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Path integral Monte Carlo is an exact simulation method for calculating thermodynamic properties
of bosonic systems. Properties such as superfluidity and bose condensation are directly related to
multiparticle exchange cycles of individual particle paths. Such calculations of bosonic systems in
confined geometries, such as helium and hydrogen on surfaces and in droplets are reviewed.
© 2001 American Institute of Physic§DOI: 10.1063/1.1418443

I. INTRODUCTION time” t which is in the range &t=< g with 8=(kgT) 1. An
. . . . example of such a path is shown in Fig. 1. For computational
Path integral computation allows one to investigate L . .

purposes it is advantageous to work with discrete paths

many-body quantum systems without significant approxmahd,Rz’ ... Ry whereM is the number of time slices and

tions, at least as concerns static properties. The methods apd . o T
) e time step isr= B/M. The patrtition function is given by
computers are now powerful enough that such calculations

can be done with nearly the same ease as using the molecular

dynamics and Monte Carlo to investigate classical systems. Z=f dRdR, . . .dRye SRV (2.2

In this article we summarize some of the applications of the

path integral Monte CarlPIMC) methods on superfluids in \where §[R(t)] is the action of a given pattR(t). The inte-
confined geometries and Bose—Einstein condenséBi€)  gral has the formal structure of a classical-like partition func-

of very dilute atomic gases. _ tion if we interpret R(t)] as proportional to the classical
We do not review in detail the path integral Monte Carlo potential energy of a path. As the number of linisgets
method since one of us has done that a few years &gw-  |arge, we can write down explicit approximations for the

ever, that review was focused on the theory and computatiofpction.” The simplest is the primitive form
of bulk helium, particularly its superfluid properties. There
have been other reviews on quantum simulation methods M (Rj_ijl))Z
such as that by Schmidt and Ceperdyy Marx and Miser S= Zl . TV R |- (2.2
on quantum rotors,and Kwonet al. on helium drop$. =

The first part of the article is a survey of some aspects Ofxs js discussed in Ref. 1, other forms of the action, such as
the methods: The path integral theory for quantum systemg,e pair product action, can be more accurate and the result-
and computational aspects. We then discuss applications {Ry numerical methods, much more efficient. This is an im-
droplets and surfaces. This paper reviews our own work OBy, ant point since with the most efficient methods one can
films. Our work on droplets is aI;o briefly discussed; we o\ simulate on a desktop computer, a quantum system con-
have not made an attempt to review a great body of workaining about one hundred helium atoms at temperatures
done on the subject of doped droplets. PIMC calculations oRp5racteristic of superfluidity.

helium droplets doped with molecules have been recently e efficiency of methods based on time sli¢B®!) as

H 4
summarized by Kworet al. described above and Fourier pdfP) method§ (where the
time dependence is given by an expansion in fourier compo-
Il. PATH INTEGRAL METHODS nents have recently been compared. Discrete path integrals

(DPI) have the advantage of easily treating statistics since

First, we describe the method as applied to distinguishthose moves can be made local in imaginary time. FP meth-
able particles with neither bose nor fermi statistics. The funods, initially shown to be sloivhave been improved and are
damental idea, due primarily to Feynmais that the quan- comparable in efficiend¥.
tum statistical mechanics can be written as an integral over Having chosen the action, one must decide on how the
paths. We denote a path, as a pdat (r;,r,, ... ry) in3N  paths are to be sampled. The most successful and general
dimensional phase space, which evolves in “imaginarymethods, are generalizations of Metropolis Monte Calio.
is possible to simply move a single link variable. However,
3Electronic mail: ceperley@uiuc.edu faster coverage of phase space is obtained by moving sec-
YElectronic mail: stratos@martech.fsu.edu tions of the path since the kinetic “spring” action couples the
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LA L LA B LI I tion or cross-linking. The two most important properties for
bulk bosonic systems are the superfluid density and off diag-
onal long-range order, more commonly called bose conden-
sations. We now explain the physical and Pl manifestations
of these phenomena since this is important to the discussion
of superfluids in confined geometries.
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A. Superfluidity

A superfluid is defined by how a system responds to a
slow movement of its boundaries. In the classic experiment
of Andronikashvali(1946, a stack of thin, closely spaced
disks, submerged in liquid—helium was gently oscillated and

ZJ the amount of liquid—helium entrained by the motion was
-0 .% L lWI L .% . measured by the effective moment of inertia of the oscillator.
_10 _5 0 5 On cooling through the lambda poif2.2 K) it was found
that less and less of the helium moved with the disks. Ex-
x (A) . ) - .
periments of higher precision have found that a few atomic
FIG. 1. Typical “paths” of six*He atoms in 2D at 2 Knormal state The  layers of helium do move with the disk. The simplest expla-
filled circles are markers for thi@rbitrary) beginning of the path. Paths that nation is that the attraction of helium to the disk causes lo-
exit on one side of _the square reenter on the other side. The paths show O%Iization of a few layers, the precise depth of this “dead”
the lowest 11 Fourier components. . g . .
layer depends primarily on the strength of the interaction of
the helium with the substrate. Other contributions arise from
path integral variables. In addition to PIMC methods, onethe roughness of the surface. This is the hydrodynamical
can use molecular-dynamic8D) methodd® to sample effect discussed by Callegaet al. elsewhere in this volume.
distinguishable-particle path integrals, but MD methods dolhe recent experiments, described elsewhere in this volume,
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not readily generalize to superfluid systems. that measure the moment of inertia of an impurity in a su-
perfluid helium droplet are a fantastic extension of the
IIl. QUANTUM STATISTICS Andronikashvali experiment to the microscopic scale.

The situati h N atisti t the f The definition of the normal fluid is simply the fraction
€ situation where quantum statistics matter are e 1oge o ;o contributing to the moment of inertia of the disk,

cus of this artl_clg. Bpse statistics are S"T‘p'e to mcorporatebr equivalently, the free energy,necessary to bring the disk
See the description in Feynm&nTo take into account sta-

.to a rotational velocityw: 1=d?F/dw? with 1=1g4g+1,.

tiStiC.S one gllpws the paths o return to a permutation of theIIEI'he superfluid density is the relative amount of helium miss-
starting position after a “time’s has elapsed. An example of ing as the system is cooled through the transition.

Bosonic paths is shown in Fig. 2. If we interpret the time as Now let us turn to the question of evaluation of the su-

the chemical d|st§1nce along a polymer_, a bose system corr erfluid density using path integrals. It is relatively straight-
sponds to a classical system of cross-linking polymers. Prop-

) ) . orward to show that the superfluid density is given by the
erties relevant to superfluids always involve such a permUt%ean-squared area of the paths where the “area” of the

paths is simply the vector defined a@s=3SY,_ri(t)
10 gr—r g Xri(tj+1). Then ps/p=4m*(A?)/pH% . where I is the
r 1 classical moment of inertia. One can see that unless there are
long exchanges, the area will be of atomic size, and the su-
perfluid density will be nearly zero. Simulations show that
the positions and correlations of atoms in the superfluid and
normal fluid are virtually identical. It is the connection of the
paths in imaginary time which is responsible for superfluid-

ity.

B. Bose condensation

The other important concept of bosonic systems is that
of Bose—Einstein(BEC) condensation. For noninteracting
bosons, Einstein predicted that at the critical temperature,
there would be a macroscopic occupation of a single quan-
tum state. London proposed that this happens at the lambda
point in liquid helium, as evidenced among other phenom-
ena, by the closeness of the critical temperature to that of an
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FIG. 2. Typical “paths” of six*He atoms in 2D at 0.75 Ksuperfluid state ~ 1d€al bose gas. London’s ide? for a strongly interacting liquid
The symbols are explained in the caption of the previous figure. has won slow acceptance since it was proposed. The stron-
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gest evidence is obtained by neutron scattering experiments 108
of the dynamical structure factor, which is an approximate
measurement of the momentum distribution. BEC in weakly &’
interacting bosonic systems is realized in lasers or, more re+—" 104 |
cently, by BEC in low-density atomic vapots. 31
For bulk helium, the single particle states, by translation 02T
symmetry, must be momentum eigenstates. For an inhomo- g [ 1
geneous system, such as a droplet, the states are obtained t
diagonalizing the single particle density matrix and are the
natural orbitals, familiar from the electronic structure of - S
molecules In contrast to electrons obeying fermi statistics, exphe
the occupation number in a given single particle state is not
constrained by the Pauli principle, so BEC occurs when the
occupation number of the lowest state becomes much greate 10.06 1005 00001 0001 001 01 , 040
than one, typically proportional to the number of particles in
the system. To compute the single particle density matrix na
using PIMC, one cuts a single atom’s path and allows the
two ends to choose their own relative position. Without per-FIG' 3. Critical temperatur@ of an interacting Bose gas vs densityis

tati t the t d v b ted b the hard-sphere diametdr, is the critical temperature of the noninteracting
mutations present, the two ends can only be separate yggs. Two scales are used for the vertical axis for temperatures d@dhe

distance proportional to the thermal wavelength, typically aeft scale, for values beloi, the right scale. Experimental results fite
few Angstroms. The momentum distribution will be close toare also included.
the Maxwell distribution, even if quantum effects are
present. However, if long exchanges are present, the two
loose ends can easily wander around the entire system a
become uncorrelated. In this case the occupation number
the lowest state becomes proportional to the total volume an
hence the number of atoms. Please consult Ref. 1 for detail
discussion of these issues.

It is important to realize that:

108 1 FETN

1.00

p

3

gree of freedom and the appropriate paths are of two types:
losed paths on a sphere, or paths that start at the north pole
d end at the south pole. Ortho-hydrogen corresponds to
rmi statistics in that the wave function is antisymmetric
with respect to inversion. Hence, one subtracts the contribu-
tions of these two types of paths. For restricted PIMC, one
(i) A rigorous definition of BEC is possible even in a uses only the paths which stay in a single hemisphere. One
very strongly interacting system. BEC is not a conceptcan show that these give the exact quantum properties, since
tied to weakly interacting bosons; symmetry determines the path restrictions. For general Fer-
(i)  BEC and superfluidity are not the same property evermion systems, the restriction, though constrained by theory,
though they both are a consequence of macroscopiessentially has to be determined self-consistently, and it is
exchange. The PIMC calculations of the condensateinlikely to ever be known precisely, so that effectively the
fraction estimate that about 10% of the helium atomsrestricted path procedure is a super-variational method. Prob-
have precisely zero momentum, in agreement with exiems with minus signs also arise in bosonic systems, for
perimental estimate¥.In contrast, the superfluid den- computations in excited quantum states, e.g., with a nonzero
sity in bulk liquid “He approaches 100% at low tem- value of linear or angular momentum.
perature;
(iii)  Numerically straightforward procedures exist to com-

pute both properties using path integral methods. v cALCULATIONS ON 3D SYSTEMS

Recently’ the limits of superfluidity for low-density
hard spheres has been computed with PIMC. The interest is

Sampling permutations of the paths, so successful foin how the transition temperature evolves from the region of
bosons, is very inefficient for fermions. This is because pathselium densities to the low density region probed by the
with an odd permutation count negatively, those with an everatomic BEC. The overall phase diagram is shown in Fig. 3.
permutation positively. This can be shotwiio make the di- At normal helium density the transition temperature is a fac-
rect PIMC method very inefficient at low temperatures or fortor of 2 below that of the ideal gas, because of caging effects
large system sizes since the probability of a negative permun the liquid (or equivalently the larger effective mas®©ver
tation is only slightly smaller than that of a positive permu- the years, there have been many analytical attempts to calcu-
tation. There is, however, an efficient procedure, known agate how the transition temperature approaches the ideal gas
the fixed-node or restricted path method based on the fademperature. Using PIMC, we found an enhancemenit of
that there exists a rule to restrict the paths to those having with respect to density of roughly 7% ato>=0.01. The
positive signt® enhancement of the transition temperature is likely due to the

A simple exampl& is provided by the rotational states homogenization of the density caused by the repulsive inter-
of molecular hydrogen. Parahydrogen has a rotationally symaction which allows the long exchange to propagate more
metrical state: It corresponds to Bose statistics in the angulagasily across the system. The slopgaf=0 is still contro-

C. Fermi statistics
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versial. The theoretical analysis is much complicated by 1.5
cross-over effects from the interacting to the noninteracting
fixed point. See Ref. 18 for recent citations.

The calculation of the transition temperature has been
extended to a random “jungle gym” geometry, similar to the
situation for helium absorbed inside vyc8rThese calcula-
tions did not include the attraction of helium atoms to the
silica strands, but were only concerned with the effect of the
excluded volume on the superfluid properties. It was found
that the transition temperature is depressed by a relatively
small amount by the randomness. The superfluid transition in
three-dimensiona(3D) is robust: As long as the atoms re-
main in a liquid state, they will become superfluid at ap-
proximately the same temperature. However, the superfluid 0.25 g
density no longer goes to unity at low temperatures. Experi-
mentally, it is known that one can characterize the response 0
of an inhomogeneous geometry by a tortuousity factor which 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
takes into account that superflow must wind around the ob- 2

) _ G (A™9)
stacles presented by the pores. Although, one might call this
a “normal” component of the quuid, equivalently one can FIG. 4. The phase diagram of 2D helium determined by Gordillo and
regard this as a hydrodynamical effect induced by the bound=ePeriey(Ref. 23.
aries of the liquid. The reduction of the superfluid density
within path integrals arises from the fact that atoms next to Helium on graphite provides a very useful realization of

the walls can only exchange or permute with a fraction of the[hin quantum film£4-2" The atom—atom interaction and the

atoms that those in the middle of a pore can, thus the rEztjllj(:‘zl'tom—graphite interaction are of comparable strength and

tIOﬂ.K 0 h imulated hard soh . drool this allows an interesting competition between a number of
raut nas simu ate ard spheres in a arop ?t 9€0Myhases including commensurate solid, incommensurate solid,
etry appropriate to the experiments on dilute atomic vapor triped domain wall, and superfluid phases. The study of
and determined transition temperature and the Bose condemese phases, as well as the coexistence between them as a
sate fraction for a system of several thousand hard Sphere?unction of substrate coverage can shed light on the physics

of growth of quantum films and on the physics of other
strongly correlated two-dimension&D) systems. For ex-
ample, high-temperature superconductors are similar sys-
Gordillo and CeperleyGC)?! using PIMC and the Aziz tems, in that there are similar phases or phases of similar
potential for the He—He interaction have determined theorigin such as stripes, phase separation and superconductiv-
phase diagram of pure helium confined in two-dimensionsity.
The full phase diagram in the temperature-density plane is The growth of*He on graphite can be experimentally
shown in Fig. 4. At low temperatures there is a liquid—gasstudied layer by layer and the coverage per unit surface area
coexistence region, a superfluid phase, a fluid—solid coexisfor layer promotion can be accurately determif@dierce
ence region and a triangular solid at high density. The uppeand ManousakigPM)*~ using PIMC, the Carlos—Colé
dashed-line is determined from the peaks of the specific heafelium—graphite interaction and the Aziz helium—helium po-
The lower dashed lines are the spinodal lines. tential have found that these promotion coverages can be
reproduced within a few percent up to the fifth layer. The
first layer phase diagram as a function of coverage and tem-
Wagner and Ceperlef®vC)*>?3 have studied helium on perature has a\3X.3 commensurate solid at 1/3
a molecular hydrogen solid,,1,1) surface using PIMC. Cal- coverage”® Below this density down to zero density, clusters
culations with two layers of dynamic substrate were also of such a commensurate solid are formed on the surface.
performed. They have computed the binding energ§Hé  Figure 5 shows contour plots of the probability density for
to the H, surface as a function of tHéde coverage as well as density 0.0424 A2 and at commensurate density as calcu-
density profiles perpendicular to the interface. The lattedated by PM. Figure 6 shows the experimental specificieat
shows that the helium film grows layer by layer in a well as a function of temperature for the commensurate density
defined manner up to several layers of helium. WC also studd.0636 A2 and at density 0.0367 & below the commen-
ied the zero-point motion and the effective masétdé par-  surate density. Greywall and Bus€ihad attributed the spe-
allel to the substrate surface. The superfluid density versusific heat maximum at low density at arising from the onset
coverage was also computed and it was found that it is nomsf a superfluid phase of an assumed low-density two-
zero even for submonolayer coverages and it grows witldimensional(2D) liquid. In Fig. 6 the results of the PIMC
coverage and it becomes flat as a function of coverage at simulations of PM at similar densities are shown for com-
value of about 80% its maximum value much before firstparison. Notice that in this calculation there is a specific heat
layer completion. peak at the low coverage corresponding to the melting of

0.75

Temperature (K)

0.5

V. SUPERFLUID FILMS

A. Helium films
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FIG. 5. Contour plots of the probability distribution for helium atoms on the /# 1 020
graphite basal plane at 1/3 coverdgght) and somewhat below thaeft). 50 lor o L4 e
The black dots denote graphite adsorption sites. ,";73@&7@5&,7,9 **********************
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commensurate solid clusters and it arises as the evolution as Total Coverage (Atoms/X)

a function of density of the peak that corresponds to th":?:IG. 7. The phase diagram of second layer of helium on graphite at low
melting of the commensurate solid at 1/3 coverage. The retemperature as determined by PM using the Maxwell construction, structure
sults of PM32 are in disagreement with the interpretation function and atom probability density contour plots. The solid circles denote
given by Greywall and Bus§ﬁ37 but are in agreement with the superfluid response determined from the tornional oscillator measure-
4 . . ments of Reppyet al. (Ref. 39.

the earlier interpretatiofsee Ref. 38 and references thejein
Notice that there are torsional oscillator measurements by
Reppyet al® in which there is no period shift due to first coverage of 0.1996 A PM find the phase shown in Fig. 8
layer superfluidity. which is a\/7x /7 solid commensurat® (denoted by C in

At densities above the commensurate density the firskig. 7) with the first layer of*He. For higher densities, near
layer undergoes transitions into a phase with domain wallshe second layer completion density, an incommensurate tri-
and at higher density, closer to the completion density, theingular solid is formedIC). In addition to these pure solid
system forms an incommensurate solid. PM {irid agree-  structures there are regions, shown in Fig. 7, where coexist-
ment with the experimental promotion density that aboveence between two such phases exists. In Fig. 7 the superfluid
0.120 A% an ad-atom becomes a building block of the nextresponse as a function of coverage is also plotted as solid
layer. squares. This was inferred from the period shift of the tor-

The second layer is even more interesting because of thsional oscillator experiment€.Notice that it starts becoming
appearance and then disappearance of superfluidity as coveignificant at the start of the liquid phase, it peaks inside the
age is increasing. Figure 7 shows the low temperature phasguid phase and superfluidity goes to zero at higher cover-
diagram of the second layer of helium on graphite as deterages inside the region where the liquid phase coexists with
mined by PM>>% At low density there is coexistence be- the \7x \7 commensurate phase. PM using the PIMC simu-
tween the liquid(L) and a vaporG) phase and the equilib- |ation calculated the superfluid density for the coverage
rium density is 0.175 atom/A Above the density the 2D where the liquid is formed and found that the superfluid den-
liquid is compressed by the presence of the substrate van der

Waals interaction which holds the atoms on the first layer. At

£ ()]
T T

Specific Heat
w

Temperature (K)

FIG. 6. The specific heat of helium sub-monolayer on graphite at densities ) ) ) )
0.0636 atom/A (open squargsand 0.0367 atom/A(solid circles. The ex- FIG. 8. Snapshot of the space time configuration demonstrating the presence
perimental results are shown by solid lines. of a \J7X 7 phase of second layer of helium on graphite.
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sity is close to the ideal 2D superfluid. Experimentally, the 0.8 T T T T T

superfluid responsgis significantly smaller as compared to

that of a 2D superfluid. This has been attribdtetb the 0.7 ¢ { 1

grafoil substrate inhomogeneities which create only _

“patches” of superfluid. b 0.6 r 1
The second layer of helium on graphite at completion is = *

a compressed 2D triangular solid. This is the last layer thatis = 05 r i

solid at completion. The third layer is far enough from the .2 '

substrate surface that the van der Waals attraction is not :g’ 0.4 |

strong enough to compress the third layer to form a solid at 03 L |

completion. This experimental fact is also seen in the PIMC % ’

simulation of PM. While the simulatid indicates that third g oo | )

layer remains liquid at completion, an increased spatial order & ’

is observed indicating that the layer at completion is near 01 F 4

solidification. While the coverage is continually increased

and the fourth layer liquid is built, atoms are observed to go 0 +

to the third layer® It is also seen experimentally, that the 0.025 0.03 0.035 0.04 0.045 0.05 0.055

formation of a new layer squeezes the previous layer further. o (A2

This effect can cause solidification of the third layer during
the construction of the fourth |ayer' explaining a new pealf'G- 9._The H superfluid fraption as a function of coverageTat 1 K for
. . . i three different cases of doping the surface.
which appears in the experimental specific feas a func-
tion of temperature for densities which correspond to fourth
layer coverage. Moreover the tendency for increased spatial
order near layer completion can explain the plateaus in the
superfluid density as a function of coverage observed by torsurface melting temperature is at m@K for a complete
tional oscillator experiment§.PM have calculated the su-  surface layer which is less than half the bulk critical tempera-
perfluid density and they also find a suppression of it neature of 13.8 K. For an incomplete layer, this melting tem-

and after third layer completion. perature is reduced to as low as 3 K. In the surface layer,
There is another recent calculation of helium on a veryacancies were evident, in agreement with experimental es-
different substrate, namely, metallic lithiuth. timates of the vacancy activation energy of 25 K.
Gordillo and CeperleyGC)*! considered another possi-
B. Molecular hydrogen films bility to reduce the tendency for solidification. They added

Molecular hydrogen has quantum fluctuations nearly admpurities (alkali metal atomsonto a metal surface to frus-
important as helium. The J4H, interaction is approxi- trate the long-range spatial order. GC using PIMC simulated
mately a factor of three stronger than the He—He interactior@ 2D H, system in which the alkali atoms form a regular
while the H, mass is a factor of two smaller. Nevertheless,lattice. They found that the presence of such alkali metals
bulk H, becomes solid at 13.8 K, because thezdro pres- can wipe out solidification thus opening the door for super-
sure density is 30% higher thdhie because of the stronger fluidity. In Fig. 9 the superfluid fraction is shown as a func-
interaction. One may anticipate that in 2D, where due tdion of coverage aff=1 K for three different systems: A
reduced coordination number quantum fluctuations becomeectangular lattice of K atoms wit4 K atoms per simulation
more important, K might not be a solid at zero temperature. Cell shown asx’s and solid line. In addition shown as
However, H confined onto a two-dimensional surface with- Squaregdiamond$ and dasheddotted line is the superfluid
out corrugations forms a triangular solid with an equilibrium fraction for H, on a 2D surface with KCs) atoms forming a
density which depends on the strength of the confining potriangular lattice with 4 K(Cs) atoms per simulation cell.
tential. For strictly 2D H the equilibrium density is found to Notice that for all these cases the superfluid fraction has a
be 0.064 A 241 PIMC calculation® for H, on graphite with- ~ significant value around ajtoverage of 0.04 A2. Figure
out corrugations give an equilibrium density 0.0705%A 10 shows the temperature dependence of the superfluid frac-
This can be understood by the fact that the strict 2D confinetion for a system b4 K impurities on a rectangular lattice
ment increases the zero-point motion along the surface andgith H, coverage of 0.04 A% The solid line corresponds to
that causes melting of the solid at a lower density. A similara rectangular lattice arrangement while the more suppressed
effect was observed when,ivas placed on a helium surface denoted by dashed line corresponds to the triangular lattice.
and on a solid hydrogen surface. Below this equilibrium denNotice that this is a typical 2D superfluid response with the
sity H, is in solid—gas coexistence. well-known associated finite-size effects that go along with a

Wagner and Ceperléy**4” (WC) using PIMC have Kosterlitz—Thouless transition. Therefore, this is a novel
studied melting of H surfaces. They studied the growth of case scenario where impurities can cause a solid to superfluid
several layers of KHlon the surface of solid §1 The zero- transition in molecular hydrogen in reduced dimensionality.
point motion due to reduced coordination is not strongGC have discussed a physical realization of this mechanism
enough to keep the surface layer in liquid state down to zeron a surface of Ag with adsorbed atoms of Cs or K impuri-
temperature which would have implied a 2D superfluid. Theties forming a triangular lattice.
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0.6 T T T T T VII. FINAL REMARKS
The field of boson superfluidity is healthy and moving
05 + _ away from its roots in liquid—helium. There are prospects of
B other materials where statistics are important such as hydro-
g gen and low-density gases. PIMC methods allow for an un-
é” 04 r T ambiguous confrontation between theory and experiments
= and give us a different point of view concerning superfluid-
-% 03t i ity, enabling one to use methods from classical statistical
£ ’ mechanics to investigate highly quantum many-body sys-
) tems.
£  02f .
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