of the two Monte Carlo calculations on the double
well. In the first line the basis set parameter was b= 0.5 (the good basis
set); in the second line it was 6=0.25. The projection time was
t = (0.8,1.2), respectively. All runs contained 6.4 X 10° steps and the time
step was 7 = 0.1 and are corrected for the bias using Eq. (34). The vari-
ational energies are from a shorter calculation thus their error bars are larg-
er. The numbers in (-- ) are the estimated error bars on the final digits.

State E; A0 A(r)
Even symmetry
1 047571 0.4758(1) 0.47571(1)
0.4875(3) 0.475 66(5)
2 1.367 52 1.3685(2) 1.367 27(8)
1.4980(11) 1.369 3(17)
3 2.33541 2.3376(4) 2.3353(2)
2.903(6) 2.327(18)
Odd symmetry
1 0.517 88 0.5180(1) 0.517 86(1)
0.5349(3) 0.517 75(10)
2 1.61151 1.6131(3) 1.6117(1)
1.6697(8) 1.6107(15)
3 2.82044 2.8676(18) 2.828(2)
3.554(7) 2.80(6)

method, the highest energy state is described rather poorly.
The requirement that it be orthogonal to all m — 1 lower
states does not leave any variational freedom to lower its
energy. The energy and error bars for the third state would
be much improved if a few more basis functions were added.
Even with this restriction, after projection the energy con-
verges to the correct result after one unit of projection time.

The discrepancies with the exact eigenvalues are a result
of time step error. There is a definite shift in the energy as the
time step is lowered from 0.3 to 0.15. Since the basis sets and
guiding functions are very smooth, this error is due to the
sharp cusp of the potential at x = 0. The weights in Eq. (17)
could be corrected for this cusp by smoothing the potential
with a Gaussian but we have not done so since such correc-
tions are not a general feature of excited state calculations
but particular to this problem. Figure 2 shows the conver-
gence of the energies as a function of time using the poor
basis set (b = 0.25). The statistical errors, shown in Table I,
are not yet exponentially growing when the energies appear
to have converged.

The bias is shown in Table IT and evaluated according to
Egs. (33)—(36). The numbers shown are the average bias on
a single trajectory of 5 X 10° steps. Thus the bias on the total
energy is 128 times smaller. The bias increases an order of
magnitude between the first run which is with a good basis
set and variational (¢ = 0) and the second run with a poorer
basis set and large time (¢ = 0.9). The ground state is pushed
down, the middle state has small bias, and the top state is
pushed up. The bias is roughly the same for the symmetric
and antisymmetric states. For a good basis set the sum of the
bias over the three states should be small according to Eq.
(31). This relation is very well verified for the even states
with b = 0.5. But for the odd states and b = 0.25 it is off by
50%. Thus Eq. (37) must be used with caution. On this one-
dimensional problem the bias on the total energy is much
smaller than the statistical error. The ground state is affected
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FIG. 2. The energy of the first six excited states vs the projection time. The exact energy has been subtracted out. Thus the valueat t = Ois A (0) — E. (a)—(c)
are the first three symmetric states and (d)~—(f) the antisymmetric states. Error bars smaller than the symbol size have not been shown. These results are from

a short trajectory and the poor basis set (b = 0.25).

the most, because of the bias propagating down from the
third state.

The agreement between the first two columns of Table
II shows that terms of order p~3/2 are small and positive.
The agreement between the bias as computed from Eq. (34)
and Eq. (35) is excellent for the better basis set (b =0.5)
and the reasonable (within 40%) for the poorer basis set at
large time (¢ =0.9). Finally Eq. (36) predicts biases too
small by 20% to 50% but of the right order of magnitude.

This double well example illustrates the connection
between the projection method and instanton or tunneling

methods'® as well as the calculation of energy level differ-
ences. Suppose only the energy splitting of the lowest level is
wanted so the basis need only contain twostates, g;* and g, .
From now on the subscript 1 will be dropped. For only two
basis functions (which are orthogonal by symmetry) Eq.
(4) simplifies and it is trivial to solve the eigenvalue problem
for the difference between the energies. The splitting can be
written in the form

AE=E~ —E* =lim %ln[C(t)], (43)
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TABLE II. The bias as computed using Eqgs. (33)-(36) in the first six states of the double well. The first line
was computed using b = 0.5 with £ =0 (variational), p = 5000, and N, = 128. These are the biases on the
eigenvalues of each trajectory. Thus, the bias for the total energies will be N times smaller. For the second line
b =0.25 and ¢ = 0.9 and the other parameters are the same. See the text for discussion.

State Eq. (33) Eq. (34) Eq. (35) Eq. (36)
Even symmetry

1 —0.000 183 —0.000 182 —0.000 180 — 0.000 138

—0.001 736 — 0.001 653 —0.002 265 —0.001 190

2 — 0.000 042 — 0.000 041 — 0.000 049 - 0.000 004

—0.001 136 — 0.001 046 — 0.000 921 — 0.000 952

3 0.000 229 0.000 226 0.000 229 0.000 142

0.003 673 0.003 562 0.003 185 0.002 143

Odd symmetry

1 —0.000 201 — 0.000 199 — 0.000 204 —0.000 172

—0.002 726 — 0.002 683 — 0.003 524 —0.001 352

2 — 0.000 084 — 0.000 083 — 0.000 080 — 0.000 008

—0.000 184 —0.000 101 — 0.000 864 —0.002 456

3 0.000 364 0.000 360 0.000 285 0.000 180

0.006 321 0.006 094 0.004 388 0.003 808

where C(1) is the autocorrelation function VI. THE EXCITED STATE PROBLEM
c {FapwW,, . F(t,+ D} Now consider how the total error depends on the time.
(= {w, } (44) As argued above, if one looks only at the largest eigenvalue
i+t . . .
nd + of a basis set of m elements and, if the bias can be neglected,
a

F(t) =g  [x(£)1/g* [x(2)] = tanh(2bx). (45)

Note that H has been replaced by — d N/dt. Then F(t) is
approximately equal to + 1 if the particle is on the right at
time ¢z and — 1 if it is on the left and C(#) is the well-well
correlation function. If a random walk begins in one well, C
measures how quickly its probability distribution is equally
distributed between the two wells. The energy splitting is the
rate of decay of this correlation function; the crossing rate.
One can accurately calculate the splitting, even if it is very
small as long as the guiding function is chosen so that cross-
ings occur.

Even on this simple example, the previous discussion
shows how to systematically improve the calculation of the
energy splitting. First, the basis set should be improved to be
closer to the exact eigenfunctions. Second, the time deriva-
tivein Eq. (43) should be replaced by the action of the Ham-
iltonian on the basis functions. One should use H instead of
the time derivative of N. This is a standard Monte Carlo
technique known as the use of expected values.'” It is better
to compute the probability that a crossing could have oc-
curred rather than simply count the number of crossings
that actually occurred. Only if H is used does one get zero
variance for an ideal basis set. Third, use of optimal guiding
functions, such as given in Eq. (31), will help ensure that
crossings occur frequently enough that the barrier region is
thoroughly explored. The actual function in Eq. (31) (orits
generalization for energy differences) is only optimal if the
crossing rate (or the energy splitting) is not too small. It
shows that there is a balance between exploring the barrier
region and having large fluctuations in the weight function.
Finally this method is completely general. Symmetry is not
essential, nor is one restricted to computing the energy split-
ting of the lowest state.

then the total error will be due only to the statistical error,
Eq. (32), and the convergence error, Eq. (24), and will be
on the order of
1/2
[9"_] eFno 4 g e~ Entim (46)
P

where E; =E; — E;, pis the number of steps, and Cand d are
constants which go to zero quadratically as the basis set ap-

proaches the exact ground state. Now the value of ¢ which
minimizes this sum is

;.—_ -—l—ln[dem + 1,mp1/2/(CmEmv0 ) ] '

m+ 1,0
The optimal time to calculate the eigenvalues is inversely
proportional to the excitation energy and depends logarith-
mically on the number of steps in the trajectory and the qual-
ity of the basis set. Substituting 7 in Eq. (46) one finds the
minimum error is proportional to

- Em+ l.m/2Em + 1,0

(47)

P (48)
In a ground state calculation (i.e., m = 0) the energy

will converge as 1/yp. For a many-body fermion system
E, , o is proportional to the number of particles while
E. . .. isnot. Thus the exponent goes to zero with the num-
ber of particles and the computer time to achieve a given
error grows exponentially in the number of particles. The
JSermion problem is to come up with an algorithm in which
computer time grows as some fixed power of the desired
accuracy, independent of the number of particles.
Returning to the calculation of excited state energies, let
us assume the level spacing is roughly constant as it is in the
harmonic oscillator. In this case the formula says that the
computer time needed to achieve a given accuracy will have
a power proportional to the energy. (Note that the depen-
dence of the constants 4 and C on energy has been neglected
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as well as the effects of using a larger basis set at higher
energy.) A solution to the excited state problem would be an
algorithm in which the computer time needed to achieve a
given accuracy on an energy level only increases inversely
proportional to the square of the accuracy, independent of
the excitation energy. Naturally such an algorithm should
not involve an explicit tabulation of the wave functions or
any uncontrolled approximations. We know of no general
solution to these two problems.

Vil. COMPARISON TO OTHER METHODS

There are a number of other related methods which can
be compared to the method introduced in this paper. Meth-
ods which cannot be extended to many dimensions will not
be discussed. Exact diagonalization methods require an ex-
plicit tabulation of the eigenfunction and thus are limited to
discrete spaces of less than 10° elements on present comput-
ers. On the other hand, traditional variational methods like
configuration interaction methods based on normal modes
are limited to basis sets that are products of single particle
wave functions so they converge very slowly for many-body
systems. Our discussion will focus only on Monte Carlo
methods not involving tabulations of wave functions.

A. Variational Monte Carlo

Variational Monte Carlo has been used to calculate ex-
cited state energies'® with orthogonality imposed either by
the symmetry of the basis functions or as a Graham-
Schmidt process. Such calculations are very similar to the
method proposed here at zero time. The variational method
is powerful since, first of all, one can learn which terms are
important by adding them to the basis and, second of all,
both the bias and the statistical error are much smaller. Vari-
ational Monte Carlo is also numerically more efficient than
diffusion Monte Carlo because the elementary moves of the
random walk are much bigger. This is simply because one is
sampling a known function rather than an unknown func-
tion. Using an optimal guiding function as in Eq. (29) will
make the variational method even more efficient.

However, it suffers from the usual drawback of the vari-
ational method, it is basis set dependent. This is less of a
disadvantage than performing integrals with other numeri-
cal techniques since any kind of basis set can be used. For
example, one can include terms to correlate pairs or triplets
of particles. But very accurate results would require satura-
tion of the configuration space with basis functions, which is
impractical for many dimensional problems. More impor-
tant, it is hard to guarantee that the functional form will be
equally accurate for two different states. As a consequence,
energy differences can be incorrect. The projection of the
basis set by the density matrix removes inadequacies of the
basis for distances less than a diffusion distance (dr)'/?
where ¢ from Eq. (47) is t=1/E,, , ,,. It is often the inter-
mediate scale structure which is hard to put into a basis set so
the projection method can be a significant improvement over
the variational method.

The method introduced here works best in conjugation
with the variational method. The best variational functions
are used for a basis set and improved by projecting out higher

energy components. Because of the exponentially growing
variance one cannot expect to achieve arbitrarily accurate
results for excited states; one more decimal place is typical.

B. Minimizing the fluctuations of the local energy

The local energy function approaches a constant every-
where as a trial function approaches any eigenstate. Suppose
WY (R;a) is a trial function containing variational parameters
a and consider the *“variance” integral:

SAR W(R;a) (H — A)*V(R;a)
SR Y(R;a)> '
Now v will vanish only when W is an exact eigenfunction and
A is its eigenvalue. Rather than picking a by minimizing the
Rayleigh quotient of Eq. (2), one can pick a and A such that
v is minimized. The optimal A will be given by Eq. (2). In
this approach one does not necessarily need to perform cal-
culations on states with lower energy. However, the upper
bound property for the energy is lost. Umrigar et al.'® have
recently used this idea to calculate the energy of an excited
state of the He atom to an accuracy of 10~ ® hartree. The high
accuracy indicates that the assumed expression for the trial
function is very close to the exact wave function. Such accu-
rate functions are only known for three-body problems.

There is the same difficulty with this method as with the
standard variational method; it is difficult to write down a
functional form which is sufficiently close to the exact eigen-
function. But the variance method is very useful in providing
basis sets, e.g., by optimizing the nonlinear parameters in the
basis functions such as b in Eq. (41).

The method can be used in the context of the linear
combination of basis set described here. In terms of the N, H,
and I matrices defined earlier, v for a trial function
3d, fi. (R) is given by

dld—2AdHd _ ,,
dNd

Minimization of v with respect to d gives a generalized eigen-
value problem as in Eq. (5) with H replaced by
1 —2AH + A% At zero time, v is the Monte Carlo variance
in the uncorrelated approximation. Thus the wave function
which minimizes v will yield the least variance but will have
a higher energy. In practice, it is found with good wave func-
tions there is not much difference between wave functions
which minimize the energy and those which minimize the
variance. At >0, v is not the Monte Carlo variance of the
projected basis set. This is easy to see, since v will decrease
exponentially to zero at large time, while the variance in-
creases exponentially.

v(a,A)= (49)

v(d,A) = (50)

C. Inverse Laplace transform

It has been suggested® that one could extract excited
state properties by monitoring the decay of the various cor-
relation functions. For example, let O(R) be a scalar opera-
tor and suppose its autocorrelation is computed:

Co(t)Ede O(R)e~"O(R)

2
:Ze—’EfUdR O(R)¢,(R) | . (51)
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In the simplest method one can perform a nonlinear least
squares fit of C,, (1) to obtain E;. More sophisticated meth-
ods?® determine Padé approximants to the Fourier-Laplace
transform of C,, (¢). However, there is simply not a suffi-
cient amount of information in a single C, (¢) to obtain a
detailed spectrum with small error bars. The method de-
scribed here uses a whole set of functions; the optimal set
being the exact eigenfunctions. The vector autocorrelation
of these functions and its time derivative is a zero variance
way of extracting the eigenvalues.

Indeed, it may turn out to be useful to subject the entire
matrix N; (¢) to ainverse Laplace transform to extract more
information from the random walk and thus lower the error
of the eigenvalues. Suppose N and H and their statistical
errors are computed as a function of time. Now N(¢) can be
expanded in eigenfunctions to yield its time dependence:

Nﬁ(t) = 2 Cik Cik e_tEka
k<n
where the superscript 4 denotes that the sum is only approxi-
mate since only the first # levels have been included. H* is
defined as minus the first derivative of N*. One can deter-
mine the unknown parameters by minimizing a y” function
such as

(52)

X2=Ztr(N—N”)2+tr(H-—H")2. (53)
t

Now there are n(m + 1) unknown parameters (the ¢’s and
E’s) and m(m + 1)n, different computed matrix elements
where n, is the number of different times for which the ma-
trices are computed. If n, = 1 and n = m then the number of
unknowns equals the number of computed elements and the
problem reduces exactly to Eq. (4): the generalized eigen-
value problem. But if m =1 and n, = n and H is thrown
away the minimization reduces to the inverse Laplace trans-
form method. But it is not a good idea to throw away H,
since it is the correlation between H and N that leads to low
variance. Minimization of this general y” function seems a
very promising way of accelerating the convergence of the
projection method.

D. The fixed-node method

In the fixed-node method one chooses the guiding func-
tion equal to an excited state trial wave function and further
constrains the dynamics of the diffusion so that the random
walk does not cross the nodes of . This is done by either
rejecting moves in which 3 changes sign or by setting the
weight function to zero if the node has been crossed. For the
ground state of a given symmetry the fixed-node energy is an
upper bound to the exact energy’' and, in addition, is often
an extremely good upper bound. There have been sugges-
tions? that a fixed node procedure can be used to calculate
excited state energies. For states that are not a ground state
of some symmetry, the fixed-node energy is not guaranteed
to be an upper bound. Of course, as the nodes of the trial
function approach those of the exact excited state wave func-
tion, the fixed node minus exact energy will vanish quadrati-
cally, so that for reasonable choices of the trial function the
approximation is likely to be very accurate. The fixed-node

method has the advantage that it is stable; the statistical vari-
ance will decrease inversely proportionally with the comput-
er time. But the fixed-node approximation is uncontrolled
and it will be difficult to come up with accurate nodal sur-
faces for highly excited states. One further complication is
that a separate simulation is needed for each state, conse-
quently, it is very difficult to devise an algorithm to calculate
energy differences with the fixed-node method. The projec-
tion method described here generates many states and ma-
trix elements simultaneously.

E. Different projection methods

Rather than projecting the basis functions with e ~*#, it
has been suggested by Hirsch ez al.?* that one could use the

operator e~ 1~ E” since all but the k th eigenstate will be
projected out after many iterations. The entire discussion of
Sec. III could be repeated for any projection operator of the
form C(H) = e "°“’_ The weights of Eq. (17) will be de-
termined by how C is divided into a diffusion part and a
branching part as was done in Egs. (13)~(15). Independent
of this breakup, unless O(H) = H the weights can never be
made strictly non-negative® in the limit of £—0. They will
always have some negative signs. We have not made a de-
tailed analysis but speculate that the sign of the weight will
quickly become random and as a consequence the variance
will grow much more rapidly than if the projection e = . An
additional problem is that the operator H? is much more
singular than H forrealistic Hamiltonians which will require
a very much smaller time step.

VHii. CONCLUSIONS

A method of calculating properties of excited states has
been described and analyzed. There are some serious practi-
cal difficulties but the chief advantage of this method is that
the route for getting the eigenvalues from the calculations is
clear. One just must look at the autocorrelation of trial eigen-
functions. The various errors will decrease as the trial eigen-
functions are improved. This is not a “black-box” method
where one inserts the Hamiltonian in one side and from the
other side come the eigenvalues. Instead one must insert
physically reasonable trial functions, look at the results, the
rate of decay of the eigenvalues, and try and improve on the
basis set.

It is not clear how easy it will be to apply this method to
many-body problems. For example, will it be possible to con-
struct a realistic linear basis for a system of several hundred
helium atoms? For many-body systems it will be important
to perform actual branching rather than generate weights as
was done in the present calculations; that presents no new
conceptual difficulties but may be somewhat less efficient
since each step of the random walk will only contribute to
one correlation function rather than to many as in the pres-
ent approach. Even if applications to large many-body sys-
tems are difficult there are numerous important applications
to few body systems (say less than 20 atoms).

The excited state problem is far from being solved. We
hope to have at least defined the problem: namely to devise
an algorithm, with no uncontrolled approximations and not
involving a tabulation of the wave function, which calculates
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excited state eigenvalues with an error decreasing inversely
proportional to the square root of the computer time or at
least more quickly than given in Eq. (48). The excited state
problem is of course closely connected which the problem of
simulating a dynamical quantum system. At low tempera-
tures and low frequencies, the dynamical response of the
systems will be determined by matrix elements between low-
lying states, which can be calculated by the method de-
scribed here. However, an algorithm to calculate dynamical
response in general does not exist.
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