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I. SIMULATION DETAILS

As described in the main text, first principle (FP) simulations of hydrogen were per-

formed via density functional theory (DFT). Both HSE1 and vdW-DF22–5 DFs were used,

simulations with the former were performed with VASP6, while simulations with the latter

were performed with a modified version of Quantum ESPRESSO7. A time-step of 8 (a. u.)−1

was used in all simulations, and the path integrals were discretized with a Trotter time step

no larger than 0.000125 K−1. After equilibration periods of approximately 0.25 ps, statistics

were gathered for simulation times around 1.5-2.0 ps, corresponding to ∼ 6500− 9000 time

steps. A Troullier–Martins norm conserving pseudopotential8 with a core radius of rc = 0.5

a. u. was used to replace the bare Coulomb-potential of hydrogen; a PAW9 was used in

VASP simulations. System sizes ranged from 128-432 atoms, a large number of atoms was

previously shown to be required for the proper description of the dissociation transition in

liquid hydrogen at the lower temperatures10. Finite-temperature effects on the electrons

were taken into account by using Fermi–Dirac smearing. While most PIMD simulations

were performed with the standard primitive approximation, the simulations employing 432

atoms at temperatures of T=800K, T=1000K and T=1500K employed the accelerated PIMD

method of Ceriotti, et al.12, based on a generalized Langevin dynamics (GLE) and the BO

approximation. The use of the PI+GLE method was carefully tested on these conditions to

guarantee proper convergence.

II. COMPARISON BETWEEN HSE AND VDW-DF2

Figure 1 shows a comparison of the hydrogen–hydrogen pair correlation functions (PCFs)

between HSE, vdW-DF2 and PBE DFs, at temperatures of T = 1000 K and T = 2000 K

and densities corresponding to rs = (1.60, 1.50, 1.45, 1.35) assuming classical ions in the

NVT ensemble. Excellent agreement between the pair correlations predicted by the HSE and

vdW-DF2 functionals is observed at all conditions but both differ significantly from the PBE

correlations. As discussed in the main article, the non-local functionals were constructed

on the basis of very different physical principles. Yet, the level of agreement is remarkable

which gives us confidence in the results and allows us to use the considerably less expensive

choice, vdW-DF2, in the PIMD calculations that we present below. We find that, in general,
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FIG. 1: (color online). Comparison of the pair correlation function between classical proton

simulations using the HSE exchange-correlation functional (solid blue), the vdW-DF2 non-local

exchange-correlation functional (dashed red) and PBE (dashed-dotted black). The figures on the

right correspond to simulations at T=2000 K, while the ones on the left correspond to T=1000 K.

the pressures calculated with HSE are ≈ 7% smaller than those calculated with vdW-DF2,

which means that the final transition pressures predicted by the two methods will be slightly

different. In fact, classical simulations show transition pressures that are ∼ 10−20% smaller

with the HSE DF. The differences with PBE, on the other hand, are much larger producing

very large disagreements when compared to both non-local functionals. Notice that HSE

simulations are very sensitive to the choice of k-points in the simulation, which means that

the transition pressures will depend on the particular details of the simulation, e.g. system

size and number of k-points.

III. THERMODYNAMIC PROPERTIES

In this section we present the thermodynamic properties calculated in this work. Results

include both classical Born-Oppenheimer Molecular Dynamics (BOMD) and path integral

(PIMD) simulations of hydrogen using various exchange-correlation density functionals. In

all cases reported the optical properties were calculated using the HSE functional from

configurations extracted from a given simulation type, e.g. PIMD with vdW-DF2.
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A. PIMD + vdW-DF2

TABLE I: Results of PIMD simulations using the vdW-DF2 functional, for a system with 432

hydrogen atoms. “#slices” is the number of steps used in the imaginary-time expansion of the

thermal density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1

800 1.35 10 -0.52634(2) 315.61(5) 0

800 1.32 10 -0.51853(4) 352.01(8) 3891(155)

1000 1.38 8 -0.53252(9) 275.30(2) 0

1000 1.37 8 -0.53069(7) 288.66(2) 0

1000 1.36 8 -0.52807(3) 300.68(2) < 1

1000 1.355 8 -0.52667(5) 306.3(1) 441(185)

1000 1.35 8 -0.524278(6) 304.5(1) 3828(335)

1000 1.34 8 -0.521462(5) 316.77(8) 5694(254)

1000 1.33 8 -0.51899(5) 331.61(5) -

1000 1.32 8 -0.51627(6) 346.86(7) -

1000 1.30 8 -0.51082(4) 383.48(4) 8957(466)

1000 1.28 8 -0.50507(4) 424.69(4) -

1000 1.25 8 -0.49568(4) 497.94(5) -

1000 1.20 8 -0.47781(6) 654.16(5) -

1500 1.55 6 -0.55799(3) 130.88(2) 0

1500 1.50 6 -0.55087(5) 162.91(2) 0

1500 1.45 6 -0.54251(3) 202.55(3) 0

1500 1.40 6 -0.53098(5) 240.04(6) 3993(227)
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TABLE II: Results of PIMD simulations using the vdW-DF2 functional, for a system with 128

hydrogen atoms. “#slices” is the number of steps used in the imaginary-time expansion of the

thermal density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

1500 1.35 8 -0.52214(1) 317.8(2) 4674 (238) 0.53(1)

1500 1.38 8 -0.5293(1) 276.4(1) 2996(259) 0.47(1)

1500 1.40 8 -0.5337(1) 253.7(3) 2644(287) 0.43(2)

1500 1.42 8 -0.5380(1) 233.5(4) 998(251) 0.32(2)

1500 1.45 8 -0.5443(2) 208.1(2) 0 0.25(2)

1500 1.50 8 -0.55300(5) 168.04(5) 0 0.14(2)

1500 1.55 8 -0.5601(1) 135.44(4) 0 0.10(2)

1500 1.60 8 -0.5663(1) 109.19(3) 0 0.06(1)

2000 1.45 8 -0.5394(2) 203.6(2) 1454(364) 0.37(1)

2000 1.50 8 -0.5486(2) 168.3(3) 329(171) 0.24(2)

2000 1.55 8 -0.55631(8) 137.86(5) 0 0.13(2)

2000 1.60 8 -0.56248(6) 112.19(5) 0 0.09(2)

2000 1.65 8 -0.5676(2) 91.35(4) 0 0.056(9)

2000 1.70 8 -0.57199(7) 74.47(3) 0 0.033(9)

2000 1.75 8 -0.57588(7) 60.88(3) 0 0.024(6)

2000 1.80 8 -0.57902(6) 50.08(3) 0 0.014(5)

3000 1.45 6 -0.53130(1) 206.3(1) 4491(176) 0.51(1)

3000 1.50 6 -0.53886(9) 164.9(1) 3509(260) 0.45(1)

3000 1.55 6 -0.5461(2) 134.2(1) 1863(193) 0.36(2)

3000 1.60 6 -0.5533(2) 112.5(2) 534(124) 0.21(2)

3000 1.65 6 -0.5592(2) 93.8(1) 92(27) 0.12(1)

3000 1.70 6 -0.5649(1) 78.48(4) 0 0.06(1)

3000 1.75 6 -0.5685(1) 64.83(4) 0 0.05(1)

3000 1.80 6 -0.5719(1) 53.82(4) 0 0.030(8)
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TABLE III: Results of PIMD simulations using the vdW-DF2 functional, for a system with 128

hydrogen atoms. “#slices” is the number of steps used in the imaginary-time expansion of the

thermal density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

4000 1.55 6 -0.5383(1) 137.30(9) 3207(153) 0.44(2)

4000 1.60 6 -0.54417(1) 112.36(9) 1922(179) 0.35(2)

4000 1.65 6 -0.5490(3) 92.30(8) 1505(143) 0.32(1)

4000 1.70 6 -0.5548(4) 77.7(2) 471(87) 0.18(1)

4000 1.75 6 -0.5590(2 ) 66.05(6) 249(30) 0.13(1)

4000 1.80 6 -0.5627(2) 55.62(8) 170(48) 0.091(9)

4000 1.85 6 -0.5659(3) 47.02(7) 97(20) 0.06(1)

4000 1.90 6 -0.5692(2) 39.94(4) 0 0.037(8)

5000 1.55 4 -0.5319(1) 143.9(1) 3956(182) 0.48(1)

5000 1.60 4 -0.5372(2) 117.00(8) 2933(189) 0.42(2)

5000 1.65 4 -0.5418(2) 96.12(9) 2451(147) 0.39(2)

5000 1.70 4 -0.5460(1) 79.92(8) 1431(105) 0.30(2)

5000 1.75 4 -0.5492(2) 66.5(1) 1339(120) 0.28(1)

5000 1.80 4 -0.5523(2) 55.60(9) 1001(122) 0.23(2)

5000 1.85 4 -0.5555(2) 47.33(9) 518(65) 0.16(2)

5000 1.90 4 -0.5590(2) 40.63(8) 304.0(45) 0.11(1)

6000 1.55 4 -0.5260(1) 151.3(1) 4454(127) 0.50(1)

6000 1.60 4 -0.5314(1) 123.2(1) 3695(169) 0.46(1)

6000 1.65 4 -0.5356(1) 101.3(1) 2939(164) 0.41(2)

6000 1.70 4 -0.5394(2) 83.92(8) 2043(127) 0.36(1)

6000 1.75 4 -0.5427(2) 69.69(9) 1584(147) 0.31(1)

6000 1.80 4 -0.54528(2) 58.2(1) 1246(84) 0.28(1)

6000 1.85 4 -0.5482(2) 49.73(7) 1123(79) 0.25(1)

6000 1.90 4 -0.5503(2) 42.6(1) 916(77) 0.21(2)
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TABLE IV: Results of PIMD simulations using the vdW-DF2 functional, for a system with 128

hydrogen atoms. “#slices” is the number of steps used in the imaginary-time expansion of the

thermal density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

8000 1.55 4 -0.5152(1) 166.6(1) 5005(23) 0.52(1)

8000 1.60 4 -0.5204(1) 136.8(1) 4207(140) 0.48(1)

8000 1.65 4 -0.5247(1) 112.4(1) 3492(134) 0.45(1)

8000 1.70 4 -0.5281(2) 93.6(1) 2784(131) 0.41(2)

8000 1.75 4 -0.5312(2) 78.7(1) 2424(132) 0.38(1)

8000 1.80 4 -0.5336(2) 66.45(8) 1919(118) 0.34(1)

8000 1.85 4 -0.5358(2) 56.19(9) 1591(82) 0.31(1)

8000 1.90 4 -0.5377(2) 48.03(7) 1418(81) 0.28(1)
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B. PIMD + PBE

TABLE V: Results of PIMD simulations using the PBE functional, for a system with 128 hydrogen

atoms. “#slices” is the number of steps used in the imaginary-time expansion of the thermal

density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

1500 1.35 8 -0.50742(4) 284.27(5) 8852(355) 0.630(8)

1500 1.38 8 -0.51323(6) 241.75(6) 8565(409) 0.610(8)

1500 1.40 8 -0.51669(5) 216.85(5) 7036(251) 0.585(9)

1500 1.42 8 -0.51992(6) 195.09(5) 6404(264) 0.568(9)

1500 1.45 8 -0.52441(6) 166.45(6) 5242(254) 0.544(9)

1500 1.50 8 -0.53083(5) 129.53(6) 3633(274) 0.48(1)

1500 1.55 8 -0.53645(8) 103.3(1) 1546(215) 0.37(2)

1500 1.60 8 -0.5423(2) 87.5(3) 192(78) 0.20(2)

2000 1.45 8 -0.52097(4) 170.90(5) 6224(279) 0.563(9)

2000 1.50 8 -0.52720(5) 132.24(6) 4242(223) 0.50(1)

2000 1.55 8 -0.53239(6) 103.81(5) 3414(144) 0.46(1)

2000 1.60 8 -0.5372(1) 83.59(7) 1648(179) 0.35(2)

2000 1.65 8 -0.5422(2) 70.7(2) 168(86) 0.21(2)

2000 1.70 8 -0.5469(1) 60.65(4) 86(21) 0.09(1)

2000 1.75 8 -0.5502(1) 50.58(3) 142(20) 0.06(1)

2000 1.80 8 -0.5529(1) 42.29(3) 110(10) 0.034(6)

3000 1.45 6 -0.51468(5) 181.10(6) 6952(247) 0.58(1)

3000 1.50 6 -0.52068(5) 140.76(6) 5034(157) 0.53(1)

3000 1.55 6 -0.52576(5) 110.17(5) 4658(152) 0.5(1)1

3000 1.60 6 -0.53003(6) 87.15(6) 2952(200) 0.44(1)

3000 1.65 6 -0.5335(1) 69.83(5) 2184(167) 0.38(1)

3000 1.70 6 -0.5370(1) 57.28(7) 1308(157) 0.30(2)

3000 1.75 6 -0.5403(2) 48.55(9) 667(115) 0.21(2)

3000 1.80 6 -0.5441(3) 42.4(1) 167(56) 0.12(1)
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TABLE VI: Results of PIMD simulations using the PBE functional, for a system with 128 hydrogen

atoms. “#slices” is the number of steps used in the imaginary-time expansion of the thermal

density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

4000 1.55 6 -0.51975(6) 117.63(7) 5285(173) 0.53(1)

4000 1.60 6 -0.52380(7) 92.59(6) 4243(183) 0.49(1)

4000 1.65 6 -0.5271(1) 74.40(6) 3144(183) 0.44(2)

4000 1.70 6 -0.52986(8) 60.63(6) 2044(152) 0.34(2)

4000 1.75 6 -0.5325(1) 49.60(7) 1615(95) 0.33(2)

4000 1.80 6 -0.5345(1) 41.45(6) 1192(145) 0.28(2)

4000 1.85 6 -0.5373(2) 35.81(6) 599(71) 0.20(1)

4000 1.90 6 -0.5396(2) 31.42(6) 408(63) 0.16(1)

5000 1.55 4 -0.51425(6) 126.12(7) 5536(213) 0.54(1)

5000 1.60 4 -0.51816(7) 100.38(7) 4541(168) 0.50(1)

5000 1.65 4 -0.52136(8) 80.24(8) 3500(123) 0.45(1)

5000 1.70 4 -0.52412(7) 65.39(6) 2868(148) 0.42(1)

5000 1.75 4 -0.52625(8) 53.53(6) 2152(115) 0.37(1)

5000 1.80 4 -0.5283(1) 44.76(6) 1803(120) 0.33(1)

5000 1.85 4 -0.5301(1) 37.54(7) 1280(87) 0.28(1)

5000 1.90 4 -0.5318(2) 32.18(9) 900(72) 0.22(2)

6000 1.55 4 -0.50875(5) 134.07(8) 5330(178) 0.530(7)

6000 1.60 4 -0.51287(7) 107.21(8) 4375(147) 0.50(1)

6000 1.65 4 -0.51583(7) 87.13(8) 3718(102) 0.46(1)

6000 1.70 4 -0.5185(1) 70.70(7) 3357(131) 0.44(1)

6000 1.75 4 -0.52060(8) 58.04(7) 2695(112) 0.41(1)

6000 1.80 4 -0.52226(7) 48.03(8) 1982(77) 0.35(1)

6000 1.85 4 -0.5238(2) 40.88(7) 1730(96) 0.32(1)

6000 1.90 4 -0.5252(1) 34.24(6) 1371(67) 0.28(1)
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TABLE VII: Results of PIMD simulations using the PBE functional, for a system with 128 hydrogen

atoms. “#slices” is the number of steps used in the imaginary-time expansion of the thermal

density matrix in the PIMD simulations, Fel is the average electronic free energy.

T (K) rs # slices Fel (Ha) Pressure (GPa) Conductivity (Ωcm)−1 Reflectivity

8000 1.55 4 -0.49832(6) 150.8(1) 5588(164) 0.54(1)

8000 1.60 4 -0.50243(6) 122.3(1) 4805(152) 0.510(9)

8000 1.65 4 -0.50568(7) 99.9(1) 4174(83) 0.484(9)

8000 1.70 4 -0.50847(8) 82.19(9) 3404(147) 0.45(1)

8000 1.75 4 -0.51041(9) 68.4(1) 3068(120) 0.43(1)

8000 1.80 4 -0.51192(9) 57.73(8) 2214(58) 0.37(1)

8000 1.85 4 -0.5135(1) 48.49(7) 2070(107) 0.36(1)

8000 1.90 4 -0.5146(1) 41.10(7) 1693(69) 0.32(1)

C. BOMD + vdW-DF2

TABLE VIII: Results of BOMD simulations using the vdW-DF2 functional, for a system with 432

hydrogen atoms. Fel is the average electronic free energy.

T (K) rs Fel (Ha) Pressure (GPa)

1000 1.32 -0.5235(1) 364.5(9)

1000 1.35 -0.53096(9) 317.9(1)

1000 1.40 -0.54255(7) 250.9(1)

1000 1.45 -0.55204(2) 199.3(1)

2000 1.40 -0.5305(1) 243.8(5)

2000 1.45 -0.54138(7) 201.4(3)

2000 1.50 -0.55118(9) 165.8(2)

2000 1.55 -0.55825(5) 133.4(1)

2000 1.60 -0.56425(4) 107.79(5)
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D. BOMD + HSE

TABLE IX: Results of BOMD simulations using the HSE functional, for a system with 432 hydrogen

atoms.

T (K) rs Fel (Ha) Pressure (GPa)

1000 1.282 -0.51820(4) 390(1)

1000 1.31 -0.52597(8) 341.6(5)

1000 1.32 -0.528(1) 324.3(5)

1000 1.33 -0.53222(4) 323.0(2)

1000 1.34 -0.53458(3) 307.8(2)

1000 1.35 -0.5369(1) 295.7(2)

1000 1.40 -0.54696(9) 233.2(1)

1000 1.45 -0.55537(4) 185.20(8)

2000 1.45 -0.5425(1) 176.3(3)

2000 1.46 -0.5446(1) 171.4(5)

2000 1.48 -0.5496(2) 165.0(7)

2000 1.49 -0.5513(2) 159.0(6)

2000 1.50 -0.5531(2) 153.4(6)

2000 1.55 -0.5599(3) 124.48(8)

2000 1.60 -0.5650(4) 100.16(7)
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IV. MELTING

Figure 2 shows the phase diagram of hydrogen discussed in the main article, with the

addition of an approximate melting line for the molecular solid calculated with PIMD+PBE.

The three black dots at 500K represent simulations were dynamical melting was observed

directly in the simulations. At low pressures, below 100 GPa, the influence of NQEs on

melting is small and the melting line agrees well with previous classical calculations. After

the band gap closes in the PIMD+PBE simulations, the melting line changes drastically

and decreases significantly with increasing pressure. The region where this happens is con-

sistent with the extrapolation of the LLPT, obtained from PIMD+PBE simulations, to low

temperatures across the ’classical’ melting line.
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FIG. 2: Phase diagram of hydrogen. Black diamonds and green downward-triangles represent

PIMD+vdW-DF2 and PIMD+PBE state-points, respectively, at which the electronic conductivity

reaches 2000 (Ω cm)−1, which separates the insulating and conducting regimes (present work).

Red upward-triangles and blue squares are results from simulations with classical protons using

FPMD+PBE and CEIMC10,11, respectively. The black circles are points in the molecular solid

where dynamical melting was observed in the simulations with PIMD+PBE. The light-brown dot-

dashed line represents the melting of the molecular solid according to the present simulations.
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