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Ab initio potential energy curves for Hes are computed using full CI wavefunctions in conjunction with large Gaussian and
Slater basis sets. The computed curves yield rotational-vibrational transitions with errors of less than 1 cm™'. They also yield
quasibound levels with energies and lifetimes in reasonable agreement with translational spectroscopy measurements. The best
D, is estimated to be 2.470 eV. Green’s function Monte Carlo calculations yield a very similar value, 2.466 1 0.005.

1. Introduction

The helium molecular ion has been known to exist
for many years and has been the subject of many ex-
perimental investigations (see refs. [1,2] and ref-
erences therein). However, the dissociation energy
has not been measured. While there have been sev-
eral theoretical investigations of HeS, there is still
some uncertainty in the D, and no highly accurate
potential energy curve is available. This is somewhat
surprising as He7 is a relatively simple molecular
system.

Liu [2] using a large Slater-type orbital (STO) ba-
sis set and a CI treatment that included all single and
double excitations and selected triple excitations,
computed the D, to be 2.469 eV. By using the exact
non-relativistic energy for the separated system, he
was able to establish a lower bound of 2.454 eV. He
estimated that the correct value was 2.469 1 0.006 eV.

Maas et al. {3] computed a potential energy curve
for HeS using a smaller Gaussian-type orbital
(GTO) basis set and a selected multireference CI
procedure. Their computed D, was 2.459 eV but they
estimated the correct D, to be 2.475 by scaling their
calculated potential such that the quasibound vibra-
tional levels agreed with the experimental values.
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Their estimated value was at the upper limit of Liu’s
estimate. Note that neither the potential of Maas et
al. nor that of Liu was corrected for basis set super-
position error. Considering the modest sized basis
set used by Maas et al., the superposition error is ex-
pected to vary greatly with r and therefore to affect
the shape of their potential. It is unlikely that their
scaling procedure could correct for this deficiency in
the potential.

Recently Yu and Wing {4] were able to measure
nine vibrational-rotational transitions for *He*He*.
They compared their measured values with the com-
puted values from the adjusted potential of Maas et
al. as well as one computed by Khan and Jordan [5].
The AG values computed using the scaled potential
of Maas et al. were in much better agreement with
experiment than those from the potential of Khan
and Jordan. This is not too surprising as the poten-
tial of Khan and Jordan yields a D, of only 2.45 eV,
that is a value equal to the lower bound of Liu. How-

" ever, the error in the vibrational levels with both the

ab initio and scaled potentials led Yu and Wing to
suggest that coupling of the electronic and nuclear
motion was responsible for the disagreement.

In light of the very accurate measurements of the
vibrational-rotational transitions by Yu and Wing,
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experimental uncertainties of only 0.0006 cm~1, it
seems worthwhile to compute the best possible po-
tential for comparison with experiment. This will al-
low a critical comparison of theory and experiment
and establish the best estimate of D, to date.

2. Methods

- The HeF molecule is studied using the full CI pro-
cedure. Since we solve the correlation problem ex-
actly for a given basis set our only error, excluding
a breakdown of the Born-Oppenheimer approxi-
mation and relativistic effects, comes from a trun-
cation of the one-particle basis set. In this work we
use two different basis sets to avoid a systematic er-
ror. The {5s4p3d2flg} STO basis set is that of Weiss
[6] and is the larger STO set used by Liu [2]. The
GTO basis is derived from the 12s set of Partridge
[7] optimized for He. An (8p6d4f2g) even-tem-
pered polarization set is added, i.e. a=0,X2.5", for
n=0, k. The factor of 2.5 is typical of saturated basis
sets, while the «, are picked to obtain an accurate
description of He atom: 0.05, 0.1518, 0.4554 and
1.366 for p, d, f and g respectively. This GTO basis
set is contracted to [5s4p3d2flg] using the atomic
natural orbital (ANO) procedure [8]. The outer-
most s and p primitive functions are then uncon-
tracted, yielding a [6s5p3d2flg] basis set. Only the
pure spherical harmonic components of the basis set
are used.

The basis set superposition error (SE) for both ba-
sis sets is estimated using the counterpoise method
[9]. The bound state vibrational transitions have
been computed using a finite difference approach,
and the step size has been adjusted such that all AG
values are precise to 0.01 cm~'. The calculated points
are fit using a cubic spline. The results are insensi-
tive to adding additional points and to the proce-
dures used for extending the potentials to shorter and
longer bond lengths. The masses of the nuclei were
obtained from ref. [10] by subtracting electron mass:
the nuclear masses used are *He 3.014933 and “He
4.001503 amu. If the mass of the atoms rather than
the mass of the nuclei are used the (1,2)-(0,1) vi-
brational rotational transition increases by 0.28
cm~'. The quasibound levels are computed using the
primitive WKB approximation. For the bound lev-
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els, the agreement between the finite difference and
WKB eigenvalues is very good (better than 3cm~"').
Thus, we expect that using the WKB approach will
not introduce a significant error in the calculation of
the quasibound levels.

In addition, we have also used the Green’s func-
tion Monte Carlo approach to estimate the exact
Born-Oppenheimer nonrelativistic energy. The
method employed is discussed in ref. [11]. The trial
function consisted of a determinant times a pair cor-
relation function. The molecular orbitals were de-
termined from a SCF calculation using a triple-zeta
STO basis set. In Green’s function Monte Carlo, the
trial function only affects the statistical error of the
energy and not its limiting value. The nodal release
method converged quickly since Fermi statistics were
not very important for this system. Thus the exact
total energies have been obtained within the stated
confidence levels.

3. Results and discussion

The calculated potentials and the SEs are tabu-
lated in table 1. The computed 7. values (1.081 A)
are the same for the GTO and STO basis sets, and
are in good agreement with the experimental value
[12] of 1.0804 A, as well as that found in previous
calculations. The dissociation energies are summa-
rized in table 2. The GTO D, is equal to the best es-
timate of Liu, and when corrected for SE is only 0.001
eV smaller. The STO dissociation energy, even after
correcting for superposition error, is slightly larger,
but still in good agreement with the estimate of Liu.
The Monte Carlo D, value is smaller than either the
STO or GTO results, but is consistent with the other
results within the estimated uncertainty.

The current treatments are in good agreement for
the dissociation energy, and are superior to previous
theoretical determinations. However, it is not pos-
sible, a priori, to decide which calculation is the most
accurate given this small range of D, values. In order
to make an evaluation we compare in table 3 the ex-
perimental vibrational-rotational transitions to those
computed using the theoretical potentials. The GTO
potential yields transitions that are smaller than ex-
periment and have an average error (in absolute
magnitude) of 0.27 cm~!. This is three times smaller
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Table 1
The GTO and STO potentials *
GTO potential » STO potential
r energy superposition r energy superposition
error error
1.30 ~4.85016768 —0.00007375
1.40 —4.89897639 1.40 —4.89914294 —0.00007802
1.50 -4.93402089 —0.00006142
1.60 —4.95854713 1.60 —4.95867997 —0.00005856
1.70 —4.97505094 1.70 -4.97517160 —0.00005106
1.80 —4.98546263 1.80 —4.98557217 ~0.00004440
1.90 —4.99128074 1.90 —4.99138101 —0.00003886
1.95 —4.99284239
2.00 ~4.99367113 —0.00004071 2.00 —4.99376394 —0.00003459
2.05 -4.99387273 2.05 —4.99396168 -0.00003221
2.10 —4.99354032 2.10 —4.99362584 —0.00003042
2.15 —4.99275585
2.20 —-4.99159131 2.20 —4.99166986 -0.00002720
2.30 —4.98836714 2.30 —4.98843826 —0.00002447
2.40 -4.98428516 2.40 —4.98434825 -0.00002219
2.50 —0.00002587 2.50 —4.97971838 —0.00002019
2.60 —4.97479005 —0.00001849
2.70 —4.96970919
2.80 —4.96471387 —0.00001566
3.00 —4.95505635 ~0.00001686 3.00 —4.95505892 —0.00001335
3.50 —4.93522305 3.50 —4.93517458 —0.00000896
4.00 —4.92197559 —0.00001102
4.50 —4.91387991
5.00 —4.90918817 —0.00000854
6.00 —4.90509996 —0.00000676
7.00 ~4.90383803
8.00 —4.90342890 —0.00000481
9.00 —4.90328525
10.0 —4.90322819 —0.00000307 10.0 —4.90321782
12.0 —4.90318582
15.0 -4.90316647 —0.00000005
100 —4.90315429

*) The bond distances are in g, and the energies are in Ey,.

) The total energy of He and He™* is —2.90320473 Ey, — 1.99994955 E,,, respectively.
©) The total energies of He and He™ are ~2.90319522 Ey, —1.99995970 Ey, respectively.

than the error Yu and Wing reported in the transi-
tion energies computed using the Kahn-Jordan po-
tential, and slightly smaller than the average error
(0.37 cm~!) they reported when using the adjusted
potential of Maas et al. However, we obtain transi-
tion energies using the Maas et al. potential which
are about 0.6 cm~! less than the values reported by
Yu and Wing; having an average error of 0.29 cm—!.
After correction for SE, the GTO transition energies
are smaller with an average error of 0.68 cm~—'. The

STO potential yields transition energies are too large
and have an average error of 1.14 cm~'. The cor-
rection for SE reduces the transition energies, but they
are still too large; the average error is now 0.88 cm—!.

The fact that our GTO potential yields vibra-
tional-rotational transition energies that are too small
is consistent with the well being too shallow. On the
other hand, the STO potential even after correction
for SE appears to have a D, value that is too large.
Therefore we scale the superposition corrected po-
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Table 2
Summary of D, values

D.(eV)
GTO 2.4688
GTO-SE® 2.4677
STO 2.4712
STO-SE® 2.4703
SCGTOY 2.46%4
SCSTO® 2.4688
Monte Carlo 2.466+0.00529
Liu best estimate 2.469+0.006
Maas et al. (scaled) 2.475
Kahn and Jordan 2.45

) The D, has been corrected for SE error.

®) The GTO results corrected for SE error scaled by 1.0007 - see
text.

<) The STO results corrected for SE error scaled by 0.9991 ~ see
text.

4) The MC results were computed at r=2.0625 a, (total energy
is —4.99430+0.00019 Ey), and corrected to r, by 0.001 eV
using the STO results. The uncertainty is one o.

tentials to best reproduce the experimental transi-
tion energies. They are scaled using

Ecorrccled(r)‘_‘[E(r)_E(OO)]xSCalefaCtOI'. (1)

The best transition energies are obtained using a scale
factor of 0.9991 for the STO-SE potential (SCSTO)
and 1.0007 for the GTO-SE potential (SCGTO); the
average errors are 0.04 and 0.03 cm ', respectively.
Based upon H, calculations [13], the nonadiabatic
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Table 4
Comparison of ab initio and WKB vibrational transitions (cm™')
for 3He*He J=0; the SCGTO potential is used

v WKB Ab initio
energy
AG energy
0 0.00 0.00 0.00
1 1750.57 1750.61 1750.61
2 3418.73 1668.44 3419.04
3 5006.69 1587.39 5006.43
4 6512.22 1506.09 6512.52
5 7935.33 1422.88 7935.41
6 9275.23 1340.47 9275.88
7 10532.65 1257.38 10533.26
8 11708.13 1175.30 11708.55
9 12800.55 1092.44 12801.00
10 13808.43 1007.93 13808.93
11 14731.08 922.51 14731.43
12 15567.72 836.60 15568.04
13 16317.10 749.40 16317.43
14 16977.56 660.57 16978.00
15 17547.31 569.98 17547.98
16 18025.29 477.93 18025.91
17 18408.89 383.83 18409.73
18 18692.97 284.72 18694.46
19 18881.79 188.94 18883.40
20 18979.03 97.52 18980.92
21 19005.75 27.02 19007.93
22 19008.90

effects are expected to be on the order of 0.5 cm™'
so that the agreement with our scaled potentials must
be somewhat fortuitous. The D, values for these

Table 3

Summary of computed vibrational-rotational (cm~') transitions

Transition Exp. GTO GTO-SE SCGTO ™ Maas STO STO-SE SCSTO ©
(1,2)-(0,1) 1781.8394 1781.63 1781.24 1781.88 1781.69 1782.92 1782.66 1781.83
(1,3)-(0,2) - 1796.37 1795.98 1796.62 1796.40 1797.67 1797.41 1796.59
(1,4)-(0,3) 1810.7172 1810.50 1810.10 1810.74 1810.50 1811.81 1811.55 1810.72
(1,5)-(0,4) 1824.2118 1823.99 1823.58 1824.23 1823.97 1825.32 1825.05 1824.22
(1,6)-(0,5) 1837.0549 1836.82 1836.42 1837.06 1836.80 1838.17 1837.91 1837.07
(1,7)-(0,6) 1849.2293 1848.99 1848.58 1849.23 1848.97 1850.36 1850.09 1849.26
(1,8)-(0,7) 1860.7190 1860.47 1860.06 1860.71 1860.47 1861.87 1861.59 1860.76
(1,9)-(0,8) - 1871.25 1870.83 1871.49 1871.28 1872.67 1872.40 1871.56
(1,10)-(0,9) 1881.5800 1881.31 1880.89 1881.55 1881.39 1882.76 1882.49 1881.64
(1,11)-(0,10) 1890.9155 1890.63 1890.21 1890.87 1890.78 1892.12 1891.84 1891.00
(1,12)-(0,11) 1899.5091 1899.21 1898.79 1899.45 1899.45 1900.73 1900.45 1899.60

* Ref. [4].

) The GTO results corrected for SE and scaled by 1.0007.
©) The STO results corrected for SE and scaled by 0.9991.
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Table 5
A comparison of the present work with the experiment and theory of Maas et al. The quasibound energy levels and widths in cm~!
Expt. Maas et al. SCGTO
E
E r v,J E r vJ
“Hes ¥ 23 + 1
406 + 7 362 1.3(-10) 12,37 462 2.3(-7) 12,37
456 1.0(-4) 13,35
968 13 981 1.4(=7) 8,47 1065 1.1(-6) 8,47
985 2.2(-5) 9,45
2882 44 2895 3.3(-6) 1,63 2936 1.1(~6) 1,63
3Hes » 32+ 1
! 282 + 4 320 4.0(-8) 11,30
485 = 9 471 1.8(—~8) 10,33 518 5.6(—6) 10,33
790 £11 827 2.2(—~8) 7,40 836 8.4(-6) 8,38
1488 *22 1572 5.5(=7) 4,47 1464 6.4(—6) 5,45
) 1627 6.6(-7) 4,47
2937 +22 3042 8.8(=7) 0,56 3087 4.3(-7) 0,56
*He*He™* © 120 = 9 148 5.8(-9) 14,26
331 %15 383 4.0(-6) 12,32
500 *15 496 4.6(-9) 10,37 593 7.7(-17) 10,37
871 *15 847 2.1(=7) 8,42 933 2.5(—6) 8,42
864 7.3(-5) 9,40
1493 *24 1510 2.0(-6) 5,49 1573 3.0(-6) 5,49
1428 3.1(-95) 6,47
2783 £33 2796 5.3(—6) 1,58 2838 2.1(-6) 1,58

) The experimental width is expected to be between 1.1(—5) and 2.6(-7).
) The experimental width is expected to be between 1.3(—5) and 3.1(-7).
©) The experimental width is expected to be between 1.1(—5) and 2.9(-7).

scaled potentials differ by only 0.001 eV, with the
GTO scaled value being larger than the STO scaled
value. Clearly the scaling procedure is not perfect,
since ideally the two scaled potentials would agree.
However, the scaled results do suggest that the cor-
rect D, value is not significantly different from 2.469
eV. We estimate the maximum uncertainty in this
result to be +0.003 eV. In addition, we note that the
transition energies we compute with the Maas et al.
potential are also smaller than experiment which
would normally suggest that their potential is too
shallow. However, as discussed below their scaling
procedure mainly adjusts their calculated potential
at long range and does not correct the potential in
the region sampled by the vibrational-rotational
transitions.

The excellent agreement of the D, from the present
results, both GTO, STO and scaled results, with the
computed value (and estimated value) of Liu sug-

gests that the error due to Liu’s truncation of some
of the triple excitations is of the same size as the su-
perposition error. The very small error is consistent
with the efficiency of the natural orbital truncation
procedure employed by Liu. Given the agreement
between our methods of estimating the D, and that
of Liu, it is of interest to consider why our estimate
is different from that deduced from the potential of
Maas et al. One possible explanation is that Maas et
al. fitted their potential to experimental data which
contained some uncertainty. Therefore we have also
computed the guasibound levels to compare to ex-
periment. In table 4 we compare the finite difference
and WKB vibrational levels for the bound states.
These agree to within 3 cm~' and we conclude that
we can use the WKB approach to compute the qua-
sibound levels. Following Maas et al. we use the ex-
perimental conditions to restrict ourselves to those
states with a width from 1.0Xx10-* to 1.0x10~*

187



Volume 160, number 2

cm~! - the experimental widths are estimated to be
between 1 X 10~3 and 1 10~7. Our results along with
the experimental and theoretical results of Maas et
al. are summarized in table 5. Note we use the scaled
GTO potential as we have computed the energy at
more r values in this basis set. We have tried using
a different scale factor for the quasibound states than
for the vibrational-rotational transitions; however,
for modest changes in the scale factor, the energy
levels differ by only a few wave numbers. While
changing the scale factor has little effect on the en-
ergy, the widths differ by up to a factor of two.
Clearly, the widths are far more sensitive to the shape
of the potential than the energy levels. Based on our
tests, to achieve agreement with experiment the po-
tential would have to be changed in a more signifi-
cant manner than simple scaling. Our computed en-
ergy levels do not agree as well with experiment as
Maas et al., but this is the quantity that they used to
adjust their potential. The scaling procedure used by
Maas et al. significantly distorts the potential be-
tween 4 and 5 g, giving a potential that is much
deeper than our potentials in this region; the outer
turning points of the quasibound states are in this
region. Note that their energy levels can be larger or
smaller than experiment, while our values are gen-
erally larger. In all but one case our assignment for
the v, J level agrees with Maas et al. For 3Hes we
prefer the 8,38 assignment for the energy level at
about 790 cm™!, but cannot exclude the 7,40 level.
There are several other cases where a definitive as-
signment is not possible and the other possibilities
are also given in the table. It is interesting to note
that while our energy levels do not agree with ex-
periment as well as the adjusted potential of Maas et
al., our widths are more consistent with experiment.

4. Conclusions

The dissociation energy computed using the su-
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perposition error corrected GTO or STO potentials
yields an average value of 2.469 eV with an esti-
mated uncertainty of +0.003 eV. The full CI results
are consistent with the quantum Monte Carlo re-
sults. The computed potentials are the most accurate
to date for the ground state of Hes . Our results in-
dicate, however, that the basis set truncation errors
in these calculations are still larger than the correc-
tions due to Born—-Oppenheimer breakdown and re-
lativistic effects.
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