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The penalty method for random walks with uncertain energies
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We generalize the Metropolist al. random walk algorithm to the situation where the energy is
noisy and can only be estimated. Two possible applications are for long range potentials and for
mixed gquantum-classical simulations. If the noise is normally distributed, we are able to modify the
acceptance probability by applying a penalty to the energy difference and thereby achieve exact
sampling even with very strong noise. When one has to estimate the variance we have an
approximate formula, good in the limit of a large humber of independent estimates. We argue that
the penalty method is nearly optimal. We also adapt an existing method by Kennedy and Kuti and
compare to the penalty method on a one-dimensional double welll989 American Institute of
Physics[S0021-960809)50920-3

I. INTRODUCTION Metropoliset al! made the choice for the acceptance prob-

. . ability,
As Metropoliset al. showed in 1953, Markov random

walks can be used to sample the Boltzmann distribution and ay(s—s’)=min[1,g(s'—s)], 3
thereby calculate thermodynamic properties of classical
many-body systems. The algorithm they introduced is one of’
the most important and pervasive numerical algorithms used 7(s)T(s' —5)
on computers because it is a general method of sampling q(s—S')=——7——
arbitrary highly-dimensional probability distributions. Since
then many extensions.have been develdpkdaddition to = exp(— (V(s') = V(s)/(KgT)). (4)
the sampling of classical systems, many quantum Monte
Carlo algorithms such as path integral Monte Can@ria- Here we are assuming for the sake of simplicity tfhés’
tional Monte Carld’ and lattice gauge Monte Carlo use a —S)=T(s—s’). The random walk does not simply proceed
genera"za‘[ion of the random walk a|gorithm_ dOthl”, thermal fluctuations can drive it Uph"l Moves that

In a Markov process, one changes the state of the systeldwer the potential energy are always accepted but moves
{s} randomly according to a fixedransition rule P(s that raise the potential energy are often accepted if the en-
—s'), thus generating a random walk through state spaceS’dy cost(relative tokgT=1/g) is small. Since asymptotic
{s0,51,Sz, . . .}. The transition probabilities often satisfy the convergence can be guaranteed, the main issue is whether
detailed balanceroperty(a sufficient but not necessary con- configuration space is explored thoroughly in a reasonable
dition). This means that the transition rate fremo s’ equals ~amount of computer time.

here

w(S)T(s—s')

the reverse rate, What we consider in this article is the common situation

where the energyy(s) needed to accept or reject moves, is
7(S)P(s—s')=m(s')P(s' —S). 1) it;elf yncertain. This can come about because of two related

situations:

Here = (s) is the desired equilibrium distribution which we (1) The energy may be expressed as an integvdk)

take for simplicity to be the classical Boltzmann distribution, = [dxv(Xx,s). If the integral has many dimensions, one

(s)xexp(—=V(s)/(ksT)), where T is the temperature and might need to perform the integral with another subsid-

V(s) is the energy. If the pair of function§m(s),P (s iary Monte Carlo calculation.

—s')} satisfy detailed balance and#(s—s’) is ergodic, (2) The energy may be expressed as a finite SMifs)

then the random walk will eventually converge to For =3} ,e(s), whereN is large enough that performing

more details see Refs. 5 and 6. the summation slows the calculation. It might be desir-

In the particular method introduced by Metropolis one  able for the sake of efficiency to sample only a few terms
ensures that the transition rule satisfies detailed balance by in the sum.
splitting it into ana priori sampling distribution Ts—s’) (a ) _ ] ]
probability distribution that can be directly sampled such as 4" Mixed quantum-classical simulation

uniform distribution about the current positjoand anac- First, consider the typical system in condensed matter
ceptance probability gs—s’) with Os<as<1. The overall physics and chemistry, composed of a number of classical
transition rate is nuclei and quantum electrons. In many cases the electrons
can be assumed to be in their ground state and to follow the
P(s—s')=T(s—s')a(s—s'). 2 nuclei adiabatically. To perform a simulation of this system,
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we need to accept or reject the nuclear moves based on tmeethod computes the total energy or force and in MC we
Born—Oppenheimer potential enerygo(s), defined as the need the change in potential as a single particle is moved.
eigenvalue of the electronic Scldiager equation with the The challenge is to come up with an ordsrMonte
nuclei fixed at positiors. In most applications, this potential Carlo method for charged systems. In the Ewald method, the
is approximated by a semiempirical potential typically in- potential is split into a short-range part and a long-range patrt,
volving sums over pair of particles. More recently, in the
Car—lgarrinello moIeF():uIar dypnamics methoone perfgrms a v(r)=vs(r)+v,(r). ®
molecular dynamics simulation of the ions simultaneous withThe short ranged part is a finite ranged and can be handled
a solution of the electronic quantum wave equation. To bavith neighbor tables, the long range part is usually expanded
feasible one uses a mean field approximation to the fulln a Fourier series, at least in periodic boundary conditions
many-body Schrmdinger equation using the local density and is bounded and slowly varying. We suggest that it is
functional approximation to density functional theory or apossible to estimate the value of(r) by sampling either
variant. Others have proposed coupling a nuclear Montgarticles at random, or terms in its Fourier expansion. The
Carlo random walk to a LDA calculatidhAlthough mean-  question that arises is how to compensate for the noise of the
field methods such as LDA are among the most accuratestimate inAV.
methods fast enough to be useful for large systems, they also In both of these examples one could simply ignore the
have known deficiencies. effect of fluctuations in the estimate aiV(s). If the errors

We would like to use a quantum Monte CaflQMC)  are small then clearly the sampled distribution will be
simulation to calculat®'zo(s) during the midst of a classical changed only a little. If the acceptance ratio as a function of
MC simulation(CMC).1° QMC methods, though not yet rig- AV(s) were a linear function there would be no bias, but
orous because of the fermion sign problem, are the modiecause it is nonlinear, fluctuations will bias the asymptotic
accurate methods useful for hundreds of electrons. But QM@istribution. In this paper we will make a conceptually
simulation will only give an estimate d0fgo(s) with some  simple generalization of Metropolis algorithm, by adjusting
statistical uncertainty. It is very time consuming to reducethe acceptance ratio formula so that the transition probabili-
the error to a negligible level. We would like to take into ties are unaffected by the fluctuations in the estimate of
account the statistical error without having to reduce it toAV(s). We end up with a completely rigorous formula in the
Zero. sense that if one averages long enough, one will get the exact

Note that we do not wish the new Monte Carlo proce-distribution, even if the noise level is large. The only as-
dure to introduce uncontrolled approximations because thgumption is that the individual energy estimates are indepen-
goal of coupling the CMC and QMC is a robust, accuratedently sampled from a normal distribution whose mean value
method. We need to control systematic errors. It has beeis AV(s). One complication is that the estimates of the vari-
noticed by Doll and Freemal,after studying a simple ex- ance ofAV(s) are also needed. We show how to treat that
ample, that CMC is robust with respect to noise but recom¢ase as well.
mend using small noise levels and small step sizes to mini-  Kennedy, Kuti, and Bhant'®introduced an algorithm
mize the systematic errors. However, this can degrade th@ith many of the same aims as the present work but for
overall efficiency. If we can tolerate higher noise levels with-computations in lattice gauge theory. We will describe their
out introducing systematic errors, the overall computer algomethod and compare it to the new method later in the paper.
rithm will run faster and more challenging physical systems
can be investigated, e.g., more electrons and lower tempera-

tures. Il. DETAILED BALANCE WITH UNCERTAINTY

From the two examples discussed above, let us suppose
B. Long-range potentials that when a move frons to s is made, an estimate of the
) ] ] _ difference in energy is available, which we denatés
In CMC with a pair potential, to compute the change in _, 5y (we often take units withsT=1 hereafted. By V(s)
energy when particli is moved to positiom , one needs to  \ye mean the true potential energy. leds—s') be a modi-

compute the sum fied acceptance probability; we assume that it depends only
N on the estimates of the energy difference. LeP(d;s
AV(r))=> [v(ri) —v(rg)]. (55 —s')dé be the probability for obtaining a valug Then the
=1

average acceptance ratio frasmo s’,

This is referred to as an ord&F algorithm since the com- w

puter effort to move all particles once is proportionaN®é. A(s—>s’)=f doP(8;s—s’)a(d). (7
If the interaction has a finite range, neighbor tabesill -

reduce this complexity to ordé\. However charged systems The detailed balance equation is

with Coulomb interactions are not amenable to this treat- V()T , ,

ment. Usually the Ewald image metr)lg)&is used tolhandle thé 8 T(s—s')A(s—s')

long-range potentials with a comple f orderN®2 The V(S VKT ot ,

fast multipole method? which scales asl for the Coulomb =e VENETT(s' ~9)A(s —s). ®
interaction is not applicable to Monte Carlo since thatDefining,
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A(s—s")=[V(s")=V(s)]/kgT—In[T(s' —s)/T(s—s')], A. Acceptance ratio
9 We first propose a measure of optimality of an accep-
we can rewrite the detailed balance equation as tance formula and relate that to a linear programming prob-
A(s—s')=e SA(s'—s). (10 lem. It is clear that Eq(11) can have multiple solutions; its

solution set is convex. For examplegifd) is a solution then
If the process to estimaté is symmetric ins ands’ then  soisha(d) for 0<A<1. Even in the noiseless case, several
P(6,s'—s)=P(— d,s—s’). Then detailed balance requires acceptance formulas have been suggested in the
. literature®1° To choose between various solutions we now
J déP(58;s—s")[a(d)—e “a(—8)]=0. (11)  discuss the efficiency of the Markov process, namely the
* computer time needed to calculate a property to a given ac-
In addition, we must have that<Oa(8)<1 sincea is a  curacy. Itis a difficult proble? to determine the efficiency
probability 1’ of a Markov chain but Peskéhhas shown that given two
The difficulty in using these formulas is that during the acceptance rules;(x) anday(x), if a;(A)=a,(A) for all
MC random walk, we do not know eith&(5;s—s’) orA.  A#0, then every property will be computed with a lower
Hence we must find a functiom( ) which satisfies Eq(11) variance using rule 1 vs rule 2. Hence the most efficient
for all P(6) andA. simulation will have the maximum value af Very roughly
To make progress we assume a particular form fowhat Peskun has shown is that it is always better to accept
P(8;s—s'). In many interesting cases, the noise of the enimoves, other considerations being equal.
ergy difference will be normally distributed. In fact the cen- ~ We propose to call aoptimal acceptance formula, one
tral limit theorem guarantees that the probability distributionwhere the average probability of moving is as large as pos-
of & will approach a normal distribution if the variance of the sible. LetW(5)d s be the probability density of attempting a
energy difference exists and one averages long enougRiove with a change in actiofi (W(6)=0). In our definition
Given that(8)=A, the probability of getting a particular an “optimal” formula will maximize
value of § is

P(8)=(20%m) Y2exp(— (86— A)?/(205?)). (12 &= f:dﬁ\N(ﬁ)(a(é)—aM(é))- (15

In this section only, we will assume that we know the value
of o, that onlyA is unknown. We will discuss relaxing this It is likely that the optimal functions are, to a large part,

assumption in Sec. IV. independent oW and so we seW(x)=1. We subtracted
In the case of a normal distribution with known varianceay(x), the Metropolis formula, so the integral would be con-
o we have found a very simple exact solution to Etfl), vergent. Note that for the solution for a normal distribution

_ . ap(8) we haveép=—d?/2.

ap(8;0)=min(Lexp— 5~ o?/2)). 13 In the noiseless case one can easily sHahat the Me-
The uncertainty in the action just causes a reduction in théropolis formula is optimal. Without uncertainty, E¢LO)
acceptance probability by an amount expf/2) for &  only couples values with the samél|; a(8)=e %a(— o).
>—¢?/2. We refer to the quantityy=0?/2 as the noise For each §>0, one needs to maximiz&V(s)a(s)+W
penalty Clearly, the formula reverts to the usual Metropolis (— 8)a(— ). This and the constraintfa(x)<1 leads to

formula when the noise vanishes. the solutiona(d) =1 if §<0.
To prove Eq.(13) satisfies Eq(10), one does the inte- We conjecture that the formula EL3) is nearly opti-
grals in Eq.(7) to obtain mal; one argument is based on an analysis of the large and

oA 5 ) small § limits, the other is numerical. First, consider moves
A(A)= z[e “erfoc(o/2—A)) +erfac(o2+A))], (14 which are definitively uphill or downhils?> 2. We expect

where erfcg) is the complimentary error function ancl downhill moves will always be accepted for an optimal func-
=11/252. tion, SOA(A)=1,; this is its maximum value. Then from Eg.
Below we apply Eq(13) to several simple problems and (10), A(A)=e™* for A>o. Now we must invert Eq(7). The
find that it indeed gives exact answers to statistical precisiorHnidue continuous  solution ig(8)=exp(~3&-0%2) for
The remainder of the paper concerns considerations of effi®>o. Hence, in the regiond>o the solution is optimal in

ciency, a comparison to other methods and the more difficufthe class of continuous fupct?oﬁ?s. ' '
problem of estimatings. Another approach to finding the optimal solution to Eq.

(11) is numerical. We wish to maximize E¢L5) subject to

equality constraints and the inequality constraints #ia})
. OPTIMALITY be a probability. This is an infinite _dimensional _Iinear_pr_o-

gramming(LP) problem, a well-studied problem in optimi-

The chief motivation for studying the effect of noise on zation theory for which there exist methods to determine the

a Markov process is for reasons of efficiency. If computerglobally optimal solution. To find such a solution, we repre-
time were not an issue, we could average enough to reducgnta(s) on a finite basis. We used a uniform grid in the
the noise level to an insignificant level. In this section we arrange—Yy to y and assumed that outside the ramsgé) had
concerned with the question of how to optimize the accepthe asymptotic form derived above. The discrete version of
tance formula and the noise level. Eqg. (7) is Aj=2Kj;a;+¢;, wherec; represents the contri-
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FIG. 1. The optimal acceptance formula computed using the linear programf!G- 2. The logarithm of the acceptance ratio as a functiomdfor the
ming method(solid line) and using the penalty methddotted ling. Both  double well potential. The dashed line is proportional to expY(2) and the
are foro=1. The accuracy of the LP solution is better than 1 part in°.0  dotted line to expt 0”/8).

bution coming from| §|>y and Kij=P(d;;4;) for the sim-  low acceptance ratio, reducing the overall efficiency of the
plest quadrature. The problem is to find a solution maximiz-simulation. We should picle to minimize the variance of
ing X;a; subject to the inequalities; ©a<1 and the some property with the total computer time fixed. The com-

equalities, puter time can be written aB=m(nt+ty), wheret is the
time for an elementary evaluation of a given energy differ-
2 [Kij—e XK _jlay=e %ic_;—¢;. (16)  ence,n is the number of evaluations & before an accep-
|

tance is triedm is the total number of steps of the random

Figure 1 shows the LP solution, for=1 compared with walk andtg is the CPU time in the noiseless part of the code.
ap(5). Note that it is not a continuous function, but for the But the error in any property converges esc(a)m™ 2,
most part consists of regions with=1 alternating with re- wherec is some function otr and the noise level converges
gions witha,; = 0. The LP solution is a very accurate solution 8 o=dn~*% whered is some constant. Eliminating the
to the problem posed, with errors of less tharr 10The Variablesmandn, we write the MC inefficiency,
discontinuous nature of the LP solution is to be expected ;~1-Te2=t,c(o)qfo 2+1]. (17)
since the solution must lie on the vertices of the feasible 5 ] ] )
region, determined by the equalities and inequalities. To obttere f=dt/to, the relative noise parameter, is the CPU
tain the solution to this difficult ill-conditioned problem, we time needed to reduce the variance of the energy difference
discretized the values @ on a grid with spacing 0.01. How- 'elative to the CPU time used in the noiseless part of the
ever we only demanded that EQL0) be satisfied on a grid code; f_orf<1 noise is unlmportarjt, for>1 computanon_of
A with a spacing of 0.2. This implies that there were 40the noisy energy difference dominates the computer time.
times as many degrees of freedom as equality constraints and 1 © demonstrate how important this optimization step is,

thus most variables were free to reach the extreme values $f€ consider a one-dimensional double well with a potential
0and 1. given by

The optimal LP function has a slightly larger value of kgTV(s)=a;s°+a,s”. (18)
& roughly abouté p~—0.452 vs the value fora, of
ép=—0.502. As far as we can determine, the LP solutions i i < )
survive in the limitdr—0 and are slightly more optimal and the hzlght of_the cz:entral é)aea_kmO)/wM)—O.l,dwhlch_
thanap. However, given the inconvenience of determining?omESpon 'S ta,=—0. .?8 an 2_9'0091 P:Ne used a unk-
and programming the LP solutions, and the very limited ©'™ transition prObal?' ity {(s—s")) with @ maximum
improvement in¢, we see litle reasdn to prefer such 'MOVe step of 0.5. This means overcoming the barrier re-
solutions. When we added a factor to penalize discontinuitie§"'"S _“?“'“p'e steps, typical of an apphcatl(_)n_ which has a
in a(s) to the objective function proportional t&;(a, probability density with several competing minima. To mea-

—a,_,)? (this makes it a quadratic programming probjem sure the (ifficiency, we computgd the error on the average
then the solution converged o( 5) value of(s¥) on Markov chains with 10steps. We examined

values of noise in the rangesr<6. We also calculated the
density and compared to the exact values obtained by deter-
ministic integration. Shown in Fig. 2 is the acceptance ratio

Now let us consider how to optimize the noise lewel vs 0. We see that it decreases to zero rapidly at large noise
An energy difference with a large noise level can be comievels. The dotted line fexf —d?/8]) is the asymptotic
puted quickly, but because of the penalty in EtB) it has a  form for largeo.

We picked parameters such the two minima ares-at-4

B. Noise level
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I(s)

FIG. 3. The density as computed using the Metropolis fornddted line,
the direct penaltydashed ling and the Bessel penalty witi= 16 (solid 10—
line). In all cases the noise level was=2. I

Figure 3 shows an example of the density obtained when
the noise in the energy was=2. It is seen that ignoring the
noise leads to a much smoother density than the exact result.
Using the acceptance formubs(5) we recover the exact 8
result within statistical errors. I

Figure 4 shows the inefficiencyrelative to its value I
when the noise is switched 9ffs o andf. In general, as the 7y
difficulty of reducing the nois¢as measured bf) increases, I
the calculation becomes less efficient, and the optimal value |
of o increases. The two panels show the efficiency of com- 2L
puting(s) and(s?); the behavior of the error is quite differ-

¢t

ent for even and odd moments ebecause the error in the (b) © e e—
first moment is sensitive to the rate at which the walk passes ‘

over the barrier, while the second is not. The flat behavior akiG. 4. The relative inefficiency of penalty MC as a functioncofind the
large noise level of the first moment occurs because the noigwise levelf. From bottom to top the values bfare 0.5, 1, 2, 4. The solid

e s _ lines are assuming the noise is known, the dashed lines are using the Bessel
aCtua”y helps passage over the barrier; fior3 a finite op formula with n=64 independent evaluation®) is the first moment(b) is

timal value ofo ceases to exist. the second moment.
On this example, we find that(o)=expd?) with

a~0.09 for even moments an#~0.025 for odd moments.

With this assumption the optimal value of the noise level

equals lar transition: 6—s'); we cannot assume it is independent
of the configuration of the walk. Precise estimates of vari-
o*?=(f12)[J1+2/(fa)—1]. (19 ance of the energy difference are even more difficult to ob-

Although this formula is approximatébecause of the as- tain than of energy difference itself since the error is the
Sumption OnC(O')) it does give reasonable values for the second moment of the noise and will fluctuate more. In Flg
optimal o. (3) is shown the effect on the double well example of using

As this example demonstrates, it is much more efficien@n estimate of the variance in the penalty formula instead of
to perform a simulation at large noise levels. One carihe true variance. The systematic error arises because the
quickly try very many moves even if most of them get re- acceptance rate formula is a nonlinear function of the vari-
jected instead of just a few ones where the energy differencance. We will see that we must add an additional penalty for
has been accurately computed. However, there are practic@ftimating the variance from the data.

problems with using large- as will be discussed next. Let us suppose we generatestimates of the change in
action,{y4, . .. .yn} Where eacly, is assumed to be an in-

IV. UNCERTAIN ENERGY AND VARIANCE dependent normal variate with mean and variance,
Unfortunately there is a serious complication; the vari- (yi)=4, (20)
ance needed in the noise penalty is also unknown. Both the AN\ 2
) : . . {((yi—A)*y=no". (21
change in energy and its variance need to be estimated from
the data. The variance in general will depend on the particutnbiasedestimatesof A and o are
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Einzlyi 8x104 ————————————————————
o= — (22
2La(yi—9)?
2_ i=1\Ji | |
n(n-1) (23) el ]

By construction{s)=A and(x?)= 2.
The joint probability distribution function of and y? is
the product of a normal distribution for the mean and a chi-

A+log(A(8)/A(-4))

squared distribution for the variance, 1o |- i
P(8,x%A,0)=P(86—A,0)P,_1(x?0), (24)

whereP(56—A, o) is given in Eq.(12) and
Po1(x%0) =cox"Se 1" (25

with u=(n—1)/2 and

5 FIG. 5. The log of the detailed balance ratio Asising the Bessel penalty
. (ul o) in Eq. (32) with n=128 points to estimate the variance. From top to bottom

Ch= F(,U«) : (26) the curves are with noise levels 6=2,1.8,1.6,1.4, and 1.2.

The generalization from the previous section is straight-
forward. The acceptance probability can only depend on the )
estimatorss and y2. The average acceptance probability is The “Bessel” acceptance formula is

A(A,0)= f Cas f:dxzma, CAoad). (20 a5( 8, x%N) = min(Lexi — 5 ug)). (32

The first termy?/2, is the penalty in the case where we
know the variance. The error in the error causes an additional
A(A,o)=exp—A)A(—-A,0) (28)  penalty equal, in lowest order, tg*/(4n). This asymptotic

for all values ofA and ¢=0. We have two parameters to 10rm should only be used for small values gfsince the

estimate and average over instead of one and a twdXPansion is not convergent for=1/4. In Fig. 5 we show
dimensional homogeneous integral equationds, y2). errors in the detailed balance ratio as a functiodaind o

In the limit of enough independent evaluations we re-for N=128. It is seen that the errors are small but rapidly
cover the one parameter equation since,limP, 1(x2) increasing as a function af. We find that the maximum
= 8(x?— 02) and the equations for differents decouple. relative error in the detailed balance ratio approximately
Asymptotic solution.We can do the same type of equal to 0.1%°. Good MC work will have the error less than
analysis at largéA| as we did wherr was known. A move 102 requiring 7<<0.1. Very accurate MC work with errors
is deflnltely Uphl“ or downhill if 52>X2' Assume there ex- of less that 104 requireS a rat|07<002 This is a limitation
ists a solution withA(A,0)=1 for A<—o. ThenA(A,o)  ©On the noise level.

=exp(A) for A>c. Assume this solution can be expanded As an example, we have calculated the deviation of the
in a power series in?, a(d,x2) = Effobk)(%e_ 5 Explicitly ~ €nergy from its exact value for the double well potential. The

performing the integrals we obtain results for the relative error in the energy are shown in Fig. 6
for several values ofi ando. As we expect, the error in the
energy depends only opand is proportional ta;?. We also
see that the estimates of limits on the noise level given above
are correct. There is a dip at=64 for »~0.5, beyond the
region where the Bessel expansion is convergent.
Figure 4 shows the effect on the efficiency of the addi-
(n—1)12 tional noise penalty. While the effect on the even moments is
Ju1(xV2wr).  (30)  small, the efficiency of the first moment dramatically in-
creases for noise levets>2, perhaps because rejections for

This function is positive fo2<n/4. For larger values of2  large dispersions of the energy differences cause difficulty in
either the assumption @&(A,o)=1 is wrong or no smooth ¢rossing the barrier. The efficiency becomes more sensitive

solution exists. oo .
Taking the logarithm of the power series expansion, we ~ We have not found an exact solution for Eg8). From

obtain a convenient asymptotic form for the penalty in pow-numerical searches it is clear that much more accurate solu-
ers of p=x2/n, tions exist than the asymptotic form. We have found such

piecewise exponential forms. But the Bessel formula is a
2 4 6 . L. . .
X X X (31) practical way of achieving detailed balance if one can gen-
erate enough independent normally distributed data.

Detailed balance requires

exp(— a2/2)= ; Cabi I (4 K) (02 )k, (29)

Matching terms in powers o> we obtainb, . The expan-
sion can be summed to obtain a Bessel function,

a(6,x*)=T(ne | —;
X

Ys= 2 T 4n+1) " 3n+1y(n+3)
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o T A viations of the energy difference from the exact value are
F -, nonexistent or exponentially rare, perhaps by bounding the
¥ ] energy error.

102 | /
/g% é ]
i e ] VI. COMPARISON WITH OTHER METHODS
,? ] A. Method of Kennedy, Kuti, and Bhanot

3 ] Kennedy, Kuti, and Bhantt!® (KKB) have introduced

% ] a noisy MC algorithm for lattice gauge theory. We adapted
. T that method for the present application by using energy dif-
10| ; 3 ferences with respect to an approximate potentidk), that

i s can be determined quickly and exactly. Proposed moves are
s/ 1 “prerejected” usingw(s) and then the more expensive com-
7 ] putation of an estimate af(s) is done. Let us suppose that
103 o1 — — " the deviation between these potentials can be bounded;
max ow(s)— dv(s)|<e for somee. We determine an unbiased

FIG. 6. The relative error in the energy for a double well potentiahvisr ~ €stimate of the ratig needed in Eq(4) by using the power
several values of. The circles are fon=28, the diamonds are far=16, series expansion,

the squares are for=32, and the triangles are for=64. The dashed line
has a slope of 2.

102

Energy Error

q(s—s')=e %= ZO (= &)"n! (36)

where §(s—s')=v(s") —w(s') —v(s)+w(s). With a pre-
defined probability we sample terms in the power series up

We have assumed thatis normally distributed. In the to ordern and obtain an estimate df this is a variant of the
case the noise is independent of position but otherwise con¥.0n Neumann—Ulam method We finally accept the move
pletely general, we can perform the asymptotic analysis. Ley/ith probability

V. DEVIATIONS FROM A NORMAL DISTRIBUTION

us assume that a=(1+q)/(2+e). (37)
B For an appropriate choice of parametexss in the range 0
A(A)_f dsP(6-A)a(d) (33 <a<1 most of the time. The revised KKB method is given

- , by the following pseudocode:
and thatA(A) =1 for sufficiently negative values . Then

. . . . ! !
for large values ofA the unique continuous solution is Samples’ from T(s—s")

If (exp[—w(s')+w(s)]<random number(prn)) then
reject move

The penaltyu has an expansion in terms of the cumulants ofelse

a(d)=exp(—dé—u). (34

P((S)! qO:t():l
s don=1
- /nt=—1 dxP(x)e*|. 35 Pn=min(y/n.1)
! n:z%,... “n/N n( f—m xP(x)e ) 39 if (p,< prn) exit loop

samplex,=—v(s')+w(s')+v(s) —w(s)
th=t,_1Xn/(NpPy,)
On=0n-1ttn

end do

The odd cumulants vanish becauBéx)=P(—x). For the
normal distribution this reduces to E@L3) and the penalty
form is exact. The contribution of higher order cumulants
could be either positive or negative leading to positive or
negative penalties.

Equation (35) illustrates a limitation of the penalty In this procedurey>0 is a parameter which controls the
method; one can not allow the energy difference to have aumber of terms sampled. For<1 the average number of
long tail of large values. It is important that the energy dif- evaluations ofx per step isn,(e”—1), wheren, is the ac-
ference be bounded because a penalty can be defined onlycéptance ratio of the preliminary rejection step. Each sample
lim,_..e*P(x) =0 so the integral will exist. Suppose the en- of x must be uncorrelated with previous samples. éAs0,
ergy difference in Eq(5) is a sum of an inverse power of the one recovers the Metropolis algorithm. The sampling distri-
distances to the other particles=21-r]-‘m and thatr is  bution, y, and € have to be fixed to ensure thatis in the
sampled uniformly. Then we fin@in three dimensionsthat interval[0,1] almost all of the time. Violations for which
at large 5, P(8)=6 3™ For any positive value ofn the <O put a limit on the size of the noise and the size of the
higher order cumulants and the penalty will not exist eversampling step, whilee can be made arbitrarily large to re-
though the mean and variance éfexist under the weaker move violations wher@>1. This will, however, affect the
condition,m<3/2. We must arrange things so that large de-efficiency. A recent preprift proposed to solve the problem

if [(1+4q,)/(2+ €)>prn] then accept move.
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TABLE |. Computed MC inefficiencies for the modified KKB method and method. To be efficient at large valuesfofarger values of

the penalty methodn is the average number of function evaluations per o must be used. and there the KKB method is less efficient.
step. The Bessel penalty method uses 32 data points and a transition step'&{ ! . .

0.45. small values of, the last term in Eq(17) dominates, and
the lesser number of function evaluations yields no advan-

tage for the KKB method.

c(o) KKB parameters . .
- « 2 y B n The KKB method requires taking enough samples to
" lower the noise to an acceptable value. In contrast, the pen-
KKB, w(s)=a,s alty method requires taking enough samples to ensure the
0.0 273 154 L1o7 6.0 1.49 distribution is normal. Also, for this problem, the penalt
0.1 270 152 11 6.0 1.52 : ' : probiem, P Yy
0.2 275 151 1.2 6.0 1.61 method could have an even higher efficiency because it
0.3 282 155 1.2 6.0 1.82 could use larger sampling steps sidéise maximum KKB
0.4 270 145 21 4.9 2.74 sampling step size depends on the quality of the approximate
KKB, w(s) = a,s2+ a,s* function, w). The advantage of the KKB method is that it
0.1 212 92 0.20 20 0.20 makes no assumptions about the normalcy of the noise; the
0.2 209 89 0.59 1.8 0.59 disadvantage is that one cannot guarantee dhit in the
0.3 221 98 0.75 2.3 1.02 range[0,1]. Knowledge that the noise is normally distributed
04 215 98 1.35 21 193 allows one to use a much more efficient method.
Penalty
0.0 175 7 B. Reweighting
0.1 174 78
0.2 184 76 Another alternative noisy MC method is to combine the
8'431 i?g ;g stochastic evaluation of an exponential with the reweighting

method. One can perform a simulation witljs), generating
a random walKs;}. Then an exact average can be generated
by reweighting,

of violating the constraints on the acceptance probabilities by (O)= 2i0(s)Q
introducing negative signs into the estimators. We have not Qi

explored this possibility. , where Q; exp(—(v(s)—W(s))/ksT). As discussed above an
We made a comparison to the aenalty method with the,gtimate ofQ, can be generated with the von Neumann—

double well potential, using/(s) =a,s" as the approximaté \j;am procedure by stochastically summing the power series

potential.(It confines the random walk but does not have theexpansion of the exponential. In this case we do not care

B . B 4 -
central barriep. For a violation level of 10%, the maximum  hether the exponential is between 0 and 1, only its variance
noise wass=0.4. This is a much smaller noise level than is;

- 3 - ; .. Yis important. The difficulty is that the exponent of the weight
optimal in the penalty method. For this noise, a transition-reases linearly with the size of the system, i(éu(s)
step of 0.45 was optimal. To optimizgand ¢, we first ad-

. : ) o —w(s))?)=N. Hence the variance &) will increase ex-
justedy until the half the deswed number violations Occgrredponentially with the size of the system. This method is only
for a<0. Then we adjusted until the total number of vio-

, X : appropriate for small systems, but no assumptions are made
lations equaled 10%. The errors in the first and second MO- ahout the distribution of (s)—w(s). The advantage of in-

ments are give_n in Table I_’ along with the parameters_ used IEIuding the noise in the random walk rather than reweighting
the KKB algorithm. We find that the KKB method is 2.3 4 \isited states is that one works with energy differences

times slower for the first moment and 3.5 times slower forg .y anq it is possible to make the fluctuations of differences
the second moment than the penalty mettrod at the same independent of the size of the system.

noise level, with the same transition step size and computing

the variance WI'[I’T.1.=32 pointg. This comparison was done VII. CONCLUSION

assumingf is sufficiently small that we do not have to take

into account the multiple evaluations of the energy differ-  We have shown a small modification of the usual ran-

ences. Taking that into account would raise the inefficiencydom walk method by applying a penalty to the energy dif-

of the KKB method by another factor of 2.74, the averageference can compensate for noise in the computation of the

number of function evaluations. energy difference. If the noise is normally distributed with a
We also tested the KKB method withi(s)=wv(s) (i.e.,  known variance, the compensation is exact. If one estimates

the argument of the exponential was only npisEhe data the variance fromn data points, we show that it suffices to

for this case is also given in Table I. The maximum value ofhave y?<0.1n and apply an additional penalty. On a double

allowable noise was stilb=0.4. For 0<0.2, the average well potential we found that the optimal noise level is typi-

number of function evaluations was less than one, makingally kgT<o<3kgT.

the method more efficient than the penalty method, for a  The penalty method utilizes the power of Monte Carlo;

fixed noise level. For the first moment, KKB was 3.4 timesone can choose the transition rules to obey detailed balance

more efficient forc=0.1 and 1.3 times more efficient for and to optimize convergence and use only well-controlled

0=0.2. However, if we consider optimizing as in Sec. approximations. We can generalize to other noise distribu-

1B, the KKB method is less efficient than the penalty tions by using numerical solutions to the detailed balance

(38
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