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Abstract

We have studied scattering states and thermodynamic properties of electron-hole
systems. Starting from the constituent electrons and holes and Coulomb interac-
tions, we have used quantum Monte Carlo simulation techniques to sample prop-
erties of wavefunctions and thermal density matrices. We have studied three types
of systems: (1) the scattering of two excitons, with full-quantum treatment of the
four constituent particles, (2) the thermodynamic equilibrium of 14 electron-hole
pairs having two spin states for each particle, which form excitons and biexcitons
at low temperatures, and (3) the thermodynamic equilibrium of 27 spin-polarized
electron-hole pairs, which form a dilute exciton gas that undergoes Bose conden-
sation at low temperatures. We compare our results with predictions of the Saha
equation for exciton and biexciton formation, and Bogoliubov theory for the energy
of the dilute Bose gas of excitons. We also discuss the outlook for future quantum
Monte Carlo simulations on these systems.
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1 Introduction

Electron-hole systems in semiconductors have been a source of interesting new
physics for forty years. The bound state of an electron and a hole, an exciton, is
a neutral bosonic excitation of a semiconductor. Formation of a Bose-Einstein
condensate (BEC) of excitons has been a target of many experiments [1,2],
though none have produced clear proof of Bose condensation. Some issues that
arise concern the exciton-exciton scattering length, the rate of Auger decay
[3], the formation of biexcitons or electron-hole liquids, and the nature of the
BEC transition at high densities [4].
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Theoretically, an electron-hole system is an interacting quantum system. In-
teractions typically make exact solutions impossible, leading theorists to con-
sider perturbative solutions or numerical simulations. Quantum Monte Carlo
(QMC) techniques use random sampling to estimate properties of interacting
quantum systems. The accuracy of QMC is often limited only by computer
time and by small errors from fermion fixed-node approximations. Good scal-
ing of computer time with the number of particles (usually low-order poly-
nomial or even linear scaling) and the ability to treat detailed models has
made QMC appealing for nanometer scale systems, such as semiconductor
heterostructures. In this work we summarize our QMC calculations on bulk
electron-hole systems. Numerical results have appeared previously in Refs [5–
7], but some of the analysis presented here is new.

We have taken as a starting model for interacting electrons and holes the
effective-mass Hamiltonian
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with me = mh = 1, qe = −qh = −|e| = −1, and ~ = 1. In these units the exci-
ton has an energy EX = −0.25 and radius aX = 2. We describe the density by
a radius rs that satisfies 4

3
πr3

S = V/Neh, where V is the simulation volume and
Neh is the number of electron-hole pairs. This simple Hamiltonian omits many
effects, such as radiative recombination, multiple-band coupling, anisotropic
effective masses, band non-parabolicity, and frequency and momentum depen-
dence of the dielectric function. Even with these approximations, this inter-
acting Hamiltonian still dictates a rich variety of states, including excitons,
biexcitons, ionized plasmas, and excitonic Bose condensation. It is sensible to
first study this simplified model; we anticipate that future QMC will utilize
more realistic Hamiltonians.

To study the properties of the electron-hole system, Eq. (1), we have con-
structed QMC simulations that use random walks to sample quantum and
thermal expectation values of wavefunctions or density matrices. We have
conducted three series of simulations:

• Exciton-exciton scattering. As described in detail in Ref. [7], we have calcu-
lated phase shifts and scattering lengths for elastic collisions of two excitons.
The formalism starts from four-particle variational wavefunctions describing
low-energy scattering states and any bound states. We fix a node (Ψ = 0)
in the relative wavefunciton at a series of relative separation distance in or-
der to discretize the scattering spectrum and then probe a series of relative
momenta. The essentially exact energies of these scattering states were sam-
pled using an excited state diffusion Monte Carlo algorithm [8,9]. The phase
shifts and scattering lengths were inferred from the calculated relationship
between energy and the node position.
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• Formation of excitons and biexcitons. To study the equilibrium phases of
the e-h system, we developed QMC simulations based on Feynman path
integrals [10,11]. To handle the fermion sign problem we used a free-particle
fixed node approximation [12]. From these path integral simulations, we
computed spin-dependent pair correlation functions for electrons and holes.
These correlation functions indicate exciton formation as short-range attrac-
tion of electrons and holes, and biexciton formation as short-range attrac-
tion between two electrons (or holes) with opposite spin. A more accurate
identification of excitons and biexcitons could be obtained by sampling the
two-body density matrix and identifying natural orbitals. We conducted
a simulation of 14 unpolarized electron-hole pairs and studied their pair
correlation functions at different temperatures.

• Bose-condensation of excitons. Path integrals are a natural language for
discussing BEC of interacting particles [10,11]. The phase transition ap-
pears as permuting paths that extend many times the interparticle spacing,
and the phase transition itself resembles classical percolation [10,11]. Su-
perfluidity can be calculated from path winding, condensate fraction can
be calculated from the off-diagonal electron-hole density matrix, and other
thermodynamic quantities such as energy and specific heat can indirectly
indicate the BEC transition. We studied the energetics and superfluid order
parameter for 19 spin-polarized electron hole pairs at different densities.

2 Results of Computer Simulations

Our computer simulation data were previously published in [5–7]. Here we
report on new analysis of the data.

Exciton-exciton scattering. Since publication of Ref. [7] we have learned of a
better analysis technique based on an effective range expansion [13,14],

k cot δ0(k) =
1
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+

1

2
rek

2. (2)

We have refit our data from Ref. [7] using effective range theory and present
the values in Table. 1.

Formation of excitons and biexcitons. Path integral QMC calculations of 14
unpolarized electron-hole (eh) pairs at a density rs/aX = 5 showed evidence of
exciton and biexciton formation in pair correlation functions [5]. To extend this
analysis, we now estimate the fraction of e-h pairs in excitons and biexcitons
by integrating the pair correlation function out to a radius of 2.5 aX and 3.0
aX. We take an enhancement of electron-electron pairing as a clear evidence of
a biexciton, and any additional enhancement of electron-hole pairing (beyond
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Table 1
Scattering length for various elastic scattering processes, in units of excitonic radius.
Here para and ortho refer to the exciton singlet and triplet state, repectively. From
Ref. [7], with new analysis using effective range theory [14].

process as (excitonic radii)

para-para 2.128(27)

ortho-orth (S=0) 3.759(22)

ortho-orth (S=2) 2.128(27)

ortho-para 0.706(14)

ortho-ortho ↔ para-para -1.411(17)

that expected in the biexciton) as evidence of isolated excitons. Figure 1 shows
our estimated exciton and biexciton fractions.

We compare these results to the Saha equation. Assuming three phases: an
ionized e-h plasma (P), an exciton gas (X), and a biexciton gas (XX), classical
gas equations give the following chemical potentials for eh pairs,
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where np, nX, and nXX are the percentage of e-h pairs in each phase, and
EX and EXX are exciton and biexciton binding energies (EXX = 2.064EX).
Equating chemical potentials gives
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which, along with the normalization condition np + nX + nXX = 1, can be
solved for np, nX, and nXX as a function of temperature and density. We show
the Saha equation predictions for excitons and biexcitons in Fig. 1, where we
see good agreement with path integral QMC results.

Bose condensation of excitons. In Ref. [6] we reported superfluid densities
and energetics of the BEC transition. To see BEC in our QMC simulations we
found it was necessary to add pairing the the fixed-node restriction. In Fig. 2
we show one of our most convincing results, the energy of an eh system as the
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Fig. 1. Fraction of electron-hole pairs bound in excitons (solid line and circles) and
biexcitons (dashed line and ×’s) as a function of temperature at a density rs/ax = 5.
Data points are estimated by integrating PIMC pair correlation functions previously
published in Ref. [6]. Lines are predictions of the Saha equation.

Fig. 2. Energy as a function of density at constant temperature, kBT = 1
8Ex. Inset

shows the free particle transition temperature TC (solid line) and the kBT = 1
8Ex

isotherm, which crosses TC at rs = 4.024 aX. Adapted from Ref. [6].

density is varied across the BEC transition. The theoretical curves show the
energies of a dilute classical gas and a Bose gas with Bogoliubov theory [15],
using the as = 2.128aX value from our scattering calculations. The energetics
are strongly suggestive of a BEC transition at rs ≈ 4aX.
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3 Conclusions and Outlook

These simulations illustrate the ability of QMC to identify and quantify fea-
tures in the phase diagram of an electron-hole system. The most crucial tech-
nical issue to be addressed is a study of the fixed-node approximation in
the context of the BEC transition. A natural extension of these calculations
would be to consider more detailed models, especially coupled quantum well
structures. Anisotropic mass and three-dimensional confining potentials are
straightforward to add to QMC and would allow direct contact with current
experiments.
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