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Simulation of Flux Lines with Columnar Pins: Bose Glass and Entangled Liquids
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Using path integral Monte Carlo we simulate a 3D system of up to 1000 magnetic flux lines by
mapping it onto interacting bosons in �2 1 1�D. With increasing temperatures we find first order melting
from an ordered solid to an entangled liquid signaled by a finite entropy jump and sharp discontinuities
of the defect density and the structure factor S�G�. For a particular density of strong columnar pins the
crystal is transformed into a Bose glass phase with patches of crystalline order disrupted by the trapped
vortices at the pinning sites but with no overall positional or orientational order. This glassy phase melts
into a defected entangled liquid through a continuous transition.

DOI: 10.1103/PhysRevLett.86.4092 PACS numbers: 74.20.–z, 74.60.–w
The seminal paper of Abrikosov in 1957 [1] showed,
within a mean field calculation, that for fields below
a critical field Hc2�T � a type-II superconductor allows
magnetic flux to penetrate in the form of a triangular
array of vortices each carrying a unit flux quantum
f0 � hc�2e. This picture is modified considerably in the
case of high Tc cuprates which are quasi-two-dimensional
and have high transition temperatures [2]. The most
dramatic consequence of the enhanced thermal fluctua-
tions on the Abrikosov lattice is its melting into a vortex
liquid by a first order transition as indicated in resistivity,
neutron scattering, specific heat, SQUID magnetometry,
and local Hall probe [3] measurements. Peak effect [4]
measurements on NbSe2 also found a reentrant phase
diagram in the H-T plane [5,6]. Theoretical calculations
have primarily been confined to density functional ap-
proaches on the layered system of pancake vortices [7]
valid for BSCCO, lattice simulations of frustrated 3D XY
models [8], Monte Carlo or Langevin dynamics of the
vortices [9], and determination of the melting line using
Lindemann criterion [10]. Simulations of vortices, treated
as line or polymerlike objects, have been done using an
analogy with interacting bosons [5] by variational and
path integral techniques [6,11].

The effect of pins on the structure and dynamics of the
vortex lattice adds another dimension to vortex behavior.
The original work of Larkin and Ovchinnikov [12] pre-
dicted that, for d , 4, point pins destroy the long range
order of the vortex lattice and break it up into small or-
dered coherence volumes. From the point of view of prac-
tical applications where the aim is to minimize the motion
of vortices in order to reduce dissipation, it is found that
columnar pins along the vortex direction are extremely ef-
fective in pinning vortices [13]. There have been very few
simulations attempting to study the phases and phase tran-
sitions in the presence of columnar pins. The ones based
on 3D XY models assume an underlying numerical grid
which affects the vortex structures for the small system
sizes that have been studied [8,14].
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With this motivation, in this Letter we present the first
simulations of the structure and thermodynamics of up to
1000 vortices with and without strong columnar pins using
a continuum path integral quantum Monte Carlo (PIMC)
simulation of the corresponding interacting bosons in �2 1

1�D. There is no bias of a superimposed lattice and no prior
input of the nature of wave functions or the type of the
transition. We extend previous simulations [11] to include
columnar pins on considerably larger lattices.

Our main findings are as follows: In the pure system, we
find a triangular lattice phase at low temperatures T which
melts into an entangled liquid phase at higher T by a first
order transition with a finite entropy jump. The defect den-
sity and structure factor at the first reciprocal lattice vector,
S�G�, also show sharp discontinuities at the transition. In
the solid phase, S�G� � O �N� and drops sharply to O �1�
in the liquid phase. In the presence of 10% columnar pins,
the vortex lattice transforms into a Bose glass phase at low
T . The Bose glass consists of patches of ordered regions
with only short range positional and orientational order.
This phase is qualitatively different from the Bragg glass
phase with point pins [15]. With increasing temperature,
there is a transition from a Bose glass to an entangled ‘de-
fected liquid’ which is considerably smeared.

Consider a system of N flux lines in 3D character-
ized by a bending energy ẽ1 � �f0��4pl��2 [16] where
l is the London penetration depth. The intervortex in-
teraction is approximated as V �rij� � e0K0�rij�l�, where
e0 � f

2
0��8p2l2� is the scale of the inter-vortex poten-

tial, K0 is the modified Bessel function of the first kind,
and ri�z�’s are the 2D position vectors of the flux lines
in a plane perpendicular to their length at a height z.
K0�r� � 2ln�r� for high vortex densities [11].

The partition function of flux lines is mapped onto the
Feynman paths of bosons [5] described by

H � 2L2
NX

i�1

=2
i 1

X

i,j

K0�rij� . (1)

The bosonic path integrals are in two spatial dimensions
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and one imaginary time direction, the latter being equiva-
lent to the thickness of the sample along the direction of
the magnetic field. All lengths are measured in units of
l and energies are measured in units of e0. The dimen-
sionless de Boer parameter L � kBT��2ẽ1l2e0�1�2 is a
measure of quantum fluctuations (the relative strength of
the kinetic energy vs the interaction energy) of the boson
system or, equivalently, a measure of temperature T in the
vortex system.

Once the mapping is established, we do a PIMC simu-
lation [17] of interacting bosons at an inverse boson tem-
perature b � 1�Tb [18]. Periodic boundary conditions are
used in all directions and permutations between bosons are
included [19]. If Tb , L2r, where r � Nl2��area� is the
dimensionless density of the bosons, exchanges between
particles are possible and can generate entangled vortex
lines. We choose a density r � 0.02 on the lower part of
the reentrant melting curve [6] and therefore retain the full
K0�r� form of the potential.

In Fig. 1(a) we show the structure of 1000 vortices
at low temperature L � 0.045, where the vortex system
shows a beautiful triangular lattice with small excursions
of the vortex lines about their equilibrium positions seen
in Fig. 2(a). For L . 0.064 the vortices melt into an
entangled liquid as seen from the actual configurations of
the vortex lines in Fig. 2(b). Concomitantly, the superfluid
density rs of the corresponding boson system jumps from
zero in the solid phase to a finite value in the liquid phase.

FIG. 1. Time averaged locations of 1000 vortices at L �
0.045 on a slice perpendicular to the z direction and then
averaged over many slices along the thickness of the vortex
system; dark regions surrounded by white boundaries represent
higher vortex density. (a) Triangular lattice of vortices in
the pure system. (b) Frozen Bose glass phase with 10%
strong columnar pins for one realization of disorder. A
vortex, with a delta function density distribution, is trapped
at the center of a pin (not shown). The relatively extended
dark regions are the regions of reduced vortex density from
which other vortices are repelled by the trapped vortices. See
http://theory.tifr.res.in/~ntrivedi for Figs. 1 and 2 in color.
The entanglement correlation length [5], which is the
typical length along the z direction over which vortex
lines cross, is on the order of the sample size in the solid
and drops to �4a0 in the liquid phase, where a0 is the
planar lattice constant.

The degree of positional order is quantified by the struc-
ture factor S�k � G� at the first reciprocal lattice vector
of the triangular lattice. As seen in Fig. 3, with increasing
temperature there is a sharp transition from a crystalline
to a liquid phase at Lm � 0.064 or at rs � PE�KE �
1�L2

m � 244, PE and KE are potential and kinetic ener-
gies, respectively. In a temperature-driven first order tran-
sition, the free energy is continuous across the transition
but the internal energy and entropy are discontinuous. In
the corresponding mapped boson problem at Tb � 0, the
total energy is continuous but there are sharp jumps in the
PE and KE between L � 0.062 and 0.064. The melt-
ing transition is located by the intersection of the poly-
nomial fits to the energy in the liquid and solid phases at
Lm � 0.064, in reasonable agreement with Ref. [6].

In the crystal, S�k� shows Bragg peaks with S�G� �
O �N�, where N is the number of vortices, while, above
Lm, S�k� is liquidlike with S�G� � O �1�. By fitting
the structure factor data to the form S�G� � 1 1 �N 2

1� exp�2G2�u2	� for a finite system we have calculated the
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FIG. 2. A snapshot of vortex positions on the top layer (shown
as thick dots) and the projections onto the top layer of the vortex
line (the wiggly lines). Only a portion of the 1000 vortex sys-
tems is shown for clarity. (a) For L � 0.045 in the solid phase
there are very small excursions of the vortex lines. (b) For
L � 0.065 just above the melting transition in the clean system
the vortex lines are in a highly entangled liquid phase and the
vortex density upon averaging is uniform. (c) For L � 0.065
with 10% pins the system is also melted into a defected en-
tangled liquid. In the portion shown there are three pins, each
trapping one vortex (isolated thick dots), which excludes other
vortices around it.
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FIG. 3. The structure factor S�k � G� at the first reciprocal
lattice vector of the triangular lattice as a function of L for
100 vortices at a density r � 0.02. The clean system shows
a transition from a crystalline to a liquid phase at L � 0.064.
With 10% columnar pins, the degree of translational order in the
Bose glass phase is considerably reduced.

Lindemann number cL � �u2	1�2�a0 � 0.24 at the transi-
tion just within the solid phase, in good agreement with
other papers [2], where �u2	 is the mean squared displace-
ment of the particles from their lattice positions [20]. The
entropy jump per vortex per layer at the melting transition
for a density r � 0.02 (or, equivalently, a field B � 20 G)
is found to be ds � 0.01kB for the parameters of YBCO,
after including the T dependence of the parameters [21].

In addition to the positional correlations, the orienta-
tional order for 6-fold symmetry is described by C6�ri� �
�1�6�

P
j ei6uij , where the sum over j runs over all the near-

est neighbors of i in a triangulation picture, and uij is the
angle the bond between particles at ri and rj makes with
an arbitrary reference axis. The orientational correlation
function defined as g6�r� � �C6�r�C�

6�0�	 also shows long
range order in the clean system at low T . We find that the
correlation lengths for positional and orientational order
can reliably be extracted only from data on large system
sizes of �1000 vortices, and we find that both types of or-
der vanish simultaneously at Lm and there is no evidence
for a hexatic phase [8(c),9(b)].

A measure of imperfections in the triangular arrange-
ment of the flux lines is the number of topologically
defected non-6-fold coordinated sites in the Delaunay
triangulation [22] of imaginary time slices of the system.
In the solid phase, five and seven coordinated sites occur
in quadruples, and their density is small in the clean
system. There is a sharp jump in the defect density
across the melting transition (Fig. 4), and isolated 5- and
7-fold defects appear in the liquid phase, confirming the
nonexistence of a hexatic phase with isolated 5–7 pairs.

Effect of columnar pins.— In the boson picture,
randomly placed potential wells are correlated in the
imaginary-time direction and correspond to columnar pins
for the vortices. We model a columnar pin as an attractive
delta function which traps a vortex all along its length.
In the boson picture the trapped vortex corresponds to a
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FIG. 4. Fraction of non-6-fold coordinated sites in the clean
and pinned systems. In the clean system the defect density
shows a sharp jump across the transition at L � 0.064. In the
presence of pins, the topological defect density is higher in the
solid and the transition is smoothed out.

fixed classic particle. Our simulations provide the first
detailed description of the structure and properties of the
vortex phase with columnar pins, the so-called Bose glass
phase [5,23]. In Fig. 1(b) we show the configuration
of the 1000 vortex system at L � 0.045 with 10% of
the vortices, those trapped by columnar pins, held fixed.
The pins are found to disrupt order and break up the
lattice into crystalline patches. However, as the pins are
randomly located, the different patch orientations are not
commensurate, which frustrates the translational and the
orientational order of the lattice. Columnar pins dramati-
cally reduce S�G� from about 250 in the pure 1000 vortex
system to about 6 in the presence of pins at L � 0.045
in the Bose glass phase [Fig. 5(a)]. In addition, S�k�
has a jagged peak, with shoulders and split peaks, which
are characteristic of glasses. The Bose glass is rather
different from a structural glass or a frozen liquid which
has a peak height of S�G� 
 1.5. At higher temperatures
the Bose glass melts into a defected liquid phase where
the unpinned vortices are entangled [Fig. 2(c)]. In the
parameter region investigated, we do not find any evidence
for a disentangled liquid either with or without pins. Our
results agree with experiments [24] showing the formation
of a Bose glass in the presence of a small density of
columnar pins which moves the lower critical point on the
melting line to a higher field.

The topological defects generated by the columnar pins
in the vortex lattice destroy the positional and orientational
order within a few lattice spacings [Fig. 5(b)], in contrast
to a Bragg glass [15] in the presence of weak point pins
which retains long range orientational order and algebraic
positional order.

Columnar pinning has a marked effect on the first or-
der melting transition. The kinetic and potential energies
vary smoothly through the transition. The sharp drop in
S�G� in Fig. 3 also disappears. The sharp jump in defect
density is replaced by a much smoother increase through
the transition as seen in Fig. 4. The local variations in the
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FIG. 5. A 1000 vortex system with 10% columnar pins at
L � 0.045 in the Bose glass phase. (a) The structure factor
S�k� vs k showing a much reduced peak from about 250 in the
crystal to �6 in the Bose glass phase; but higher than in the liq-
uid with peak height 1.5. (b) The radial positional distribution
function g�r� and the orientational correlation function g6�r�.
An envelope of the form exp�r�j� can be fit to both g�r� and
g6�r� with j � 13l and 15l, respectively. For the r � 0.02,
the lattice constant a0 � 7.6l so the decay length of the corre-
lations is �2a0 in the Bose glass phase.

melting temperature caused by the quenched random po-
tential below a certain critical dimension can cause a sharp
first order transition to get rounded off in the presence of
quenched randomness [25]. It is possible, that at lower pin
densities, the first order jumps in various quantities per-
sist with reduced magnitudes. Further simulations are in
progress to study the evolution of the sharp first order tran-
sition with increasing defect density.
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