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The density-density response function x(g)—or equivalently the dielectric function ¢(g)—constitutes a
key quantity in the study of interacting electrons. We have thus calculated the static response of the 2D
electron liquid, with the 1/r interaction, by means of fixed-node quantum Monte Carlo simulations. Our
results provide the most accurate information available to date on the dielectric function of interacting
electrons at densities of practical interest. We find that antiscreening, i.e., €(g) < 0 for some range of g,
is present already at moderate Coulomb coupling.

1. INTRODUCTION

Electrons moving in 2 spatial dimensions and still interacting with the familiar 1/ potential constitute
a fundamental model in many-body theory, which is of great relevance to practical situations'. The peculiar
behaviour that the electrons display in the presence of a magnetic field? has further increased the theoret-
ical interest in such a system?, which receives continuing attention. Thus, experimental evidence has been
recently produced®, which points to the existence of a magnetic-field-induced solid. This has caused consid- -
erable excitement®*, owing to the elusive nature of the long sought Wigner Crystal in the fully degenerate
regime, both with and without magnetic field.

An important concept in a many-body system is that of correlations among particles due to the effect
of interactions. In fact, in an electron gas, Wigner crystallization is perhaps one of the most striking
manifestations of such correlations. At sufficiently low density the potential energy dominates o#t the kinetic
energy, yielding the spontaneous formation of a regular electron lattice. According to the most accurate
theoretical investigation®, crystallization of the 2D electrons without magnetic field takes place at densities
still difficult to attain experimentally.

Correlations display their effect in most properties of the many-body system, including the response
functions, which describe changes in the system caused by the imposition of external potentials. Thus the
density-density response functions® determine the change in the one-body particle density due to an external
potential which couples with the one-body density. Clearly one can consider static as well as dynamic
perturbations. Here we shall restrict to static ones and focus on the static response functions, which, apart
from their intrinsic interest, are of importance to density functional developments beyond LDA7~° and
crucial to the recently developed theory of quantum freezing!®. Though exact limiting behaviours are known
in some cases!1'12:13 the accurate knowledge of the full functions remains in general a challenging theoretical
problem. However, we have recently shown that the density-density response functions of model quantum
liquids can be directly estimated!* from Monte Carlo simulations, both for Bosons and Fermions.

The Quantum Monte Carlo method (QMC) is a technique which provides a systematic route to the
calculation of exact properties of many-body systems!®. For Bosons, in particular, stable algorithms exist
that yield virtually exact results!®?. This is not the case with Fermions, which suffer from the so-called
sign problem. However, very accurate results have been obtained for a number of systems, ranging from
the homogeneous electron fluid®3, to light molecules®, and solid hydrogen??, using the fixed-node approx-
imation. The vast majority of calculations to date have been for equilibrium properties such as energy,
one-particle-orbital occupation numbers, and static correlation functions. We have shown that the static
density-density response functions are also calculable by QMC, with little increase in technical complexity
as compared with other properties, though at the cost of a sizeable increase in the necessary computer time.
The underlying idea is very simple and directly appeals to the definition of response. One applies to the
system a static external field, compatible with the simulation box, and measures the resulting density or
energy change. Such a change can be expressed in terms of the response functions. Thus, by performing a
few calculations, at various field strengths, one is able to evaluate low-order response functions. Here, we



shall review our results for the dielectric properties of the 2D electron gas, at zero temperature.

The outline of the paper is as follows. In Sec. 2 we set the basic notation and recall a few facts about
density-density response functions. The main points of our QMC calculations are then reviewed in Sec. 3,
and our results for the linear static response function are compared with approximate theories in Sec. 4.
The QMC results are further analyzed in terms of the dielectric function in Sec. 5, where we also discuss
exact limits of the dielectric function and of the local field factor and show how in the 2D electron fluid
antiscreening is already present at moderate coupling. Finally, we offer some conclusions in Sec. 6.

2. DENSITY-DENSITY RESPONSE FUNCTIONS

We consider here a generic system of N interacting particles in a volume V, with hamiltonian Ho,
having a ground state ¥o, and ground state energy and density Eq and no(r). We apply a one-body external
potential to the system and ask what is the energy and density change caused by such potential. A standard
thermodynamic limit is also implied, (N — oo, V — o0, with N/V = ng) both with and without external
potential. In fact we shall also assume homogeneity and isotropy for the unperturbed system, implying
no(r) = no.

In the presence of an external potential v(r), the hamiltonian of our system becomes

= o+ / dri(r)o(r), (1)

with 7A(r) the one-body density operator. It is evident that the hamiltonian H is a functional of v(r), and
therefore swehwille its ground state energy E, = Eo[v] and ground state density n,(r) = no(r, [v]). Hence,
one can define the density-density response functions® as the coefficients entering the functional expansion
of n,(r) in terms of v(r),
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Here, x(k)(rl —r,+--,rp —r) is the response function of order k, possessing all the obvious symmetries which

follow from the assumed homogeneity and isotropy. To obtain a similar expansion for the ground state
energy first we note that the functional derivative of E, with respect to v(r) is just the density,

§B, = ny(r
o) o (1), (3)

as it follows at once from first-order perturbation theory. Next we consider the identity

A
Eo[M] — Eof0] = /0 dx’ / drno(r, [No])o(x), (4)

which can be easily demonstrated considering the ground state energy as function of A and exploiting Eq.
(3). Using in Eq. (4), with X = 1, the explicit expression of ng(r, [A'v]) as follows from Eq. (2), one readily
obtains

E,—Ey= no/drv(r) + ;::1 G_-Tl-_m/drdrl . "drkx(k)(n -1, —r)u(r)u(ry) - cv(rr). (5)

In terms of the Fourier components vq of the external potential,

o(r) = Y vqezpliq -1, (6)

q

the density and energy changes become
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where we have introduced the energy change per particle and the Fourier transforms of the response functions
with respect to their spatial arguments. Specializing to the case of interest here,

v(r) = 2vqcos(q - 1), (9)

with q # 0, one easily obtains explicit expressions of the energy and density changes in powers of the
potential strength vq. In particular one finds that the the energy change contains only even powers of vq,

_x@ 2, x®(aa,-q) 4,
bey = o vg + e vt (10)

Above we have dropped the superscript from the first-order ( linear ) response function. From Eq. (7)
one finds that the modulation of the density induced by the external potential of Eq. (9) contains periodic
components at all wavevectors that are integer multiples of q. In particular, for the the modulation with
wavevector q, one finds

ni(r) = 2nqcos(q - r), (11)

with
x®(q,q, -q)
2

If one knows the energy ( or density ) change induced by a weak external potential, at few coupling strengths
vq, Egs. (10) ( or (12) ) provides a systematic route to the estimation of lower order response functions,
by means of suitable fits in powers of the potential strength vq. Thus, the problem is to directly evaluate
properties of the many-body system, like energy or one-body density, in the presence of the perturbation of
Eq. (9). This can be done by resorting to the Quantum Monte Carlo method.

nq = x(q)vq + vg 4. (12).

3. QUANTUM MONTE CARLO CALCULATIONS

For a given potential, QMC provides a means to numerically sample the ground state wavefunction
¥, of the many body system. In practice, this is achieved by means of random walk algorithms, which
propagate the wavefunction from a suitable starting guess ¥ to the sought ground state function. In
the Diffusion Monte Carlo (DMC)° one evolves the wavefunction in imaginary time to project out higher
energy components of the trial function. To guide the diffusion process efficiently and to apply fermion
antisymmetry for many-body systems one needs an accurate trial function. This is optimized by variational
Monte Carlo (VMC)!® before using it in DMC. Recently using QMC we studied unpolarized electrons in 2D
at T = 0, at few densities of practical interest!?, obtaining an accurate estimate of the static linear response
function x(g). Below we summarize the main points of such calculations.

We considered N electrons on a square of side L, with periodic boundary conditions. As it is appropriate
for Coulomb particles, Ewald summation was performed to account for the interaction of the particles on
the simulations square with those in all its infinite periodic replicas. N and L were fixed to deliver a given
density, N/L2 =ng = (wazarf)'l, with r, the radius of Wigner disk in units of the Bohr radius ap. In
addition to being a measure of the density, 7, also gives a measure of the coupling strength, as ratio of
potential to kinetic energy. The periodic boundary conditions puts restrictions on the allowed values of the
wavevector appearing in the external potential of Eq. (9). Clearly it must be q = (27/L)(k, 1), with k and
! integers. Thus, only discrete values are allowed for the wavevector ¢, with the smallest non-vanishing one
being ¢ = 2x/L.

DMC simulations were performed within the fixed-node approximation, which is known to be both
quite accurate and variational in character!®. To simulate the unperturbed system we took a standard trial
function® ®2 in the form of product of two plane-wave Slater determlnants D, (one for each spin projection

s) times a Jastrow function J2,
®% = DiD,J3, (13)



with the Jastrow wavefunction given by

7 = [[ezpl—ulri)], (14)

i<j

and the pseudopotential u(r) of a suitable form®. Although the nodal structure of € is thought to be
accurate enough for the unperturbed system® nothing is known on its accuracy after a perturbation is applied.
Therefore, we considered two alternati jal functions for the perturbed system. The wavefunction denoted
by ®% ; was obtained by multiplying@y a simple modulating factor,

'7’-'= 2 H ezplacos(q - r;)], (15)

with a variational parameter, related to the external potential strength vq. Evidently, ®% , and &% share
the same nodal structure, which one knows is incorrect even for non-interacting particles. A second trial

function was instead obtained retaining the form of Eq. (13), i.e.,

8%, = D;Df@ 4 (16)

but constructing the determinants D? with one-particle orbitals (Mathieu functions) for non-interacting
electrons in a new external field, v'(r) = acos(q - r), with a again a variational parameter. In general, $7 ,
has a different nodal structure than &% and &7 ;, while still yielding a modulated density.

To determine the relationship between the amplitude of the external potential v, and the variational
wavefunction parameter «, we found it convenient to fix the wavefunction parameter o and determine the
corresponding potential vq which satisfies the minimum condition 9E,/da = 0. Once the trial function ¥r
was optimized, diffusion runs were performed to sample the ground state wavefunction ¥y, and then evaluate
the total energy and the Fourier component nq of the density. However, in DMC while the estimate of the
energy is exact, within statistical errors, the eztrapolated estimate!® yielding ng is approximate. In fact its
accuracy depends quadratically on the difference 6% = ¥o — Wr. Therefore x(¢) was generally evaluated
from the energy, using Eq.(10). Test comparisons of the VMC and DMC energies obtained starting with
either ®7 ; or @7 ,, revealed that the energy of 7 , was systematically lower. Hence all the calculations
were performed with trial wavefunctions of the form given in Eq. (186).

4, STATIC RESPONSE OF 2D ELECTRONS

The static response of 2D electrons has been object of a number of studies, either in some special
limits?1'!3 or with approximate schemes?!~26, For instance, if the interactions between the electrons are
completely neglected one reduces to the ideal 2D Fermi gas, which has a very simple response function??,

_ [ —gm/(27h? /2qr < 1;
xola) = { o — (1 — g/ St (17)
he ey

Above, g is & degeneratith factdr: g = 1 for fully polarized electrons and g = 2 for unpolarized electrons;
also gp is the Fermi wavevector, gr = (47no/g)*/2. A first account of the Coulomb repulsion between the
electrons can be crudely given in mean field, assuming that!! the response to the local potential, resulting
from the sum of external and Hartree potentials, is the same as for non-interacting electrons, i.e., that it
coincides with xo(g). This yields for the response to the external potential the RPA approximation as?!

xo(9) (18)

xrra(g) = m,

with v.(q) = 27e?/q the Fourier transform of the e?/r interaction and xo(g) given by Eq. (17). Going
beyond RPA involves much more work, and the reader is urgeconsult the original papers for the details
of other approximations??~26,

Our fixed-node static response x(g) for the 2D electron gas is shown in Figs. 1 and 2, at two values of
the coupling strength, i.e., 7, = 1,5, for unpolarized electrons (g = 2). We stress that MC simulations were
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FIGURE 1
Linear static response function x(g) of the 2D electron fluid at r, = 1. The squares and triangles give
fixed-node MC results obtained from simulations with 58 and 90 particles, respectively. Error bars are
reported on each MC point. Dotted and dashed curves show the response of non-interacting particles
and the RPA approximation (see text), while the full curve gives an approximation due to Sato and
Ichimaru?3
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FIGURE 2
Linear static response function x(g) of the 2D electron fluid at r, = 5. The squares, triangles and big
dots give fixed-node MC results obtained from simulations with 26, 58 and 90 particles, respectively.
Dotted and dashed curves show the response of non-interacting particles and the RPA approximation
(see text). The three full curves give, in order of increasing peak height, the results of the approximations
of Refs. 24,25, and 26 respectively.



performed with finite values of N, as specified in the figure captions. In spite of the periodic boundary
conditions and Ewald summation, this introduces a residual number dependence. Thus we assumed a
suitable scaling with N of our scaled response to estimate size corrections. The resulting scaling procedure
makes the results with different N closer to each other, and closer to the known exact behaviour at small ¢
(see, e.g., the discussion in Sec. 5, as well as Ref. 27).

Together with our MC results, we report for comparison, in Figs. 1 and 2, the response of non interacting
electrons given by Eq. (17) and the RPA approximations of Eq. (18). It is evident that already at r, = 1 the
differences between the RPA approximation and the accurate fixed-node result are sizeable, pointing to the
importance of correlations beyond mean field. The non-interacting response, which is qualitatively wrong
at small ¢, becomes reasonably accurate at large wavevectors. It is also apparent that the approximation
of Sato and Ichimaru??, which should be good at small r,, here is still uf\derestimating the structure in the
response. The lack of microscopic correlations in the RPA becomes dramatic at r, = 5, as it is clear from
Fig. 2. This has qualitative consequences in terms of dielectric screening, as we shall demonstrate below. We
also report in Fig. 2 the results of three different schemes, embodying approximations for the microscopic
correlations. The best scheme appears to be that of Neilson et al?®, though the structure of the peak that
x(g) displays in the important region around 2qr is still appreciably underestimated. According to Eq. (12),
—x(g)/no gives to linear order the fractional amplitude of the density modulation caused by a unit external
potential of the form given in Eq. (9). It is clear from Figs. (1) and (2) that according to our MC results,
with increasing the coupling r,, the electron gas is becoming increasingly soft with respect to modulations
with wavevectors in the region around 2gr. Such a softness(in) badly accounted for by the RPA, but also the
other approximations display important quantitative discrepancies with the MC results.

5. DIELECTRIC FUNCTION OF 2D ELECTRONS
A property closely related to the response function x(g) is the dielectric functions ¢(g),

1

1+ vc(q)x(q)’ (19)

e(q) =
which describes the linear screening of an external test charge by the electron gas!. In terms of Fourier
components, an external charge distribution with charge density enfl", which in vacuum produces a Coulomb
potential vgq = vc(q)ng*, in the electron gas yields a screened potential 5 = vq + ve(g)nq = vq/€(q), due
to the electronic polarization. At large Coulomb coupling, the effects of electronic correlations may show
up in a striking manner, yielding negative values of the dielectric function?®, in certain ranges of g. This
possibility is fully compatible with causality, which only implies®®

— <1,  q#0, (20)

a fact that is not always appreciated. Thus, at large coupling, the potential components produced by a
test charge may have in the electron gas a sign opposite to that in vacuum. The phenomenon is sometimes
called antiscreening. That a negative dielectric function is not only a possibility in the 2D electron fluid
is already clear from the simulations on the unperturbed system, which yield a negative compressibility®,
K = [n3du/dno]~?, for r, 2 2. The compressibility in fact determine the small g behaviour of ¢(g).

The exact limiting behaviour of the dielectric function at small wavevectors can easily be determined as
follows. One introduces first screened response functions!!, relating the electron density change caused by
an external perturbation to the local (screened) potential 7 = vq/€(gq), rather than to the external potential
vq. To linear order nq = x(q)vq = X(q)¥q, and therefore X(¢) = x(g)e(g), which with Eq. (19) immediately
yields

€(g) = 1 - vc(9)%(q)- (21)

Hence, one has to find the small ¢ behaviour of the screened function %(g). This is easily accomplished by
resorting to the density functional formalism. Using ¥!(q) = x~!(g) + vc(g), as follows from Eq. (19) and
(21), one readily obtains®

(22)

X Hr-r)=- [%%T)L



where Ty and E,. are the non-interacting kinetic energy and exchange-correlation energy of an electron fluid
with one-body density n(r). Note that the functional derivative above is evaluated on the uniform electron
fluid ng. Therefore,

%~ Y(g = 0) = —du/dny, (23)

with u the chemical potential of the uniform electron fluid. To leading order in g one finds

€(g) =1+4q./q, g—0, (24)
with ore?
e
0= du/dno (25)

an inverse screening length. Evidently, the asymptotic behaviour of ¢(g) at small g is completely determined
by a property of the homogeneous electron system. Thus, the screening wavevector g, can be estimated
from the equation of state extracted from simulations on the unperturbed system®. One obtains q,/qr =
2.654,—4.092 for r, = 1,5. In the RPA, on the other hand, being!! ¥rpa(g) = xo(g), one has ¢fF4 = ¢?,
with ¢0 = (27e?)/(dpo/dno) = e?mg/h%, and po the chemical potential of non-interacting electrons. Clearly,
q% > 0 for all values of r,.

As for small g, the exact behaviour of €(q) for large wavevectors is determined by properties of the
homogeneous electron fluid such as the difference in kinetic energy of the interacting and non-interacting
system!?13 and the value at contact g(0) of the pair correlation function. However, the leading behaviour of
€(g) is dominated by its RPA part, with correlations only appearing to some high order in 1 /q. It is therefore
convenient to work directly with a function which measures the difference between the full response and its
RPA approximation, i.e., the effects of correlations. This is done by introducing a local field factor G(g),
through

v.(9)G(g) = xH(a) — xmpa(9) = x~1(q) — x5 (@) + ve(9), (26)
or equivalently

_ xo(g)
@) = T o - C@e@)

The study of the asymptotic behaviour of G(g) is a little more involved®” than the one yielding the small ¢
behaviour of ¢(g), and will not be reproduced here. We give instead the final result:

(27)

2 —
G(q) =1-g¢(0) + (2—::;2—5> T TOTO, g — oo. (28)

Above, g is the spin degeneration factor, which has been already defined, and T and T are the kinetic energies
of the interacting and non-interacting system. The difference of kinetic energies entering Eq. (28) is easily
evaluated exploiting the equation of state of the uniform electron gas, as obtained from QMC simulations®,
together with the virial theorem. Similarly, the contact value of the pair correlation function can be taken
from such QMC simulations. Thus at large g, G(g) has a linear behaviour determined,to leading order, by
the kinetic energy. It is easy to show from the Equations above that the small ¢ behaviour of G(g) is also

linear
q

Gla) = —, q—0, (29)
g

with the exchange-correlation screening wavevector ¢3¢ explicitly given by

27e?
ze _ , 30
% dl‘xc/dno ( )

and pg. the exchange-correlation part of the chemical potential of the homogeneous electron gas.

In Figs. 3 and 4, we report the dielectric function of the 2D electron gas, at r, = 1,5, obtained from
the x(q) of Fig. 1 and 2, using Eq. (19). The MC result are shown together with the RPA and the known
exact behaviour at large and small wavevectors. As observed with the linear response function, the RPA is
quite poor already at 7, = 1. At r, = 5 the RPA becomes qualitatively wrong, giving a positive €(g) whereas



according to our MC results it should be negative for all wavevectors ¢ < 2.8¢p. Clearly, on account of the
inequality of Eq.(20) the dielectric function cannot vanish. Therefore to change sign goes through a divergence
at ¢ ~ 2.8¢r, and then goes asymptotically to 1, for large ¢, from the above?®, In particular one finds that
€(g) — 1 decays to zero as 1/g*, with the kinetic energy difference of Eq. (28) appearing only to higher order,
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FIGURE 3
Dielectric function €(g) of the 2D electron fluid at r, = 1. The squares and triangles give fixed-node
MC results obtained from simulations with 58 and 90 particles. Short dashes give the RPA, while long
dashes and continuous curve give the exact asymptotic behaviour at small and large q, respectively.
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FIGURE 4
Dielectric function €(q) of the 2D electron fluid at r, = 5. The squares, triangles, and big dots give
fixed-node MC results obtained from simulations with 26, 58 and 90 particles. Short dashes give the
RPA, while long dashes and continuous curve give the exact asymptotic behaviour at small and large
q, respectively.



namely in the coefficient of the 1/¢” term. It is apparent that the calculated values of €(g) satisfy the exact
small and large g behaviours very closely. However, as we have just observed, the dielectric function is not
very sensitive to correlations at large g. Thus to check the degree of accuracy with which the large wavevector
sum rule is satisfied it is better to study directly the local field factor. When this is done?”, one finds that
also the large ¢ behaviour is reproduced very precisely by our Monte Carlo results.

6. SUMMARY AND CONCLUSIONS

In the foregoing we have reviewed our recent QMC computations of the static response functions of the
2D electron gas with 1/r interaction. We have shown that the direct calculation of the energy or density
change caused by a suitable static external perturbation, for a few values of the potential strength, allows
the estimate of the linear static response function. This avoids the difficult evaluation of time-dependent
correlation functions, from which to calculate the static response using the fluctuation dissipation theorem®.
In particular, we have discussed in detail how the formalism of functionals provides a natural framework to
analyze the dependence on the external potential of both energy and electronic density to all orders. We
have compared our results for the static response function x(g) with that of non-interacting particles, with
the RPA approximation, and with few other approximate schemes: none of such schemes gives a quantitative
account of correlations to the level of the accurate fixed-node Monte Carlo. We have also discussed in detail
the small g behaviour of the dielectric function, as well as given its large ¢ behaviour. We have found that
our fixed-node MC results satisfy both exact limiting behaviours with good accuracy. Also, for the first time
we explicitly display the presence of antiscreening in a quantum fluid at moderate coupling, with a dielectric
function becoming negative over a considerable range of wavevectors.

The accurate knowledge of the dielectric function of the 2D electron fluid should stimulate developments
both in the area of density functional formalism and in that of many-body theory. In particular, the static
response at very large coupling (r, = 40), that we have also calculated, allows a better assessment of the
density functional theory of freezing for quantum fluids, which has been recently developed. We shall discuss
this problem elsewhere. The formalism presented in this paper is also directly applicable to the calculation
of the spin response, for which we have in fact very encouraging preliminary results.
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