CALCULATIONS OF EXCHANGE FREQUENCIES WITH PATH
INTEGRAL MONTE CARLO: SOLID *HE ADSORBED ON
GRAPHITE

B. BERNU AND D. CEPERLEY

Laboratoire de Physique Théorique des Liquides

Université P&M Curie, Case 121, 4 Place Jussieu 75252 Paris
Cedex 05

and

Department of Physics

University of Illinois, 405 N. Matthews Av., Urbana, II, 61801

jmagnetism;jPath Integral Monte Carlo;jexchange frequency;

Abstract. We begin with a brief introduction to Path Integral Monte Carlo
(PIMC) and then discuss the application of this technique to calculate the
frequency with which spins exchange in solid helium. Solid helium 3 solidi-
fies into a triangular lattice in the first and second layer when in is adsorbed
on graphite. When the atoms exchange by tunnelling, the nuclear spins ex-
change and give rise to a very rich phase diagram at low temperature. We
explain how exchange energies are computed using PIMC and then use the
resulting multi-exchange Heisenberg model to predict the specific heat and
the magnetic susceptibility.

1. Introduction to Path Integral Monte Carlo

To simulate a quantum system at finite temperature, we need to sample an
energy eigenstate with probability proportional to the Maxwell-Boltzmann
distribution: exp(—(E;) and then sample the spatial distribution from
|(R)[?. To see how to do this with path integrals recall the properties
of the thermal density matrix All static properties (in principle, dynamical
properties also) of a quantum system in thermal equilibrium are obtain-
able from the thermal density matrix. If this sounds unfamiliar, the reader
might wish to review the material in Feynman[1]. The equilibrium value of
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an operator O is
(0)y=2Z"13" < ¢;|O|¢; > e PFi (1)
i

where the partition function is
7 = Z e BB (2)
%

and § = 1/kgT. The position-space density matrix is

p(R,R';B) = <Rl|e "R > (3)
= Z¢z ¢z RI

In the position representation, the expectation of O becomes
(©0) = 7! / dRAR'p(R, R'; 8) < R|O|R' > 4)

The following simple, exact property of density matrices is the basis of the
path-integral method. The product of two density matrices is a density

matrix:
e—(ﬂl-f—ﬁz)?-l _ e—ﬂﬂ{e—ﬁz’){. (5)

Written for positions, one has a convolution,

p(R1, R3; B1 + o) = /dRQ/)(RlaRQ;ﬁl)p(RZaR?);/BZ)- (6)

The path-integral formula for the many-body density matrix is arrived at
by using the product property M times, giving an expression for the density
matrix at a temperature 7', in terms of density matrices at a temperature

MT. In operators,
M
e PH (e—m) ’ (7)

where the time step is 7 = /M. Written in the position representation,

p(Ro, Rar; B) = /.../dedRQ...dRM_lp(R(),Rl;T)...p(RM_l,RM;T).
(8)

If M is finite we have a discrete-time path. The second property that is
needed by path integrals is that, for MT large enough, we can write down
a sufficiently accurate approximation to the density matrix. Thus we shall
be able to write down an explicit form for the low-temperature density
matrix which, however, involves many additional integrals. Suppose the
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Hamiltonian is split into two pieces, H = T + V, where 7 and V are
the kinetic and potential operators. We can approximate the exact density
matrix by the product of the density matrices for 7 and V alone. One
might worry that this will lead to an error in the limit as M — oo with
small errors building up to a finite error. According to the Feynman-Kacs
or Trotter formula[2], one does not have to worry:

e PTHY) = lim [e_TTe_TV]M. 9)
M—00

Let us now write the primitive approximation in position space,
p(Ro,RQ; 7') =~ /dR1 <R0|67TT|R1> <R1|€77—V|R2> (10)

and evaluate the kinetic and potential density matrices. Since the potential
operator is diagonal in the position representation, its matrix elements are
trivial:

(Rile ™|Ry) = e TV5(R, — Ry). (11)

The kinetic matrix can be evaluated using the eigenfunction expansion of
T . For the moment, consider the case of distinguishable particles in a cube
of side L with periodic boundary conditions. Then the exact eigenfunctions
and eigenvalues of T are L=3N/2¢tKnR and \K2, with K,, = 27n/L and n
a 3N-dimensional integer vector. Then

<R0|e_TT|R1> _ ZL—sNe—TAK,%—z'Kn(Ro—Rl) (12)
P2
= (4mA7) 3N/ exp _Fo—Ry)” . (13)
40T

Equation (13) is obtained by approximating the sum by an integral. This
is appropriate only if the thermal wavelength of one step is much less than
the size of the box,

A < L2 (14)
Using Egs. (8), (10), (11),and (13) we arrive at the discrete path-integral
expression for the density matrix in the primitive approximation:

p(Ro,RM;,B) = /dR1 e dRM_1

(4m A7) "3VM/2 oxp (— % [—(Rm_i)\_ B’ + TV(Rm)]> . (15)
m=1 T

This expression relates the quantum density matrix at any temperature
to integrals over the path R; ... Ry 1 of something that is like a classical
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Maxwell-Boltzmann distribution function. This is the famous mapping from
a quantum system to a classical system, in the sense that we now have an
integral over a positive integrand, with a structure similar to that of classical
polymers.

There are three main issues in making efficient path integral calcula-
tions: accurate actions which go beyond the primitive form, methods of
quickly sampling the paths and efficient estimators of quantum properties.
The reader is refered to ref. [4] for a in depth discussion of the other issues.
A comparison between the Fourier Path Integral Method and the Discrete
Path Integral Monte Carlo used here is given in ref. [5]. In this paper we
will only address the question of how to calculate the exchange frequency
in localized quantum systems.

What we also do not discuss here are problems involving quantum statis-
tics such as superfluidity of bosons as those results are discussed in ref. [4].
A discussion of the fermion restricted path integral method is given in ref.
([6]) and application to problems in helium|7] and hydrogenic plasma[8].

2. Helium adsorbed on graphite

Experiments of helium adsorbed on graphite have been performed for many
years. This system has been studied in the "70s down to Kelvin temperatures
and then down to a few mK 1987 where the nuclear spin energy becomes
important[9]. Recently Fukuyama (Japan) did experiments down to few
hundred pK. On graphite, helium 3 solidifies into a triangular lattice in
the first and second layer. This is a very pure system and it is challenging
for theoretician to understand and to predict its physics. For example, the
2D density or coverage can be precisely controlled by the amount of helium
introduced in the cell. The exchange frequencies can be tuned by varying
the coverage. Here we focus on the solid phases in the first and second layers.
The next section concerns how spin and coordinate degrees of freedom are
uncoupled in the theory. Then we outline the Thouless theory, and illustrate
it with the double well problem. The following part explains how the path
integral evaluation of the exchange frequency is done. The resulting multi-
exchange Heisenberg model leads to a new phase diagram. Finally, remarks
on the practical limits of this method are presented.

Although we do not discuss it in this paper, results have been obtained
using PIMC in solid 3He (the bulk solid). The reader is referred to ref. [11]
for details of those calculations.
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Figure 1. Helium-graphite potential and comparison between the one-body ground state
(solid line) and the density profile obtained from PIMC (dashed line).

3. Uncoupling the spin and R degrees of freedom
3.1. THE MODEL

We consider a model made of helium 3 atoms (spin 1/2) interacting with a
pair-wise potential (Aziz ’95) and with a one-body external potential veg
due to a flat semi-infinite sheet of graphite.

N
H == [-h*/2mV} — ver(ri)] + D va(ri — 1;) (16)

i=1 i<j

The z-dependence of the He-graphite potential is given in figure 1.
The well depth is about —200K. The actual variation in the z,y plane is
approximately 10K and is neglected. In figure 1 is also shown the density
profile p(z) obtained from Path Integral Monte Carlo (PIMC) in the first
layer. This profile is the same as that of a helium atom in the ground state
of vegt(2). Thus even in the dense solid, the first layer atoms occupy the
ground state in the z-direction For this reason one can use a pure 2—d model
with a interatomic potential, smoothed by the motion in the z-direction.
Indeed, the ground state energy of an helium atom in vz (2) is —136 K and
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its first excited state —65K. At mK, the contribution of the first excited
state is exponentially small.

3.2. THE ZERO POINT ENERGY.

We have computed the energies at various densities and temperatures us-
ing PIMC. By fitting the energy as a function of temperature to a Debye
form we obtain a Debye temperature 0p in the range 10 — 40K, which is
about equal to the kinetic zero-point energy of the atoms in the plane. This
large kinetic energy explain why we can neglect, in first approximation, the
corrugation effects of vey¢(z). Note that the phonon specific heat vanishes

very rapidly for temperatures below 6p as C‘p/hono" = (T/6p)>.

3.3. SPIN CONTRIBUTIONS

Now consider a solid of ”"Boltzmannon” particles at low temperature. Ex-
change of atoms in the solid is by tunneling, this is the mechanism by which
spin exchanges and thus are coupled. The simplest model to describe this
system is the Heisenberg nearest neighbor Hamiltonian:

H=2] ) P; (17)
<irg>

where P;; is the permutation operator of 2 spins and < 4, j > refer to nearest
neighbors on the lattice. For spin 1/2, this hamiltonian can be rewritten as
H=2J% <i’j>(28i.Sj—%). Tunneling processes must involve energies much
smaller than typical spatial energies (J << 6p) otherwise the solid would
melt. The specific heat is defined by Cy (8) = (8/T)d? In(Z(B))d3?, where
B = 1/kpT and Z(B) = Tr(e PH). Looking at temperatures greater than
J but less than the Debye temperature we find that the dominate term is
Cyv(T) = kp(< H?> > — < H >?)/T? = Nkga(J/T)?, where a depends on
the lattice (oo = 9/4 for the triangular lattice). This is a general result; the
specific heat always varies as 1/T? at high temperature for any Heisenberg
model.

Adding together the phonon and spin specific heats, the total specfic
heat shows a minimum where both contributions are equal: T}, ~ v/JOp.
Taking J in 0.1 —1 mK and 0p in 5 — 40K, one finds a crossover for
temperatures between 10m K and 100m K. Above the crossover the phonons
dominate. In the mK temperature range, the spins dominate the physics.

3.4. EXPERIMENTAL PHASE DIAGRAM (R-SPACE)

Here, we outline the phase diagram resulting from changes in the spatial co-
ordinates. These are important for temperatures greater than about 1K so
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that melting and vertical promotion are important. At these temperatures
the spins are considered to be free and do not contribute anymore to the
physics. The lowest coverage, one has a liquid “puddle”. On increasing the
density the first layer solidifies in a registered (with respect to the graphite)
solid, then to an incommensurate solid, then the atoms are promoted to
the second layer.

In the second layer, one finds the same succession of phases. But in the
third and higher layers, helium atoms no longer solidify; instead a bulk
liquid forms. In the following, we discuss the first layer solid and at the end
what happens in the second layer or in the first one near the solidification
transition line (low-density limit of the solid phase).

4. Thouless Theory

Suppose one has a quantum solid of N distinguishable particles at T" = 0.
Let Z; be is an equilibrium lattice position where ¢ labels the lattice site.
Each particle is in a well of ground state energy Ejy and we suppose the next
excited state E, to be much higher in energy relative to the temperature. In
the phase space, there are N! equivalent ways of arranging the particles on
the lattice related to each other by the N! permutations P of the particles.
If the barrier between these minima is infinite, then the ground state is N!
degenerate, as well as all excited states. Finite barriers will allow tunneling
and split the N! degenerate ground states in a band of energy levels. For
identical particles, only a subset of these levels is physical, those that are
antisymmetic with respect to spatial and spin exchange. Integer spin impose
to choose the fully symmetric spatial states; half integer spin the fermion
fully anti-symmetric states. For spin-1/2 particles, as helium-3 atoms, there

are 2 spin states at each lattice site, so the total number of spin states is
2N,

4.1. A PARTICLE IN A SYMMETRICAL DOUBLE WELL

As an example suppose, we have a single particle in a symmetrical double
well potential. The ground state ¢y of energy Ej is symmetric and the
first excited state ¢; of energy FE; is anti-symmetric. A particle localized

in the left well is described by ¢;, = ﬁ((ﬁo + ¢1) and in the right well by

r = ——(¢o — ¢1). Such a localized particle will oscillate between the left
V)

and right wells with a period h/(E; — Ep). The time associated with the
motion of the particle inside one of the wells is h/K where K is the kinetic
energy of the ground state. Let us suppose that (Ey — Ey) << K . This
means that the particle has a large number of zero-point vibrations in the
left well before tunneling into the right well.
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Figure 2. double well potential model

More generally, any permutation P may be view as a “particle” in two
wells. The particle is the N-body system and the two wells are around Z
and PZ. The system of particles stay in the well around Z and eventually
jump into the well PZ. It is indeed essential that each jump is a rare event
in order to be studied separately. For example in the first layer of helium 3
on graphite the kinetic energy is around 10-40K and the exchange less than
a mK. Thus an exchange would spontaneously occurs once each 10* — 107
vibrations. Direct simulations of such event would be rather inefficient.

In order to understand how the exchange energies varies, we return to
the discussion of the double symmetric well and study the effects of the
height V, the width 2a and separation 2b of the wells on the energy differ-
ence between the (symmetric) ground state and the first (anti-symmetric)
excited state (see fig.2). For simplicity, we assume periodic boundary con-
ditions.

Because of the periodic conditions and the symmetry of the wave func-
tions, it is enough to study them for 0 < z < b. The ground state reads

Po(z) = Acosh(z/(V — Epy)/N) z €[0,b— a (18)
Po(z) = Bceos((z —b)\/Eo/\) z €[b—a,b+al (19)

The coefficients A, B and E are determined by the continuity of the wave
function and its derivative. For £ = b — a we have:

Acosh((b—a)\/(V — Ey)/A) = Becos(ay/Ey/N) (20)
Asinh((b—a)\/(V = Eg)/A)VV =g E = Bsin(ay/Eo/\)VEy (21)

The energy Ej is the solution of the ratio of Eqs.20-21:

tanh((b — a)\/(V — Eo)JAVV — Eo = VEotan(ay/Eo /) (22)
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Similarly, the first excited state is defined by :

Y1(z) = Asinh(z\/(V — E1)/)\x) z € [0,b— a (23)
Pi(x) =  Beos((z — b)) EL/A) z € [b—a,b+ da (24)

FE); is solution of :

VvV - Er B
tanh((b— a)\/(V = E1)/N) VE; tan(ay/E1/3) (25)

If the argument in the tanh is larger than 1, Fy and E; differ by a small

amount. Defining E, the solution of \/V — E,, = /E,,, tan(\/Ep,/a), we
obtain to the leading order Ey = E,,, — § and E, = E,, + 6 with:

(V _ Em)EmefZ(bfa) (V=En)/A
Via/(V—Epn)/A+1)

In this model, we see that E,, is independent of b. It is the ground state
energy of a particle in a single well with no periodic conditions. When V
increases to infinity, FE,, approaches A(7/2a)?. The main dependence in
log(d) is —2(b—a)+/V/ A, where 2(b— a) represents the width of the barrier.
The formula of Eq. (26) is accurate for V/A > 1. Fig. 3 shows the energies

and § with respect to V/X > 1. Note that § ~ e 20-VV/X for V/A> 2.
The exchange energy is thus exponentially small with the distance between
the wells and with the square root of the potential height.

This example is misleading in one respect when applied to exchange in
quantum crystals. There exchanges is not tunneling over a potential bar-
rier, but rather through a kinetic barrier. It is because the atoms have to
“squeeze” though a narrow opening (relative to the width of their wavefunc-
tion) that tunelling is rare, not because the most likely path in energetic
costly.

§=14 (26)

4.2. THE SPIN HAMILTONIAN

In the double well model we see that exchange energy can be very small and
thus tunnel effects appears only at temperatures lower than the excitation
energy. At such temperatures the motion of each particle is in the localized
ground state of the well. The effect of the permutations is described by the
effective Hamiltonian:

H=— Z Jp (PSpaCe + Ps;;ce) (27)
P

where Jp is the energy associated to the permutation P;g}me and the sub-

script “space” means the permutation acts only on spatial coordinates.
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Figure 3. Double square well energies as functions of V/X for b/a = 3/2,2,5/2,3,7/2.
top : Em, Eo and Ey; middle : § = (E1 — Ep)/2; bottom : dominant variations of In(4).

Except for b/a = 3/2, In(§) ~ —2(b — a)\/V/A for V/A > 2

Fermi statistics requires one to choose only the states that are fully antisym-
metric with respect to the permutations of the spatial and spin coordinates.
For fermions, the action of H on a physical wave function must statisfy
PipinPspace| ¥ >= (—l)U(P ) |¥ >. Thus we deduce the effective hamiltonian
acting now on the spins [10]:

H == (=1)""Jp (Pl + Papin) (28)
P

Generalizing now to arbitary cyclic permutations, the multispin exchange
Hamiltonian we will study is:

6

H=-YY (1" (P.+P?) (29)

c=2 P,

where the sum over P, runs over all equivalent exchanges (i. e. all nearest
neighbor pair exchanges, all nearest neighbor three atom exchanges, etc.).
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5. PIMC method

The PIMC method was orginally developed to study exchange in bulk (3d)
solid helium and most of the details are described in detail elsewhere[11].
Consider the following matrix element ratio:

p(Z,PZ; )
fe(B) = 30
p(f) p(Z, Z; B) (40)
At a low enough temperature, only the first two eigenstates contribute :
p(2,2;p) = Z@ B g(Z)e 0+ ¢1(2)e P (31)

p(Z,PZ;0) = qu, e PPigi(PZ) ~ ¢5(Z)e PP — ¢7 (Z)e P (32)

where we use qSO(PZ) = ¢o(Z) and ¢1(PZ) = —¢1(Z). Thus

fp(B) = tanh((8 — o) Jp) (33)

with Jp = (E1 — Ey)/2 and By = In(¢1(Z)/do(Z))/Jp- Eq. (33) makes
sense only for 8 > B since one must have that fp(3) > 0.

The Path Integral Monte Carlo method allows one to evaluate this ratio
of matrix elements and thus the coupling constant Jp. With path integral

fp(B) reads:

p(Z, PZ;,B) _ deldRQ ce dRM_lp(Z, R1; 7') c. p(RM_l,PZ;T)

p(Z, Z; ,3) f dedRQ e dRM_lp(Z, Rl; 7') ‘e p(RM—la Z,(’:;)l)
where 7 = /M. The numerator involves an exchange P between Z and
PZ, but most of the path is localized around Z or PZ. In the classical
polymer language, —kT In(fp(()) is the free energy needed to force an
exchange between ring polymers of “length” g.

The paths of the numerator, calculated during a run “B”, can be split
in 3 parts, the first one staying close to Z, the second one close to PZ
and the last one being the exchanging part of the path (see Fig.4-b). On
the contrary the paths in the denominator, calculated during a run “A”,
remain always around Z (see Fig.4-a).

fr(B) =

5.1. REACTION COORDINATE

A reaction coordinate allows to determine which part of the path is close
to Z or PZ or exchanging :
R(t)—-2).(PZ - Z
) - RO = 2).(PZ— 2)
|PZ — Z|?

(35)
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Figure 4. One-body probability density integrated over z; left : run A, the paths stay
around Z; right : run B, we see the paths for exchanging atoms (here is a 2-body ex-
change).
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Figure 5. Reaction coordinate with respect to the time obtained in the B run. Only a
few paths are used. top : row data where we see that exchange time arises at all possible
time between 0 and J. middle : each path is now centered at the crossing time ¢.. In
bold solid line is the fit tanh(2¢/80). bottom : probability of finding a value of z for these
paths. The disymmetry is due to the low number of paths used here.

For z(t) close to 0 (resp. 1), the path is close to Z (resp. PZ). The figure
5-a shows z(t) for the paths of run B. The exchanges take place at all time
0 < t < 3, but most of the time z(¢) is around 0 or 1. A crossing time
tc is defined by z(t.) = 1/2. In figure 5-b are represented the same paths
as functions of ¢ — t.. We see that the exchanges take roughly the same
time. Because the exchange is localized in imaginary time, they are called
instantons. Fitting these curves with tanh(2¢/f,), one defines the time Gy
needed for the path to go from Z to PZ.
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The reaction coordinate can be used to map the 3N problem to a one
dimensional one. First we build the probability distribution P(z) from the
value of z(t), (see fig. 5-¢). We define ¢(z) = \/P(z), where ¢ is solution of a
Schrodinger equation —% 327‘2” = E—U(z). The pseudo potential U(z) is then
fully determined assuming the ground state energy is 0. The last step is to
calculate the anti-symmetric states of this potential. The exchange energy
(as well as the potential) is determined to a multiplicative constant A which
represent an effective mass associated with this reaction coordinate. The
comparison of this mapping with the direct method fixes this mass A.

5.2. EVALUATING Fp(0)

Now each path is split into 3 parts:

§(Z,PZ,P) = [ dR1dRaplZ, Ra 1)p(Ra, P Roi fe)p(P Rz, P 636)

= /dedRZP(Za Ry; 61)p(R1, PRy; B.)p(R2, Z; 32) (37)

Ry, PRy; c
- / dR1dRap(Z, Ri; B1)p(R1, Re; Be) p(Re, Z; ﬁ”%

with 8 = 1 + B. + B2. We use p(PR,PR';7) = p(R, R';7) to go from Eq.
(36) to Eq. (37). We introduce 1 = p(R1, Re; 8:)/p(R1, Ro; Bc) to find Eq.
(38). This equation is interpreted as follow : an equilibrium run is performed
with end points Z and a permutation P is tried between points R; and Ra
distant from a time §.. This is what is done during run A. The values, . is
kept fixed, and for all values of 3; an exchange is tried. Similarly, we have:

(38)

p(Z,Z,p) =

Ry, Ry;
/ ARy dRsp(Z, Ra 61)p(Ra, PRy; B)p( PRy, PZ; fy) 200 123 B

p(R1, PRo; Be)

)

This is what is done during run B, where we keep trying to unmap the
permutation between the point R; and Ry separated in imaginary time by
Be-

In order to simplify the notation we call {Ry} the part of the path
staying close to Z or PZ (0 <t < 81 and (31 + . < t < ), with an action
So(Ro). {Ra} is the unpermuted path (81 < t < 1 + ;) with the action
Sa(R4) and the permuting path {Rp} (01 < t < 1 + () with the action
Sp(Rp). With these notation Eqs. (38-39) reads:

p(Z,PZ;8) = ///e—So(Ro)—SA(RA)e—SB(RB)+5A(RA)dR0 dR 4 dR#40)
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= p(Z,7:p) <e_SB(RB)+SA(RA)> (41)

A
p(Z,7: ) = ///e—so(Ro)—sB(RB)e—sA(RA)+SB(RB)dRO dR 4 dR442)

= p(Z,PZ;p) <e*SA(RA)+SB(RB)> (43)

B

Thus one has:

1

— —-SB(R Sa(R —
Tr(B) = <e pte)eEal A)>A  (e=Sa(Ba)+Sp(RB)) (44)

5.3. BENNETT METHOD

Now we consider how to optimize the evaluation of fp((3). The previous
equalities suppose that quantities are integrated over the whole phase space,
whereas run A stays close to Z and run B close to PZ. As usual in Monte
Carlo calculations, importance sampling must be used. Let T'(R4, Rg) be
the probability of sampling the path {R4} from {Ry}. Egs. (40,42) read:

e—SB(RB) efSA(RA) -1
p(Z,PZ;B) = pl(Z,Z;P) < ( )> > (45)
A

T(Rp,Ry) \T(Ra, Ry
(Z.2:9) (Z.P7 13)< e—Sa(Ra) ( e SB(RB) >_1> (46)
p\4, 4; = p\4, ;
T(R4,Ry) \T(Rp,Ry) B

Counsider the following integral where an additional importance function
W is introduced:

///e—SO<R0)—SA<RA>—SB(RB>W(R0, Ru,Rp)dRydRAodRp (47

- 7z W(R07 RA, RB)e_SB (Rs) (48)
4 T(Rp, Ro) B

A W(ROaRAaRB)e_SA(RA) (49)
B T(Ra, Ro) 5

where Z4 = p(Z,Z; ) and Zp = p(Z, PZ; 3). Bennett has shown that the
best choice for W is :

—Sa(Ra) —Sp(Rg)—c\ 1
e e ) (50)

W(Ry, R4, Rp) =
(B, B, F) (T(RA,R0)+T(RB,RO)
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where c¢ is a parameter to be adjusted to minimize the variance. With this

choice, fp reads:
-1
1 —d+c >
Zp c < ( e ) A c9gA (C)

T (R S (5

where :
6 = Sa(Ra) — Sp(Rp) + In(T (R4, Ry)/T(Rg, Ro)) (52)

The quantity e’ would be used in a generalized Metropolis process to de-
cide if the move from A to B would be accepted. Introducing hy(d) the
probability distribution of § (&« = A or B), the averages in Eq. (51) and
the variances reads:
_ ha(9) @) hr(9)

w0 = [ et 80 =[G ® 69
where ¢ = 1 if @ = A and -1 if @ = B. The best ¢ would be that which
minimizes the variance of fp.

5.4. SAMPLING THE NEW PATH

As we have seen in Egs. (38-39), one has to sample a new path of length 3,
between the points R; and Ry. Both in run A and B, importance sampling
is used to sample paths from the free particle action.

5.4.1. run B

As a specific cycle of length ney. is sampled all along the run, the atoms of
this cycle and their neighbors are sampled more often than the others are.
Exchange will indeed depend very little on the precise position of atoms far
away from the exchange. Thus, a step consists of choosing a random time
and the time ¢, of the exchange. For both times, the following moves are
tried for : 7) an atom chosen at random, i7) one of the exchangers, i) a
neighbor of an exchanger at random, iv) all exchangers in a ney particle
move. Then at each step a mapping to the unpermuted positions is tried for
all times. First, the end-point free action differences §y is calculated. The
mapping continues further if §y < dpax- Thus only times close to . have
a chance to succeed. If an another very different time is found this would
imply that a spontaneous exchange could take place. We have never seen
such process.

54.2. run A
At the beginning of the run, a table of all equivalent exchanges is stored.
After each particle has been moved in the interval [¢,¢ + (], we build the
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table of the free particle actions gy for all equivalent exchanges. Only those
with §p < dmax will be tried further.

5.4.3. run A and B

The rest of the algorithm is the same for both runs A and B. The end
points are kept fixed and a multi-particle, multi-level move is attempted.
Up to the last level, a cut-off is used on § to prevent wasting time in
sampling path going too far away. Multi-sampling is used to try more often
those paths, which have a good chance of success (see Appendix A). At

glevel—1

the final level, multi-sampling is used to build n paths whereas only

samp
(nsamp+ 1)2'evel=1 points are calculated. For example with level=3, Nsamp =
5, 625 paths are generated from only 24 points. At this stage all paths are
used to sample the histogram h(d,t.), where t. is the crossing time of each
path. The histogram h(d) is recover by integration over the time:

B
h(6) = /0 h(5,7)dr (54)

At the end of each block, the functions g(c, §y) and variance are computed
for several values of [y:

_ hﬁo (6)d5

o 1+ e—ctd (55)

g(c, Bo)

where hg,(6) = [fo b °h(d,t)dt is the contribution of paths away from the
fixed lattice positions.

5.5. CONVERGENCE STUDY

Just as with any PIMC calculation, one has to check the convergence of the
results against the system size N and the density matrix time step 7. We
see little size dependency. Exchange frequencies are converged when at least
one complete shell of atoms surrounds the exchanging cycle. For densities
less than 0.9 atoms/A?, the exchanges are converged with a time step 7 =
1/40K ! and use level=2. At the most high densities (0.1 atoms/A?), the
time step is 7 = 1/80K ! and runs are done at level 3 (see Table 1).

However, for exchange evaluations, one has also to check convergence
against (. Indeed we assumed the system to be in its ground state of the
spatial hamiltonian. Doing a few different temperatures is a check that the
phonons do not affect the exchange frequency. Because the Debye temper-
ature is higher at high density, the convergence with ( is reached earlier:
at p = 0.1 atoms/ A2 convergence is obtained for § = 1.5K ™!, whereas at
lower densisties convergence is reached for § = 2K .



EXCHANGE FREQUENCIES IN SOLID *HE ADSORBED ON GRAPHITR7

N | 8 T J2
K11 K! mK
19 | 2.0 0.05 0.56+0.03

19 | 2.0 0.025 0.40+£0.03
19 | 2.0 0.0125 0.42+0.07

19 | 1.25 | 0.025 0.51+0.03
19 | 1.5 0.025 0.4384+0.026
19 | 2.0 0.025 0.40%0.03
19 | 2.5 0.025 0.41£0.03
19 | 3.0 0.025 0.42+0.03

13 | 2.0 0.025 0.83+0.11
16 | 2.0 0.025 0.421+0.026
19 | 2.0 0.025 0.40+0.03
37 1 2.0 0.025 0.42540.021

TABLE 1. Convergence study of J»
at p = 0.07 atoms/A?. N is the num-
ber of atoms, B the inverse tempera-
ture, 7 the time step of PIMC.

In summary, we find that the optimum parameters are N = 19, § =
2K ! and 7 = 0.025K ! for most of the densities and exchanges.

5.5.1. ¢, 5min,maw,/80

The other parameters of the runs are those introduced by the Bennett
method. Histograms are stored during the runs on a grid of ¢ and [y. At
the end during the analysis, we pick the best value of Gy.

The runs A and B are done with an assumed value of ¢y and histograms
g(c) =< (1+e~¢t9)~1 > are calculated with it. As c is a free parameter, a
strong check of the program is that the curve J(c) must be independent of ¢
(see Fig.6-c. We pick the value of ¢ that minimizes the variance. Depending
on ¢, one has also to fix the range of value § where histogram h(é) are
computed. We have to restrict those calculations where some overlap is
expected. It is wasting computer time to sample h4 () for values of § where
hp(8) = 0. However, fixing a dmax introduces some boundary effect on the
histogram.

The figure 6 presents the analysis of runs A and B. The different curves
are for longer runs. We see convergence in each part of this figure. The top
figure represents J((3) where only data at time ¢ > 3 are kept. We can see
a plateau at § > [y, where (§y represents the exchange time. The middle
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Figure 6. Analysis of a run with respect to the run length (the different lines). top:
J(B) where only data at time ¢ > (3 are kept. middle: test of the boundaries of § on the
histograms (value should be 1). bottom: test that the results do not depend on c.

curves test that boundary effects do not affect the histograms of § (the
normal value should be 1).

6. Multi-exchange Hamiltonian

6.0.2. First layer results

Figure 7 shows the variations of the exchange energies versus the densities.
The 3-body exchange is dominant at all densities. The 2 and 4 body ex-
changes are similar at low density but differ at high density. This is reflected
by the power laws that fit the exchange energies versus the density:

J(p) = Je(po) (p—"o) (56)

The exponent for J3 is the smallest implying that J3 will be largest at
high density. (Three atoms can easily rotate their positions to exchange,
whileas two atoms bump into each other.) As a consequence, the solid is
ferromagnetic at high density. As the density is lowered, the 2- and 4-body
exchanges, which are comparable, become important and the solid eventu-
ally goes through a ferro/antiferro magnetic transition. Near the transition,
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Figure 7. First layer exchange frequencies versus the density.

the 5- and 6-body exchanges are also important (see ref. [14] for a detailed
description of this phase diagram).

At p = 7.85nm~2, a good agreement is found between the effective
Jo, extracted from specific heat measurments of D. Greywall and the one
deduced from PIMC results.

As we approach the domain wall transition at low density (p < 7Tnm 2),
even if small sample seems to be stable, the error bar gets bigger and the
data do not converge anymore with respect to S.

6.1. THE SECOND SOLID LAYER

The second layer calculations have a number of problems:

1. the densities of the second layer solid starts at 6.57nm 2. Right before
this density is the domain wall regime and right after atoms are pro-
moted to the third layer. Hence there is a very small density window,
where the second layer is a simple 2d crystal.

2. at this density the melting temperature of the solid is 0.8K, much
lower than in the first layer.

The first two points indicate that the simulations are at the edge of
the stability of the solid.

3. The density of the second layer is less than in the first layer, thus
most of the time is spent in sampling the first layer. This point can be
removed using a pseudo-potential to account for the graphite and the
first solid layer. We indeed verified that exchanges depend little on the
registration. This is in contradiction with Elser’s conjecture to explain
the anomalous behaviour of the specific heat[12].
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4. The attraction of the graphite is less efficient in the second layer. Dur-
ing the exchanges (run B), we see exchanging particles jumping to the
third layer. Such vacancies destabilize the solid.

5. The exchange time 3, increases to 0.6 K ~!. second layer unreliable.

Nevertheless, all data point to a regime which would be antiferro mag-
netic at this density. Also at the same density, exchanges are larger in
the second layer than in the first one. This is a direct consequence of
the confinment in the z-direction. More work has to be done on this
case.
Using high temperature expansions of the multi-exchange Hamiltonian,
Roger et al. fit the experimental data found for the magnetism of the
second layer[13]. Their exchange values lie near the frontier between
the ferromagnetic and the antiferromagnetic domain. For such coupling
the antiferro state is a spin liquid state which a gap that closes near
the transition[14].

7. Concluding remarks

In the first layer at densities higher than 7nm ™2 the exchange energies
are well converged and agree with experiments. At the highest densities
(p1 > 9nm~?), the 3-body exchange completely dominates. In the first
layer the solid is in the ferromagnetic phase. In the second layer exchanges
depend very little on their registration with respect to the first layer atoms.
As the density approaches the melting transition, other exchanges become
important and the spin system enter the anti-ferro magnetic domain.

8. Appendix A

Here we describe the importance sampling method used to choose which
path is worth trying to obtain the best estimation of < g., > where g, =
1/(14e~%%c0), for a given cg. The histogram of §; (free particle contribution
in §, Eq.52) is stored in Hy. The number of actual dy tried is stored in g4, (do).
For a given ¢y (i.e. for fixed end point R; and R2), multi-sampling leads to
a set of paths, each having different value of §. The sum of g.,(d) on those
paths is denoted gy,s. In g2(dp) is stored the sum of g2,,. Integrating over
do, one gets:

| Holdu) [ 2,

1
"= <1 + e—9+co > o fHo((So)d(SO

(57)

The multisampling to be done given a §y is %1/% where a depends

on run A or B. Thus we sample more often paths which get a chance to
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contribute to < g, >
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