Generation of pseudopotentials from correlated wave functions
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The density matrix, or equivalently the natural orbitals play an essential role in determining the
transferability of pseudopotentials to all orders of perturbation theory. In this work the one-particle
density matrix and natural orbitals of Li, C, and Ne atoms are obtained using variational and
diffusion Monte Carlo. Using these a pseudopotential is computed for the lithium atom.

I. INTRODUCTION

Accurate ab initio calculations of the electronic proper-
ties of solids and molecules with heavy atoms require good
pseudopotentials. Treating heavy atoms is especially difficult
because chemically interesting energies are only a small frac-
tion of the total energy. Quantities such as the binding energy
depend mostly on the properties of the valence electrons, but
the core electrons have the largest contributions to the total
energy. Hence it is very useful (or practically necessary) to
separate the core and valence electrons and replace the core
degrees of freedom with a pseudopotential. The pseudopo-
tential describes the interactions of the valence electrons with
core (nucleus plus core electrons), as well as the Pauli exclu-
sion principle between the valence and core electrons. ‘

The generation of pseudopotentials in one-particle theo-
ries, such as Hartree—Fock (HF) or density functional theory
(DFT), is a well-understood problem because there is one-to-
one correspondence between the potentials and the one-
particle spectrum. Norm conserving pseudopotentials'~® take
full advantage of this correspondence to reproduce the scat-
tering properties of the valence electrons. The problem with
the one-particle theories is that correlation effects, when in-
cluded, are included in an approximate manner, such as in
the local density approximation (LDA). Because the valence
properties depend strongly on correlation effects it is very
important to include them more accurately in the pseudopo-
tential. Shirley and Martin’ have used a generalized GW
method to compute the effects of core polarization, which
correct a Hartree—Fock treatment of the core—valence inter-
actions. Core polarization has also been considered by
Miiller et al.® for treatment of intershell correlation effects
for the use in ab initio self-consistent field (SCF) and con-
figuration interaction (CI) calculations.

We suggest, in this paper, how to use quantum Monte
Carlo methods (QMC) to generate pseudopotentials, from
the exact many-body wave function. These pseudopotentials
can then be used in QMC simulations of the valence only
(pseudo) electrons. To do so we need to understand how a
pseudopotential can be defined from the all-electron wave
function. The response of an atom to a weak external pertur-
bation can be computed from its density matrix, thus it is
important to ensure the density matrices are unchanged when
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the core electrons are removed. This leads to a natural defi-
nition of a pseudopotential.

Of course these density matrices can be computed by
any quantum chemistry method. It is somewhat surprising
that 60 years after the birth of quantum mechanics and 40
years after the relevance of density matrices to quantum
chemistry was pointed out by Lowdin,!! that accurate tables
of atomic natural orbitals (including relativistic effects) for
all the elements are not available.

In this work we compute the one-body density matrix
and natural orbitals for the atoms of lithium, carbon, and
neon, using QMC. We then show how one can generate
pseudopotentials based on the one-body density matrix. We
generate the pseudopotentials of lithium using its natural or-
bitals and compare with the same kind of calculation using
the natural orbitals obtained from a CI calculation.’

In Sec. II we will review some of the properties of den-
sity matrices and natural orbitals. In Sec. Il we discuss the
generalization of the norm-conservation pseudopotentials to
many-body wave functions. In Sec. IV we discuss the basics
of QMC and show how to compute the one-body density
matrix with QMC. In Sec. V we present the natural orbitals
and pseudopotentials we computed in this work. We then
give the main conclusions of this work and the prospects of
future work.

Il. DENSITY MATRIX

In Sec. III we will consider the interaction of two arbi-
trary atoms, A and B. We then replace atom A (Wh1ch con-
tains all of its electrons), with a pseudoatom A containing
only valence electrons. How should the wave functions be
truncated so that the atom and pseudoatom appear identical
to B? In quantum statistical mechanics, one introduces the
density matrix to simplify the division of the universe into
two parts.!® So it is not surprising that the properties of a
pseudopotential should be determined by the density matrix
of an isolated atom. The p-particle matrix is defined" in
terms of the wave function W(r|,...,7y) of a N-particle sys-
tem:
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For a system at finite temperature, one must also sum over a
thermal occupation of states including different ionization
states. For open shell atoms, it may be important to consider
the electron spin when defining the density matrix.

For a system, 'v'veamy mteractmg with its bliuuhuuiﬁgs,
the matrix element of the interaction potential can be written
in an expansion of density matrices of different orders, as
discussed below. In such an expansion the lower the order of
the density matrix the more important is its contribution. So,
the most important contribution comes from the one-body
density matrix:

p(r,r")

=NJ- dl'zdr3‘ . 'dl‘N‘If*(r,rz,r3' M 'rN)‘I’(l",rz,r3° . ‘l'N).

@

We can write this symmetric matrix in terms of its eigenval-
ues and eigenfunctions. They are, respectively, the occupa-
tion numbers, n;, and the natural orbitals ;(r):

p(r,r) =2 naf(x)y(x"). 3)

The occupation numbers satisfy the inequality 0=<n ;<2 if the
wave function has same spatial dependance for spin up and
down electrons. For a Hartree—Fock wave function the natu-
ral orbitals are the same as the Hartree—Fock orbitals and
have occupation number 0, 1, or 2 (unoccupied, single, or
double occupancy). Thus the above definition is a very
“natural” generalization of the concept of orbitals to many-
body wave functions. The natural orbitals have a special sig-
nificance in quantum chemistry because an expansion of the
exact wave function in terms of determinants (CI) converges
quickest in a natural orbital basis.

Since an atom has spherical symmetry, the one-body
density matrix can only depend on the three variables r, ',
and r-r'. Note that when we write an atomic density matrix,
we implicitly take the position of the ion as the origin of the
coordinate system. The density matrix can then be expanded
in angular momentum components

=2 21 NP (R-F @)
P(r’r )_ ; 4ar pl(r’r Ar-r )’
where
pirr)=[ a0p(erPiEE). )

Then the natural orbitals, ¢;;(r)Y,,,(€}) are labeled by angu-
lar momentum, (I/,m), and by level i.

The definition of natural orbitals and occupation num-
bers can be extended to higher particle density matrices, but
we will not use them in this paper.
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Ili. GENERALIZATION OF NORM CONSERVATION

The main goal of a pseudopotential is to reproduce the
response of an atom to an external perturbation, which can
be either an external field, an electron, or other atoms. By
this is meant that the perturbed “pseudoatom” energy levels
are the same as in the full atom. This property is known as
“transferability.”” In this section we discuss the problem of
generating pseudopotentials from many-body wave func-
tions.

To better understand such generalization we will first
discuss norm-conserving pseudopotentials. In one-particle
theories, where a one-electron Schrodinger equation is
solved, the properties of the one-electron valence wave func-
tions are approximately reproduced with a norm-conserving

P P s wihinak 3o Aannotemrntad oo Fallavrge

pbc'uuuputcuual which is constructed as follows.

(1) All-electron atom and pseudoatom energies agree for a
chosen atomic configuration.

(2) All-electron and pseudoatom (normalized) orbitals agree
beyond a chosen ‘“‘core radius,” r,.
These two properties also imply that

(3) The integrals from O to r of the all-electron and pseudo-
charge densities agree for r>r, for each valence state
(norm conservation).

(4) For some range of energies of a scattering electron, the
atom and pseudoatom give the same total energy.

One generalization of norm conservation to many-body
wave function is to demand that the one-body density matrix
of the all electron and pseudoatoms agree beyond the “‘core
radius:”

p(e, ¥’ Y=p(r,x") for r,r'>r,, ©6)

where p and g are the one-body density matrices of the all-
e1e¢tron and pseudoatoms, respectively. This is completely
equivalent to the norm-conservation concept for a one-
electron theory, since if condition (2) is satisfied its density
matrix will also satisfy Eq. (6) and vice versa. Condition (1)
still must be applied in the construction of the pseudopoten-

tial.

To justify the above generalization we go to perturbation
theory. Consider, for instance, a diatomic molecule formed
by atoms A and B, with Ny and Np electrons, and Hamil-
tonian:

-~ ZZpg
H=HA+HB+V+ .
L7y :]

(7
In the following we assume the atom A is at the origin and
atom B is at Ry . We have split H into “unperturbed” atomic
Hamiltonians and an interaction piece:

j=3 L3 & 2 (®)

ab Tab a TaB rbA

Let us now do perturbation theory starting from the basis of
isolated atoms states:
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h(r, seeesIN, arNA+1a-°-’rNA+NB)
— 24
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©

where ®% and @5 are complete sets of exact solutions of H,
and H, respectively, and .4«E,(—1)"2is a projection op-
erator that antisymmetrizes the wave function in all Ny + N,
electron coordinates by summing over all ways of exchang-
ing electrons between the two atoms. Perturbation theory us-
ing this basis will be quickly convergent as long as the cores
do not overlap. Here we are assuming that the number of
electrons on atoms A and B are fixed. If an electron is trans-
ferred from one atom to another, one must consider a more
general basis and that will complicate the notation, but not
introduce any essential complications.

Consider the first-order expression of the ground state
energy

ZyZp (WO VT
R, (OO -

Note that this equation is valid for the nonorthogonal basis
set we are using and the first-order perturbation energy is an

E{N=E}+E}+ (10)

i
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upper bound to the exact energy. It is not hard to see that the
matrix element in the denominator can be expanded in terms
of number of “exchanging” electrons in the antisymmetriza-
tion operator. The matrix element arising from p electrons
simultaneously exchanging can then be related to the
p-particle density matrix'?

<1I,00I\I,00>

=1—f dr,dr{ps(r1;r])pp(ri—Rp:r;—Rp)

1 ! !
+_‘_‘7(2') f drldrzdrldrzpi(rl,rz;ri ,ré)

X pp(r; =Ry, 13~ Rp ;v — Ry, 1~ Rp) + S p;p3),

(11)

where pf and pf are the p-particle density matrices for atoms
A and B, respectively.

The potential matrix element, the numerator of Eq. (10),
can be expanded in exactly the same way

~ ZB ZA ZB
(‘I'OOIVI‘I'M):" dry Z‘;P};(rﬁrl)"J dry 71‘P11;(r1“RB§1'1"RB)+ dridr] Z;Pi(rﬁr{)le;(l‘l“RB;r{_RB)

ZA ! 1 ! !
"‘f dr,dry 71‘!)11;(1'{§r1)P§(r{_RB;1’1“RB)+f drydr; ;.';_p}t(rl;rl)pzl?(rl"RB;rl—RB)

1 L )
—j dr,dr] ,—17p};(rl;rl)p};(rl—Rs;rl—RB)+@(Vp§p§)-

If the pseudoatom is to respond exactly as the full atom,
every term in Eqs. (11) and (12) must be the same. Thus
transferability is precisely the property that the full-atom and
pseudoatom density matrices be identical.

The separation into core and valence electrons occurs if
we assume the electrons of atom B remain outside the core
region of A. Expand the density matrices in terms of their
natural orbitals. We find for the normalization integral in Eq.
(11) (only up to single exchanges) that

(FOW0) =123 ninglM 5(Rp)|*+A(pip3) 13)
a,B

where M . is defined as

MaB(RB)=f drt//':*(r)(/rg(r+RB). (14)
Considering atom B could be anything, and thus :,l/g(r) is
arbitrary but confined to the valence region of A, we want
the pseudo-orbitals to be the same as the full orbitals in the
spatial region that of A can contribute to M. This demon-
strates that it is only the occupied orbitals that matter and
that valence orbitals contribute the most strongly. The

]l

(12)

!

pseudopotential approximation consists of neglecting the
contribution of core—core interaction and valence~—core inter-
action. But in constructing the pseudo-orbitals it is important
to keep all contributions which extend out of the core. Hence
we are lead to Eq. (6).

To demonstrate that the expansion in density matrices
converges in the expansion of exchanging electrons let us
recall the asymptotic behavior of atomic wave functions as a
single electron is removed

lim ®(r; ,rz,...,rN)=CT>(r2,...,rN)rf exp(—ary),

rp—e®
(15)

where @ = V26,8 = 1/a — 1, and e=Ey_,—E, is the
first ionization potential. Then a p-particle density matrix
will contain an exponential piece exp[ — a(r; + =+ + r,)]
where all of the 2p arguments of the density matrix are being
pulled off the atom. Now assuming that R is large (at least
large enough so that the above expression for @ is correct for
r1>Rp/2) then one can see that the maximum value of the
overlap integrand occurs at the middle of the bond (assuming
a symmetric molecule for the moment) and that an exchange
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of p electrons will be reduced in value by a factor
exp(—2paRp); this is the convergence parameter of the ex-
pansion in Egs. (11) and (12).

So if we want to construct a pseudopotential for atom A
and keep the integral in Eq. (11) unaltered, we just have to
impose that outside the core the one-body density matrix for
the pseudoatom is the same as the one-body density matrix
of the real atom A. This is precisely the condition stated in
Eq. (6). We can see that higher order density matrices will

also enter in Eq. (11). but since thev correspond to exchanses

S LALLM . VA1), DRV SAL0O LT LULITSPOULCG U CACLALESS

of more than one-electron they will be contributions of
smaller order, and can be neglected in a first approximation.
In fact, the effect of higher order exchanges is not neglected.
We are constructing the pseudoatom based on the one-body
density matrix and hope that the higher order pseudodensity
matrices are close to their exact counterparts so that the con-
tribution of the higher order density matrices also match.
We restricted our analysis to first order in perturbation
theory. At higher orders the corrections to the energy involve

the overlap integral between two different states as well as "

the matrix elements of the interaction potential involving dif-
ferent states. These integrals can also be expanded in terms
of the density matrices of the individual atoms of different
orders. See Ref. 12 for detailed expressions. But the leading
correction will always depend on the one-body density ma-
trix of atom A. So, Eq. (6) guarantees that, for all orders in
perturbation theory, the contributions coming from the one-

body density matrix of atom A, which are the largest, will be

correct, thus making the pseudopotential transferable. There
are new terms such as those representing the polarizability of
the ionic core. An accurate description of the atom might
need to include such effects as well as relativistic effects on
the core. But we will not discuss them in this paper.

A possible procedure to generate correlated pseudopo-
tentials is as follows.

(1) Perform a many-body calculation for the all-electron
atom, and compute the density matrix and natural orbit-
als.

(2) Choose a form for the pseudopotentlal with adjustable
pararmeters.

(3) For a chosen set of parameters, perform the same many-
body calculation for the pseudoatom, and compute the
density matrix and natural orbitals for the pseudoatom

(4) Compare the occupied natural orbitals of the pseudo-
and all electron atoms. If they agree in the valence re-
gion, the pseudopotential satisfies the generalized norm-
conserving criteria. If they do not agree, choose a new
set of parameters and repeat step (3).

We have only carried out this scheme for the Li atom.
Since it has only a single valence electron, steps 2—4 are
trivial. We have proposed this scheme with quanturn Monte
Carlo in mind, but it can be used with any many-body theory.

IV. COMPUTATION OF THE NATURAL ORBITALS
A. Quantum Monte Carlo

In this section we will briefly describe the variational
and diffusion Monte Carlo methods. In variational Monte

;;;;;

Carlo' the expectation value of the Hamiltonian with respect
to a trial wave function is computed with the Metropolis
algorithm.’> The statistical average of the local energy
E;=HY/¥ is an upper bound to the exact ground state
energy

N H\If(R)>
Fo < TR

where ¥ is the trial wave function and R is sampled from
7. |

In diffusion Monte Carlo,'® one starts with the Schro-
dinger equation in imaginary time:

(16)

(R)-E-]PR RtY))

with D=#2/2m, and E (the trial energy) a constant ad-
justed to keep the normalization of ® stationary. This can be
thought as a diffusion equation in 3N dimensions, and can be
readily simulated. We use importance sampling by multiply-
ing this equation by ¥ (a trial function) and defining a new
distribution f(R,)=®(R,?)¥(R). Equation (17) becomes

Af(R,t)
>

=-DV*f(R,0)+[EL(R)—E7lf(R,1)

+DV[f(R,1)F(R)], (18)

.where E; is the local energy; Ey, is the trial energy; and

F=V In[¥[%. This is now a diffusion equation with branching
and drift terms. Because the product ®(R,#)¥(R) is not guar-
anteed to be always positive the random walks are restricted
to regions of the same sign, this is what is called the
fixed-node'” approximation. Further details are given in Ref.
16. In this work we will use diffusion Monte Carlo to com-
pute the one-body density matrix for Li, C, and Ne.

B. Wave function

- The wave function we used in our calculation, which
includes both two- and three~-body correlations, was first sug-
gested by Boys and Handy.!®! The actual form we use is
from the work of Schmidt and Moskowitz?®

> UIij) ) (19)

Li<j

W (r, ,1‘2,---,I‘N)=det(T)det(l)eXP( -
where Uy; is a correlation polynomial. We used the nine
term form from Ref. 20

UIU S(l' )+P(r11)+P( I)+CSELI I+c9(r11+ l)rlj

(20)
where
. r
“THbr @n
S(y)=c1y+cy*+ey?+egyt, (22)
P(y)=csy*+cgy®+eyt (23)
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and det(1)det(]) are Slater detemunanf or cpm up and down,
respectively. For the determinants we use the SCF solutio

from Clementi and Roetti.?!
C. Computation of the one-body density matrix

The one-body density matrix has been calculated very

often in liquid and solid helium®?? since its Fourier trans-

form is the momentum distribution and a key quantity is the
fraction of atoms with zero momentum. Recently Lewart
et al.?* extended these calculations to liquid helium (*He or
“He) droplets. We have followed their procedures except that
we sampled the new point r' instead of using a fixed grid and
we performed the averages with diffusion Monte Carlo
(DMC), instead of variational MC (VMC).

First let us rewrite the density matrix as an expectation
value over a random walk. The following notation will be
useful: R=(r,r;,....ry) and R’ = (r{,r,...,ry). By rear-
ranging the W’s in the definition of p; we get

T(R’
p,(r,r')=Nf dl‘; dR W((R)) qu(R)]ZPl(f'l'f'i

8ry~r)é(r{—r")
)2

the integral over dR is done with either VMC or DMC. We
introduce an additional sampling function g(r;) to perform
the integration over drj. At each step of the VMC run, the
ry is sampled from g(r]) and the angles are sampled uni-
formly over a sphere. The estimator of our density matrix in
VMC is then

24)

o _% W(R')a(ri—r)a(;;—r')p,<f,..f~')> ”
pilrr)=2 TR g(r ()2
(25)

The sum over particles can be performed because all elec-
trons are identical. Note that we are ignoring the spin of the
electron. We chose the sampling function so the errors on p
would be roughly independent of r’

Vo(r) |
" (26
g(r)= W (26)

Here p(r) is the electronic density, the optimization of g has
pot been studied. For each / component we store the density
matrix in a radial 100X 100 mesh.

This matrix can be diagonalized directly if we think of
the eigenvalue problem as

f dr Ppy(r,r" Y u(r) =n(r'). @7

We convert this integral to a sum, multiply both sides by Tics
and define

pi=1;pi(rj,ri)riAr, (28)
§7’j="j¢/f1i(7’j), - (29)

where Ar is the radial grid spacing. We get the following
eigenvalue problem, to be solved numerically:

8173

Py S 3 : . 2m
PYi— iy, Wyl

This direct method is exact in the limit of good statistics,
and Ar—0. Because of the statistical noise it is best to use
smooth basis functions to reduce the noise in the resulting
natural orbitals. When we use a basis set we transform the
density matrix from the mesh to a new (smaller) matrix, that
is also numericallv diagonalized. We tested Gmmemn9 and

@iol) UUAICAALALY Qlapgilallac. oatCl UIglasiall

Slater®! basis sets and found that the results are independent
of the basis type. The most serious.problems concern their
behavior at large distances from the atom, where Gaussians
decay too quickly. Since these basis are nonorthogonal, one
has a generalized eigenvalue problem to solve.

We now discuss the effect of statistical noise on the con-
struction of the natural orbitals from the Monte Carlo esti-
mated density matrix. First of all we symmetrize the varia-
tional estimator of p since any antisymmetric component is
pure noise. Note that the “‘extrapolated” estimate (discussed
below) will also be symmetrized. Upon calculating the occu-
pation numbers, because of the statistical errors in the
p(r,r'), one finds many that are small and negative. These
were also found in the study of helium droplets by Lewart.
The orbitals with small occupation number are very noisy.

To test the correctness of our numerical methods we
computed the natural orbitals of a HF wave function and
compared the resuits with the original HF orbitals. They

- agreed with each other up to =6 a.u.

Obtaining the NO for pairs of states with the same an-
gular momerntum and the same occupation number (e.g., 1s
and 2s of C and Ne) was a problem because they tend to
mix. To separate them, we considered a linear combination

¢ .
dh=2> ah, - ‘ (31)

i

where g is the number of degenerate eigenvalues. We then
maximize the “core” charge of the 1s orbital

TG (32)

with the constraint that the orbitals remain orthonormal. This
procedure makes sense in terms of pseudopotentials, since
we would like to eliminate the most tightly bound electrons
when constructing a pseudopotential but Ieave the valence
charge unaffected. With this we are ensuring, as far as pos-
sible, that the core orbitals drop to zero rapidly outside the
core. All the results presented in this paper used the above
procedure to separate degenerate natural orbitals.

We have also computed the density matrix with diffusion
Monte Carlo which samples ®¥ instead of |¥[%, where ® is
the ground state wave function in the fixed node
approximation.16 The mixed density matrix is defined as

pmix(l‘l,l'{)=Nf dr2 dr3‘ "dl'N ’\F(R,)¢*(R). (33)

From last equation we can see that the form of the mixed
estimator is similar to Eq. (2), the only difference is that we
are now sampling a different distribution. Equation (33) is
not symmetric under interchange of » and ' and the error is
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TABLE I. Total energies of Li, C, and Ne. The HF energies are the ones
from the work of Clementi and Roetti; the VMC, are the variational energies
obtained by Schmidt and Moskowitz; DMC are the energies we obtained
using the Diffusion Monte Carlo method; For the exact energies, we use the
estimation of the correlation energies Veillard and Clementi (Ref. 29).

Hartree—Fock VMC DMC Exact
Li —7.4327 —7.4731(6) ~7.4770(3) —7.4781
C —37.6886 —37.7956(7) —37.8120(8) —37.8451
Ne —128.5471 —128.8771(5) —128.9274(65) —128.9370

of the order of A=®—"¥. We used the following “extrapo-
lated” estimator which is symmetric and has an error of the
order of A? as discussed by Ceperley and Kalos.”

(pi(r, ")) ™= (py(r,r" )™ +{p)(r',r))™*

—{pu(r,r"))=+O(A?). (34

When the trial wave function is accurate, both the mixed and
the extrapolated estimators will agree. But the extrapolated
density matrix (and hence natural orbitals) is expected to be
closer to the exact density matrix because one has removed
the highest order errors of the trial function. The difference is
an estimate of the systematic errors coming from the trial
function.

D. Computation of the pseudopotential

If only a single electron remains in the valence shell it is
straightforward to compute the pseudopotentials having the
correct natural orbitals by inverting the Schrodinger equa-
tion. There remains the problem of how to extend the
pseudopotential into the core region. We have used the
scheme proposed by Kerker.?® The valence pseudo-orbital is
assumed to have the following form:

- rl exp(art+ Bri+yr’+8) r<r,
P(r)= { yMC >, v ’ (35)

where @, B, vy, and & are chosen such that the norm-
conserving conditions [conditions (1)—(4) in Sec. III] are sat-
isfied. We computed the [=0,1 atomic pseudopotentials of
tithium, using the 2s and 2p natural orbitals obtained from
DMC runs. We did the same thing with the 25 and 2p natural
orbitals computed on a CI calculation by Widmark er al.?
‘using the same energy eigenvalues for both cases. The results
and further details are discussed in Sec. V.

V. RESULTS

Table I shows the total energies from our diffusion
Monte Carlo runs, compared to those obtained by Schmidt
and Moskowitz.?® We can see that DMC recovered 98% of
the correlation energy of lithium, 79% of carbon, and 98%
for neon, compared to 89%, 68%, and 85% obtained by
Schmidt and Moskowitz with VMC. We might then antici-
pate that the NO obtained with diffusion Monte Carlo will be
more accurate than the ones obtained with variational Monte
Carlo. The carbon energy is not as accurate because a single
reference state Slater determinant is not a very good repre-
sentation of its electronic configuration.

Figure 1 shows the comparison of the natural orbitals of
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FIG. 1. The 1s and 2s natural orbitals for the lithium atom, obtained by the
direct diagonalization of the one-body density matrix in a 100X 100 mesh
and by the use of a nonorthogonal Slater basis set. Density matrix obtained
using diffusion Monte Carlo method.

lithium obtained by the direct diagonalization of the one-
body density matrix on a 100X 100 mesh and the diagonal-
ization of its representation in terms of a Slater-type basis
set. The two procedures are equivalent, given a large enough
basis (we used a basis with six exponential functions), but
the use of the Slater basis has the advantage of smoothing
out the noise. One can see from Table IT that the occupation
numbers in the 1s and 2s states agree whether we use the
Slater basis or the grid. The same does not happen to the NO
with low occupafion numbers because the noise is treated
differently in the two bases. We also noticed that the error
bars for the low occupied orbitals were big compared with
the occupation numbers. This is due to the fact that to esti-
mate the error bars we computed the density matrix in 10
different runs, we diagonalized the 10 density matrices and
then averaged the eigenvalues and obtained the standard de-
viation. For the averages shown in Table II, we averaged the
density matrices first and then we diagonalized it. Following
an analysis simiiar to the one in Ref. 27 the bias should push
the highest occupation number up and the lowest occupation

TABLE II. The occupation numbers of the natural orbitals of lithium, ob-
tained from (A) variational Monte Carlo (1) direct diagonalization and (2)
expansion of the density matrix in terms of Slater basis set. (B) Diffusion
Monte Carlo (extrapolated estimate), projection onto Slater basis set during
the Monte Carlo run. The number in parenthesis is the error bar. In VMC we
used a cutoff of 12.5 a.u., while the DMC has not cutoff.

Variational Monte Carlo .
Diffusion Monte Cartlo

Direct Slater basis Slater basis

- 1.985(4) 1.985(4) 1.997(7)
1.000(6) 1.000(5) 0.999(6)
0.02(2) 0.004(2) 0.007(7)
0.014(5) 0.0004(2) —0.002(5)
0.013(5) —0.0004(2) —~0.005(8)
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FIG. 2. Natural orbitals of lithium, obtained with DMC (solid lme) VMC
(dashed line), and CI (Ref. 9) (dotted line) methods.

number down. This was true when using the Slater basis, but
was not for the direct diagonalization, as the bias for the 1s
orbital was negative. This must be a consequence of the fact
that for the direct diagonalization, we are not in the limit of
small noise, where the formulas of Ref. 27 can be applied. It
is important to remember that the orbitals with very small
occupation numbers do not play an important role in deter-
mining the accuracy of pseudopotentials.

When computing the density matrix on a finite grid we
have to chose an upper cutoff radius. For a cutoff of 7.5 a.u.,
the occupation number for the 2s NO was 0.955+0.002,
where we expected a value closer to one. To solve this prob-
lem we can either choose a larger cutoff, or project the one-
body density matrix in the Slater basis during the QMC runs.
We tested both methods. We computed the density matrix
with a cutoff of 12.5 a.u. which gave a 2s occupation num-
ber of 1.00020.005, while with the projection during the
QMC run we obtained 0.994+0.001. Although we got basi-
cally the same results, the second solution is better because
the cutoff is only limited by the sampling function. From the
above tests we concluded that the use of a basis set, although
equivalent to the direct diagonalization, is a smoother and
more compact description of the one-body density matrix
and natural orbitals.

For Li (Fig. 2) we observe that the 15 NO obtained with
DMC (solid line), VMC (dashed line), and CI (dotted line)
all agree with each other. The CI and DMC 1s orbitals have
an overlap of 0.9999. The VMC estimate of the 2s orbital is
pushed away from the core, with respect to the CI results,
which is very similar to the HF 25 orbital. To understand this
difference we performed a calculation with ¢;=0.5 and ¢;=0
for i=2,..,9 in Egs. (20)—(23) which is a simple Jastrow term
that represents the electron—electron cusp condition. With
this term alone the energy is much lower than the HF energy
and the 25 NO exhibit the tendency to be pushed away from
the core. When we used DMC, however, the 25 NO agrees
with the CI result, as shown on Fig. 2.

For the carbon atom (Fig. 3), despite some small differ-
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FIG. 3. Natural orbitals of carbon, obtained with DMC (solid line), VMC
(dashed line), and CI (Ref. 9) (dotted line) methods.

ences we can see that the variational (dashed lines) and CI
(dotted line) results are in agreement. The DMC extrapolated
estimate (solid line) is significantly different than these. Be-
cause the total energy of the DMC is lower than the VMC
energy, we believe that the DMC results are the best estimate
for the NO of carbon. However there are undoubtedly impor-
tant corrections to the DMC result because we have taken a
trial function with only a single reference configuration.
Figure 4 shows the results for Ne. In this case we noticed
that the variational (dashed lines) and CI (dotted lines) are
virtually the same. The deviation of the diffusion Monte
Carlo results (solid lines) are smaller than the deviation
shown for C, but nevertheless they are significant. Once
again, because the DMC energy is lower than the VMC en-
ergy, we bélieve that the DMC results are a more accurate
estimate of the NO of neon. On Table III we summarize the

%

—— DMC
——- Variational
Rt |

%% 05 10 1.5
r(a.u.)

FIG. 4. Natural orbitals of neon, obtained with DMC (solid line), VMC
(dashed line), and CI (Ref. 9) (dotted line) methods.
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TABLE Ifl. Expansion of the 15 and 2s natural orbitals of lithium and the 1s, 2s, apd 2p natural orbitals of C and Ne, obtained by diffusion Monte Carlo

method, in terms of normalized Slater type basis functions.

Lithinm Carbon
Basis
type 1s 2s v ls 2s ¥ Type 2p Y
1s 0.88822 —0.13455 247673 1.25502 —0.14836 5.43599 2p 0.04206 0.98073
1s 0.11731 —0.02073 4.69873 —0.15483 —0.01180 9.48256 2p 0.84827 1.44361
2s 0.00496 0.01872 0.38350 0.04439 0.09303 1.05749 2p 0.14253 2.60051
2s —0.00865 1.02181 0.66055 —0.09640 059887 1.52427 2p —0.01391 6.51003
2s 0.00410 0.02808 _1.07000 . 0.14869 062236 2.68435
2s 0.01429 —0.08076 1.63200 —0.23477 —0.34883  ~ 4.20096
Neon
Basis .
type s 2s v Type 2p Y
1s 0.79105 —0.09799 9.48486 - 2p 0.07087 1.26570
1s 0.12152 —0.06666 15.56590 2p 0.77374 2.38168
25 —0.05443 0.30351 1.96184 2p 0.17788 4.48489
2s 0.08850 0.42387 2.86423 2p 0.06120 9.13464
2s —0.18755 0.54252 4.82530 )
2s 0.22784 ~0.28088 7.79242

expansion of the natural orbitals of Li, C, and Ne obtained
with DMC in terms of Slater-type orbitals. We used the same
basis set as Clementi and Roetti.?!

In Fig. 5 we show the pseudopotentials we obtained for
lithium. The solid line is the pseudopotential generated from
the NO obtained using DMC. The dashed line is the pseudo-
potential generated from the NO from a CI calculation of
Widmark ef al.’. For comparison we include the norm-
conserving pseudopotentials of Bachelet et al. and the
pseudopotentials generated from the HF 2s orbital using
Kerker’s scheme. For the core radii we used 2.17 and 2.26
a.u., respectively, for [=0. For /=1, we used r.=3.2 in both

‘25 ' ~ :
—— DMC
2.0 —al 1
—-~ HF
15+ ———— Bachelet |
10F N ]
I=
’: 0.5 Emmmn \\\ .
_— \‘\\
=700 2Y
\-
05t 1 R 4
"1.0 I I’, r
15¢ ]
[\ ¢ ,I’
245 50 30 5.0

r(a.u.)

FIG. 5. The [=0,1 pseudopotentials of lithium. The solid lines are the
pseudopotentials generated from the natural orbitals obtained in this work
using DMC (see Fig. 2). The dotted lines are the pseudopotentials generated
from the natural orbitals from Ref. 9, obtained in a CI calculation. The dot
dashed lines is the /=0 pseudopotential generated from the Hartree—Fock
orbitals (Ref. 21). The dashed lines are the LDA pseudopotentials from
Ref. 2.

cases. For the 25 valence eigenvalue we chose the negative
of the value of the first ionization potential of lithium, com-
puted using DMC (E,,=—0.1965 a.u.). For the 2p eigen-
value we used the energy difference between the Li* and the
first excited state of lithium (15%2p), also computed using
DMC (e,,=—0.1289 a.n.). Using the experimental results
we get E,,=—0.198 a.u. and E,,=—0.1301 a.u.

From the Fig. 5 we can see that for /=0, for r small the
DMC and HF results have the same repulsive behavior. As r
gets closer to r, the DMC tends to agree with the CI pseudo-
potential, but the depth of the attractive well computed with
CI is a little deeper. For /=1 the DMC and CI results are
very close, with CI being a bit more attractive. Figure 5 is an
illustration of how sensitive the pseudopotential is to the
details of the NO, as the HF, CI, and DMC 25 NO are much
closer than the pseudopotentials. For comparison we have
also plotted the LDA pseudopotential of Bathelet, Hamman
and Schliiter.? Inside the core they are not comparable, since
the methods of generating the pseudopotentials are different.
To complete this work, we intend to test these pseudopoten-
tials in a Li, molecule to see how good they are.

VI. CONCLUSION

We have formulated the problem of transferability of
pseudopotentials in terms of density matrices. We then cal-
culated the NOs and one particle density matrix atoms using
quantum Monte Carlo. We have shown that it is possible to
generate pseudopotentials from quantum Monte Carlo calcu-
lations, using the all-electron natural orbitals and the energy
eigenvalues. We intend to test our pseudopotentials on a va-
riety of atoms to verify this. '

Our results are arguably the most accurate NO computed
to date although they leave much room for further improve-
ment. From the comparison with the NO obtained by Wid-
mark et al.,’ we see that the ones obtained with variational
Monte Carlo are equivalent with theirs, except for the 2s of
lithium. The same does not happen with the diffusion Monte

J. Chem. Phys., Vol. 100, No. 11, 1 June 1994
Downloaded 28 Apr 2003 to 130.126.9.235. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp



P. H. Acioli and D. Ceperley: Pseudopotentials from correlated wave functions

Carln sotimatac af tha dancity matrix Wa haliave that tha NO

Wi IV Lotitllatvd Ul Wi uouau_y' AU LA, YYC UCLIC YU Wllat LUIC ANV

orbitals obtained with diffusion Monte Carlo are more accu-
rate, since the total energies are lower in DMC than they are
in VMC. While CI expands in a sum of Slater determinants,
in QMC correlation is introduced directly into the trial func-
tion. It should be remarked that the Cl-natural orbitals have
been obtained by averaging over a set of low lying energy
levels. It is not known how this affects the resulting natural
orbitals and the comparison.

As a continuation of this work, we expect to improve the
generation of the natural orbitals obtained in QMC, to obtain
the natural orbitals with low occupation number and, there-
fore, be able to generate pseudopotential for the higher an-
gular momentum components. We also propose to test the
transferability of pseudopotentials, based on the comparison
of the one particle density matrix of the all electron and
pseudoatoms, to see if they agree outside the core region and
how this affects the pseudoatom properties.

It remains to improve the Monte Carlo methods of cal-

culating density matrices and to learn how to generate the
pseudopotential from the density matrices in systems with
many valence electrons. It is also possible to systematically
include terms coming from valence core interaction, the sim-
plest being core polarizability and the screening of the
electron—electron interaction by the core. These terms result
from matching the two-body density matrices of the atoms
and pseudoatom We note that fermion path integral
methods®® could be used to compute density matrices and
natural orbitals at finite temperature.
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